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_The aim of this paper is to derive a firm's optimal investment path from a dynamic
optimal planning problem, considering economic risk (with given probability = distri-
butions). Investment accelerator is used to determine the firm’s optimal investment
behaviour under price uncertainty.

1. The problem

This paper deals with investment decisions under uncertainty. All
further considerations are based on a dynamic optimal planning model,
maximizing net present value as an objective for the firm. The construc-
tion of the dynamic optimal planning problem relies on the theory of the
firm. In general, the topic of this paper belongs to corporate investment
theory framework, a brief description of which may be quoted from
[1, p. 739]: “An investment should be undertaken if and only if it
increased the value of the shares. The securities market appraises the
project, its expected contributions to the future earnings of the company
and its risks. If the value of the project as appraised by investors
exceeds the cost, then the company shares will appreciate to the benefit
of existing stockholders. That is, the market will value the project more
than the cash used to pay for it. If new debt or equity securities are
issued to raise the cash, the prospectus leads to an increase of share
prices.” More particularly about corporate investment theory, capital
asset pricing methods (CAPM), g-theory, etc. see for example [1—4].

The aim of this work is to find out optimal fixed investment paths
from a dynamic stochastic optimal planning problem. This paper is
meant to be an extension of a previous work [5]. Here a unique optimal
investment strategy is chosen from the set of feasible solutions of the
problem. According to the general framework of the problem, the objec-
tive for a firm is to maximize its value. The firm’s maximized net present
value serves as a criterion for choosing an optimal investment path.
In deriving the optimal investment paths investment accelerators are
used for modelling the firm’s investment behaviour.

In the following sections the variables K (capital), L (labour), and
I (investment) are used as decision variables in the process of maxi-
mizing the expectation of the net present value of the firm. The prices
of production inputs, ¢ (for investments) and w (for labour), are re-
garded as exogenous variables. For including economic risk into the model,
the net present value of the firm is considered random. This may be
done by regarding prices as random variables. There is a possibility to
consider all prices random, but in this case the model would become too
complicated mathematically. A way to reduce the complexity of the
model is to make appropriate assumptions about production input and
output prices: below it is assumed that the price for the firm’s output
is random and the production input prices are deterministic (given).
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Consequently, the expectation of random cash flow is to be maximized
with random prices for the firm’s product. It is worth noting that in
principle there are no restrictions to build the model up in a different
way, with starting from different assumptions about prices and risk.

The firm’s capacity is determined through the production function
(concave and nondecreasing on each input). The optimal volume of
output depends on the changes in the demand for the firm's product,
being thus an endogenous variable in the model. The demand for the
firm’s output is characterized with the help of the relationship between
the volume and the price of output.

2. The model

To begin with, it seems appropriate to present the modelling of risk
at a fixed moment of time (without dynamics). More precisely, a treat-
ment of the density function of the random output price will be pre-
sented.

The random cash flow (random profits) with considering the price
of output as a random variable at some arbitrarily chosen moment of
time can be expressed as:

C=pf (K, L)—wL —qI, (1)

with assuming that € belongs to a “linear class of random variables”,
which can be described according to [6, p. 56] as a class of random
variables with standardized values

Z=(C—E(0))/a(0), - (2)
with

E(2)=0, ¢(2)=1, (3)
which have the same density function; for example, normal distribution
(in (2) and (3) E and o denote expectations and standard deviations
of random variables). Within a linear class all distributions can be

transformed into one another merely by a shift and a proportional exten-
sion. In this case

=
P(Z<Z(;)=l(2H)”2fe-z’/2d2=l—y (4)
and, after merging (2) and (4):
P[C—E(C)<Zia(C)]=1—Yy. (5)

In (4) and (5) y denotes the subjective rate of risk aversion. For risk
aversive decision makers Zg <<0. Now it can be stated that with probabi-

lity 1 —y:

C’—E(C)<Z‘;0(C) (6)
or

Gt E(C’)—}—Z%o(C). (7)

The right side of expression (7) denotes the upper bound of random cash
flow for the given risk rate y. In other words, the right side of (7) is the
fractile of normally distributed € (it is obvious that if p is normally
distributed, then € is normally distributed as well). Denoting the expec-
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tation and standard deviation of random cash flow as uc and oc, we
obtain the following result:

C<E(C)+Z50(C) =B (uc, oc), (8)

where B(uc, oc) is the fractile of normally distributed ¢, whose maxi-
mizing means the maximizing of the expectation of cash flow (because
for a given distribution of C and a given rate of risk aversion the expres-
sion Z‘;o(C) is determined). Thus, the aim is to maximize the expecta-

tion of cash flow. It is essential to notice that all considerations have
so far taken place at a discrete moment of time.

