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OPTIMAL INVESTMENT PATHS UNDER UNCERTAINTY

The aim of this paper is to derive an investment decision ruie from
a dynamic stochastic model of a firm in the form of an investment
demand function. Also the theoretical specification for estimating an
investment decision model is presented. The problem belongs to CAPM
(capital asset pricing methods, see for example [1 —3]). However, few
dynamic treatments of this problem are available. Most investment func-
tions rely on static neoclassical models (with free Capital adjustment) to
derive an optimal capital stock as a function of the current variables.

The model presented here isin general based on the model of R. Craine
[4] except for the fact that we do not consider adjustment costs in our
model and we use time-continuous variables. The model is constructed
so that the solution for an optimal investment path is derived from а
first-order non-homogeneous differential equation (which reflects the pro-
duction function constraint for a restricted Capital adjustment). This
means that there is no unique solution to the problem. An optimal invest-
ment path depends on the type of the investment behaviour simulation
function and on changes in the demand for the firnTs output and supply
conditions. In other words, the prices of output, wage rates and prices of
investment goods are supposed tobe random. Expectations of these vari-
ables determine the position of the firmat some future moment of time.
According to Craine [4, p. 648] a dynamic model with random prices
generates the situation where an optimal solution is uncomputable, except
for a few special cases.

In Section 1 the model of the firm under certainty is presented. The
purpose of this section is to derive an optimal investment demand func-
tion for maximized profits as the firm’s objective. The parameters of the
investment demand function are determined by the initial conditions for
a differential equation, i. e. by the initial state of prices and by the given
prices at some future moment of time. In Section 2 it is assumed that the
described initial conditions depend on random prices in a risk-neutral
case. However, the maximized profits of the firm are in this case over-
estimated. The reason for overestimation is that the optimal investment
paths and the corresponding maximum profits are found without taking
into account any higher moments of random variables than the first (the
variances are neglected).

The risk-aversion case of the model including variances is presented
in Section 3 to compensate for risk-neutral overoptimistic Solutions. Risk
analysis is based on the assumption that random variables included in the
model belong to a linear class (more details in Section 3). The final
result of this section is the derivation of a theoretical upper bound of
random profits with the given optimal values of labour and Capital, an
optimal investment path and the given level of risk.

1. Model of the firm (deterministic case)

This section presents the model of the firm and derives an investment
decision ruie under certainty. The results presented here are based on the
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neoclasslcal theory of the firm similarly to [4, p. 649] with differences m
the following aspects:

1) we are using time-continuous variables;
2) we do not assume any adjustment costs in the model;
3) as the first step we deal with the deterministic version of the model.
Exogenous variables such as the output price of the firnTs product

( p t ), wage rate (w t ), and the price of investment goods (</*) are used
in the model. In Section 2 these variables are considered random.

The firm tries to maximize its discounted profits by choosing the
optimal paths for decision variables labour (Lt ) and investment ( lt )

with restriction to the current input of Capital {Kt):
dKt/dt=lt 6Kt>o, (1)

where õ denotes the depreciation (physical deterioration) rate. The Capital
stock is not perfectly adjustable by (1). The firm can reduce its Capital
stock through depreciation atrate ö; there is also a possibility to sell off
Capital equipment, but “made-to-order” equipment has probably poor
secondary market with relatively high selling costs. Labour is considered
freely adjustable.

The objective of the firm is now to maximize its profits. For this
purpose we introduce the capacity ( gt ) and cash flow ( Ct ) attime tof the
firm;

gt=f{Kt, L t ), (2)
where f is production function, which is concave and nondegenerate on
each input;

Ct ptf{Kt, L t )— WtL t qtlt - (3)

Now, the general shape of the problem is;

oo
max J C t e~rt dt (4)
q. Ь, о

subject to (1) or:
oo

max J e~rt [p tf {Kt, L t )— wtL t qth\dt (5)
i t > l, о

7t=Jtf+6/C*>o, Y*e=[o, oo). (6)

In (5) r is discounting rate; Rt =dKt/dt in (6). The problem (5) (6)
is a nonlinear planning problem, and finding the optimal paths for I,
L is at best very difficult. According to Craine [4, p. 650], the only avail-
able tool is dynamic programming.

Next, we сап rewrite (5) (6) in the following form, using the
Lagrangian function, for an arbitrarily chosen moment of time t=s:

F s= f e~rd-s)[pt f {Kt, L t )— wtLt qtlt+lt{lt—&t SKt)] => max
S

(7)
lt> 0, (8)

where h is the shadow price of the investment. Breaking the maximiza-
tion problem into two parts, one containing the maximization of the
current profit, the other the maximum future profits (with the given
optimal decisions), we obtain the maximization problem for F' s (for t =s ):
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max/?/

s
=max [p sf{Ks, L s ) — wsLs Qsls-Fhsils its 6KS )]+

oo
+ 2 [pt f(K-rL't )-w,L't -q,l‘+\‘ (/;-Ä*-6X;)](l +r)»-«-‘,

s+l
(9)

where * denotes optimal decisions. It is obvious that max F s=max F '■■.