Next, the dynamic model of maximizing discounted cash flow (net
present value) will be presented. The dynamic model can be divided into
two parts, one containing the maximizing of current profits, the other the
maximum future profits with the assumed optimal values of the decision
variables. The previous considerations about economic risk hold in the
case of maximizing the current profits in the time-discrete case. The
solution of the dynamic planning problem reduces to the solutions of the
set of time-discrete optimization problems at different moments of time;
therefore it is possible to use previous time-discrete considerations about
risk. The optimizing of decision variables K, L, and / is carried out with
the help of the dynamic planning problem:

E[‘Ze"'(ﬁtf(l(t, L¢)— wiL¢ — q4l;) dt] - max, . (9)
[ (Kt Lt) =Q:=0,
I;Zth—*—GKt?O,

where & is depreciation rate, Q is the volume of output, and elasticity ﬁ
relates the volume of output and the price of output in the following way:

p=bQ; (10)
or

pif (K, L) =FeQi=bQu+". (11)

Now 1/m characterizes the (random) elasticity of demand. Next some
extreme cases will be considered (for deterministic v, this may help to
clarify some consequences of using (10)). At first, if n=0, then output
price is stable and equals b. Secondly, there is a special case when n=
=—1, then profits do not depend on the output price and volume; in this
case profit-maximizing problem (9) reduces to a cost-minimizing problem.

Generally —1<<n<<0.
To solve problem (9), it is necessary to write it into Lagrangian
form:
Fs=max0fe—"{pp(Q,)——w,L,— qil i+

+he[[ (K, Le) — Q] 42t [1: — dK; — 0K,] } dt, (12)

where u(Q;)=E(bQ7;+') denotes the expected value of output.

In (12) A, denotes Lagrangian coefficient which reflects the incre-
ment of profits per an additional unit of production, Ay, is the shadow
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price of investment. Next, to solve (12), it is necessary to present
the transition equations. After dividing (12) into two parts, with one
comprising the maximization of current profits at an arbitrarily chosen
time moment f=s and the other reflecting maximum future profits with
assumed optimal values of the decision variables for the time interval

[s+1, o0):

max F’ =max {[n(Qs) — wsLs — gsls+nis[[ (Ks, Ls) — Qs]+
I{+)\.2s [Is e sz 0 6Ks]}+

3 {I0(Q") — 0, L — g I* A [F (K%, L) — Q° |+
A Ao [I* — dK* — 8K* ]}, (13)

where maszgmaxF’s. Next, the transition equations, based on (13),
will take the following form (fs=f(Ks, Ls)):

OF /0K s=1150f s/ OKs — has[0 (dK;) /0K 48] =0, (14)
OF’ [OLs=—ws+ns0fs/ILs=0, (15)

" OF J0ls=—qs+h2s=0, b 116)

OF" [Ohgs=1I; — dKs— 8K;=0, (17)

OF’ /0Qs=0n(Qs) /0Qs — ris=0, (18)

OF’ JOhs=]s— Qs=0. (19)

Formula (16) shows that adjustment costs are not considered in this
work (if adjustment costs are considered, then in optimum case shadow
price of investment has to be higher than the price of the investment
goods). This does not lead to the conclusion that the marginal efficicency
of capital and marginal efficiency of investments are undistinguishable.
This is so because of the depreciation 6 and the member d(dK;)/dK; in
(14). There is no distinction between the marginal efficiency of capital
and that of investments only when §=1 (and 0(dKs)/0Ks=0, his=1).
In this case the dynamic model (12) reduces to a set of one-period static
models with a constant capital stock and total depreciation of capital
stock in the given period of time.

It follows from (12) and (18) that for n=0 the Lagrangian coeffi-
cient s is constant. That is, in this case the increment of profits corres-
ponding to an additional unit of production is reflected through the given
price b. Therefore maximum profits would be obtained in the case of
infinite expanding of production activities as then increasing output
would result in increasing profits at the speed b (for a linearly homo-
geneous production function).

In (17) optimal investment demand function is determined:

Ii=dK,+08K,, (20)

In (20) investment behaviour can be modelled with elementary func-
tions such as linear function, exponential function, etc. For linear invest-
ment demand function

Is=1I¢+cs. (21)

where /, denotes initial investments. According to (21) the dynamics of
the capital stock can be expressed: '
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Ks=Ks—le—6s;+ (IO_C)/62‘+CS/6’ (22)

where K- is the size of capital stock from previous periods. The first
member of the right side of equation (22) is the solution of homogeneous
differential equation dKs+8Ks;=0 and the second member of the right
side is the particular solution of the differential equation dK;+d8Ks—
— Is=0. It is obvious that the solution of the homogeneous differen-
tial equation reflects the deviation of capital stock from equilibrium
(depreciation) while the particular solution reflects equilibrium state.
Now the general solution (22) describes the general state of the capital
stock for each investment strategy (presently it was linear). This
approach has, of course, some disadvantages:

1) the general solution (22) depends on a priori determined modelling
function of investment behaviour;

2) the general solution (22) depends on the value of the capital stock
of the previous period Ks—;, so (22) can be solved only step-by-step for
each moment of time =1, 2, ...;

3) no unique solution to the problem exists.

A way for avoiding these disadvantages will be described in the next
section. Particularly, if now the solution depends on the type of the
investment modelling elementary function, then in the next section the
solution depends on the qualities of the production function.

5. An alternative form of the initial problem

As stated at the end of Section 1, it is possible to formulate the prob-
lem differently. We shall use the same dynamic optimization problem
with one difference: the form of investment demand function in (20)
will be changed. For this purpose an investment acceleration mechanism
will be used in the following way:

Iszﬁs dQS‘+6KS7 (23)
or
szzﬁs dQs (24)

In (23) and (24) the traditional approach to a simple accelerator is
presented, where the increment of the capital stock is described with the
help of the increment of the volume of output and the accelerator ;=
=K;/Qs. Although (24) is an extremely simple form of the acceleration
mechanism, it is useful for describing the principle of using accelerators
in optimal investment analysis.

Now (23) can be rewritten in the following form, using production
functions:

ﬁs=KS/fs’ (25)
dQs=dfs=0f/0K;* dKs+0fs/OLs%* dLs, (26)

and
ly=Bsdfs+0Ks, (27)

where fs=[(Ks, Ls). With the help of (27) the increment of the capital
stock is estimated (approximated). To ensure that this approach will
give computable results, it is necessary to assume that the ratio of
capital and labour is constant (K/L=const). This quite widespread
assumption makes expression (26) reliable, '
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Now it is possible to rearrange the original problem (9) into the
following form:

E{O}oe“'t[ﬁtf(Kt. L) — wil;— g ]dt}y = max (28)

[ (Kt L) =Q:=0,
I =Ps df s+08K.

It is possible to rewrite (28) into Lagrangian form to divide it into
two parts and reach the transition equations (14)—(19), with the only
difference that instead of (17) stands (27). Now it is possible to obtain
the unique solution, solving directly the transition equations:

OF s /0K =15 0 /0K — s [0 (dK) /0K 48] =0, (14)
OF /0L s=—ws+Ais Of /AL s =0, (15)

0F s/0ls=—qs~+has=0, (16)
OFs/0hgs=1I5— Bs dfs — 6K;=0, (27)
0Fs/0Qs=0p(Qs)/9Qs — ris=0, (18)

OF s/0Ms=[s — Qs=0. . (19)

There is no longer any need to model investment behaviour with the
help of some elementary function, because the solution depends now on
the qualities of the production function f (through dfs, K/L=-const)
in (27)).

The approach of finding optimal paths for investments with the help
of accelerators has its disadvantages as well.

First of all, this approach depends on the type of the accelerator. In
this work a simple accelerator was used; this causes several prob-
lems, e. g.:

1) the firm does not have to work at full capacity, this means that if
demand increases, the firm can expand production without investments;

2) the mechanism of acceleration is nonsymmetric; in other words, a
decline of demand cannot cause a decrease of capital stock;

3) accelerators can be used for modelling only the strategic changes
in the capacity of the firm, there is no chance to react to temporary
changes in demand.

To conclude this section, it should be noted that in the framework of
this work the investment strategy is determined by means of:

1) the function modelling investment behaviour;
or

2) estimating (approximating) the increment of capital stock with the
help of accelerators; in this case the investment demand function is
determined.

The use of accelerators is based on the fact that the necessary con-
ditions for maximum profits in the dynamic model leave enough space
for various assumptions about the dynamics of investments and capital
stock. This means that maximum profits can be obtained by means of
various investment paths (with considering various complexes of para-
meters of the production function). Probably, better results would be
obtained if more flexible accelerators were used; here only the principle
of using accelerators was presented.

83



4, Optimal investment demand and risk

Throughout this paper it is assumed that the problems involving risk
are solved with assuming known distributions of the random prices p.
Prices g (for capital) and w (for labour) are expected to be known, too.
First of all, there must be a set of information about the dynamics of
demand; this is reflected through:

pe=bQ. (29)

If n=0, then p;=0b, or differently, the output price is given. So there
is no room left for risk. Or (with the help of (12)):

E(pr) =E (bQ") =n(Q1)/Q:. IPIG A

It is important to notice here that the results of Section 1 can be used
if and only if the random variable p; belongs to a linear class. This sets

an additional restriction to the distribution of ﬁ, however, for the special

case —1<;]<0 this problem can be solved. Hence, it is assumed that
E(pt) =mo=n(Q:)/Qs,
o (p) =0p=[E (jr — 1p) 2. (31)

An investment strategy for the firm is presented through (27) as an
investment demand function. Consequently, the investment strategy
depends directly on the type of accelerator, depreciation rate, and total
differential of the production function. Indirectly (through the dynamic
optimal planning problem) prices of output, labour, and capital are
involved as well. The whole problem of optimizing investment paths
under uncertainty takes the following form (for the time moment f{=s
the expressions are presented without the subscript ¢ for simplicity):

max B (pc, oc) =max pc+Z3 oc, (32)
y=const, oc=o0,[f(K, L)2]"?, (34)
I=pdf (K, L) 40K, (27)

with p,, o, determined in (31).

In general, the maximizing of fractile B(uc, oc) in (8) and (32)—(33)
is reduced to the maximizing of the expectation of the net present value
in (9). The optimal values of K and L are found from the dynamic
planning problem and optimal investments from (27).

Now one more question concerning the uncertainty horizon is left
open. If the time moment f=s is freely chosen, then the bigger is s, the
bigger must be risk. Although y is the subjective rate of risk aversion, it
is possible to estimate it by means of the so-called “survival probability”.
For this purpose it is necessary, according to [7], to introduce the follow-
ing expression:

o) =[h(Odt,  ¢O)=1, (o) =0, (35)

where ¢(s) is the probability of a rapid change in demand (demnand
shock, disaster) for the firm’s output expected to happen at some time
moment £, larger than s; h(¢)dt is the probability of the disaster striking
in the time interval [f, {4-df]. For example, @(s) can be specified as
follows: 1 ‘
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o (s)=exp [ u(t)dt], o (36)

where u(¢)dt is the conditional probability that the disaster occurs in the
time interval s<{f{<(s-ds, conditional upon the survival of the project
to the time s inclusive. Expression u(f) is also called the hazard rate.
I in (36) the hazard rate u(f) equals a, then ¢(s)=e 2 and the proba-
bility ¢@(s) declines exponentially at the speed a (for more details see
[7]). Next, there is a possibility to merge (35) and (5) in the following
way:
P[C—E(C)<Zyoc]l=1—vy=q(s) (37)
or
y=1—q(s). (38)

Expressions (35)—(38) unite the time-discrete treatment of risk described
in Section 1 with its dynamic treatment. Now the subjective rate of risk
depends on time, more exactly, on the length of the time interval [0,s].
It is obvious that ¢(s) declines with considering the value of s growing.
In this way the time-discrete rate of risk aversion y grows as the survival
probability ¢(s) declines. The discrete risk aversion rate y is now “dyna-
mized” (also in a subjective way, as the hazard rate a is subjective as
well).

5. Conclusion

To conclude, I would like to stress two aspects of this work.

First, the use of accelerators for estimating the dynamics of capital
stock. This approach makes it possible to find out the unique solution
for the optimal investment path. According to the investment demand
function derived in this work an investment strategy depends directly
on the depreciation rate, the investment accelerator, and the total diffe-
rential of the production function. In this way the characteristics of the
production function (returns to scale, technical growth factor, etc.)
become involved in the process of making investment decisions. Conse-
quently, the process of determining the investment strategy is sufficiently
flexible. An investment decision depends indirectly on the prices of pro-
duction input factors and on predictable changes in the output prices (in
demand). The role of the discounting rate is here not so remarkable as,
for example, in g-theory. In other words, the discounting rate is not a
decision variable in this framework.

Secondly, risk analysis with linear class variables, etc. as made in
this work, is a time-discrete approach. The use of such an approach in a
dynamic model is appropriate only because of the possibility of reducing
the dynamic model into a set of time-discrete models. Even so the ques-
tion about the risk (uncertainty) horizon is left open. In this work a
suggestion is made for connecting time-discrete (subjective) rate of risk
aversion with the planning horizon with the help of so-called survival
probability. In connection with the survival probability the question
about the dynamics of prices arises, In the framework of the suggested
model discounted cash flow is maximized as a concave function, which
rules out the possibility of rapid changes (shocks) in the firm’s profits.
Consequently, rapid changes in prices are not considered possible. In this
way the survival probability is estimated as corresponding to the period
of the firm’s “normal life” and the shocks in demand and supply are
an issue for future researches.
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OPTIMAALSETE INVESTEERINGUTE TULETAMINE DUNAAMILISEST KASUMI
MAKSIMEERIMISE MUDELIST, ARVESTADES MAJANDUSLIKKU RISKI

On vaadeldud diinaamilist firma mudelit ning tuletatud optimaalne noudlus inves-
teeringute jarele. Uhese lahendi leidmiseks on kasutatud investitsiooniprotsessi modellee-
rimisel aktseleratsioonimehhanismi. Sellisel juhul so6ltub firma investitsioohistrateegia
kasutatavast aktseleraatorist, amortisatsiooninormatiivist ning firma tootmisvoimsust
peegeldava tootmisfunktsiooni parameetritest. Majandusliku riski arvestamine toimub
juhuslike hindade kaudu, mis eksogeensete teguritena mojutavad kogu mudelit, seal-
hulgas investitsioonistrateegiat.

Havmap JIEITHK

ONTUMAJIbHASI UHBECTULLMOHHAS CTPATETUsl ®UPMbl HA BA3E
JUHAMHYECKOU MOJEJIU MAKCUMHU3ALLUK NPUBbIJIU B YCJIOBUAX
3KOHOMHYECKOIO PUCKA

PaccmartpuBaetcss onpejeJeHHe ONTHMAJbHOH HHBECTHIMOHHOI CTpaTernn QuPMBI Ha
6ase JHHAMHYECKOH MOJeNH MaKCHMH3alUHH NpHObLIH. B measx mnosydenus OJHO3HaYHOro
pelIeHHs HCMOJb3yeTCsl MEXaHH3M aKceJepalluH NPH MOAeJHPOBAHHH HHBECTHIHOHHOTO Mpo-
necca. B uTore mHBecTHUHOHHAsi cTpaTerus (PHPMbI 3aBHCHT OT aKceJepaTopa, OT HOPMAaTH-
Ba aMOPTH3aUMH W OT IapaMeTPOB IPOH3BOACTBEHHON (QYHKUHH, NPH NOMOLLH KOTOpOii
onpejensieTcss NMPOH3BOACTBEHHAS MOIIHOCTb (HPMBL YUYeT 3KOHOMHYECKOTrO pHCKa CBf3aH
C HCIOJb30BaHHeM CJy4alHBIX LeH (KaK 3K30TeHHBIX INepeMEHHBIX), KOTOphI€ OKa3biBaloT
CYHIIeCTBEHHOE BJIMSIHHE Ha BCe pe3yJbTaThl MOJEJ]H, B TOM 4YHCJIe H HAa HWHBECTHUHOHHYIO
CTpaTeruio GupMe,
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