Differentiating F' s gives the general transition equations 1 :

dF'JdIs=-qs+ls= 0, (10)
dF'

s /dXs =ls K s - 6K S=O, (11)

dF'JdLs =psdf {Ks, L s )/dLs -ws =o, (12)
dF'

s
/dKs=Psdf{Ks , Ls )/dKs —K6 =O. (13)

Now, from (10) and (12) (13) we obtain that
ws=ps df{Ks, Ls )/dLs, qs=ps df{Ks,

Fs )/dKs, (14)

if õ=l. Expression (14) reflects the situation when in the optimum case
the marginal products of labour and Capital are equal to the prices of
labour and investment goods. It is essential to notice that if 6=l, then
this version of the model is equivalent to the set of static models (at
different moments of time), because then /C s =/s (if Ks =0) with no
restrictions to Capital adjustment and with total depreciation of Capital
stock in one period of time. This has tobe an extreme case, generally
by (13) the marginal product of Capital is equal to Xsö or Х3 {б-{-дК3/дКз)
and the right side of (14) is a simplification.

According to (10), in the optimum case the price of the investment
goods is equal to the shadow price of the investment, which is the same
result asin [4, p. 651—652] where no adjustment costs are assumed.

Next, (11) gives the optimal investment path. The difficulties arising
with finding the solution for Is (investment demand function) are con-
nected with the fact that /s =Ä's+6/Cs is a non-homogeneous first-order
differential equation. For finding the optimal Capital stock it is necessary
to solve (6) with respect to K. For this task it is necessary to assume
some types of elementary functions (or combinations of elementary
functions) to simulate investment behaviour.

It can be easily seen that the simplest available Solutions are:
1) /s =O, in this case pure reducing of the Capital stock at the rate 6

takes place and the current Capital stock can be expressed by:
Ks=K s-ie-b*, (15)

where K s is the size of the current Capital stock, and Ks-i is the size of the
Capital stock from previous periods (in the beginning of the period s).
Неге Ks-i is found as the parameter for the solution of differential
equation (6), based on the initial conditions which can be found in
(12) (13);

2) Is —lo (constant investment), then:
iys= iys_ie-ö3+/0/6, (16)

where 70 denotes the size of the initial investment;

1 То avoid mathematical complications we assume in (13) that dKs/dKs= o, or

Ä>= CO nst.
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3) 1s =lq+ cs (inereasing or deereasing the Capital stock linearly):
K s=Ks-.e-6s + (/об - c)/62-fcs/6; (17)

4) /s =/0 eds (inereasing or deereasing the Capital stock exponentially);
Ks=Ks-ie-*s+loeds/{d+ö). (18)

From the theory of differential equations is known that the solution
of the homogeneous differential equation its+6/Cs =0 iis yo {s) =Ks-ie~6s

and this solution reflects the deviation from the equilibrium state (here
this deviation reflects physical deterioration of the Capital stock). The
particular solution yp {s) of its+6/Cs —/s= 0 reflects the equilibrium
state of the Capital stock. Now the general solution deseribes the general
state of the Capital stock in the case of each investment strategy. If we
assume, for example, that we have the exponential case (18), then we may
say that the Capital stock will stay unchanged in the period t= s, if

—d/ds {Ks- ie-6s ) = d/ds [/„e*/(d+6) ]. (19)
This is the case when the capacity of the firm, {gt), stays unchanged
beeause of constant technology and constant capital-labour ratio K/L.
If this holds, then the changes in the capacity of the firm are proportional
to the changes in the Capital stock.

Generally, for the optimal investment demand function in t=s:
[ increase Г <C

Capital stock wiill J stay constant if —d/ds{yo {s) ) ' = d/ds {yp (s)).
I decrease I ;>

(20)
Now it is possible to draw the conclusion that if the firm’s exogenous
conditions suggest expanding production activities (the capacity of the
firm), then Capital stock will increase, and d/ds{yQ {s))<_d/ds{yp {s)),
ete. will hoid (see Fig.).

Optimal paths for the Capital stock fortime moments s=l, s'=2 in the cases of in-
creasing capacity (K 1), constant capacity (K2 ) and decreasing capacity (К3 , K 4); in the

last case there will be total depreciation before t=s.
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The parameters of the investment demand function can be found on the
basis of the initial conditions which can be found in (12) (13) for the
time moments =0 and t= s. Неге we assume that K O , L 0 reflect the initial
values of labour and Capital, i. e. it is assumed that Ко, Е oфo. Through
KO , Lo the optimal size of the firm for the time =O, in other words, the
initial size of the firm is determined. From (12) (13) we get two
ordinary equations from where the values of L, К can be computed, which
characterize the initial conditions of the differential equation for arbit-
rarily chosen t= s. Note that from assumption its =const we have that (13)
will not give the initial conditions, if Kt is exponential, as then according
to (18) Then instead of (13) we have (13a):

dF'JdKs=Psdf {Ks, L s)/dKs -Is {ö+dKs/dKs).

For investment strategies (15), (16), (17) equations (12) (13) hoid.
The Figure presents two steps of solving the model for various invest-

ment strategies.

2. Model of the firm (uncertainty case)

In the stochastic model of the firm the exogenous variables of the model
(5) (6) are considered as random variables from some moment of time
t =s>o up to the horizon. This means that the prices are observed for
=0 and uncertainty starts later. From the time t>-s the prices, i. e. the

output prices p t , wage rates m and prices of investment goods q t , are
random. The distributions of these random variables are supposed in this
section not tobe known: we assume that only the expectations are known,
and higher moments of random variables are ignored. Also, we consider
risk-neutrality. Under such assumptions the random cash flow is:

Ct ptf{Kt, Et) WtLt qth, (21)
the expectational cash flow is expressed as:

E{Ct)=E[ptf{Kt, L t) wtLt qtlt\. (22)
The maximization of the expectational discounted cash flow according

to (7) is:
oo

E{F s) =Et J e-r( 4 ~s)[p*f (/( г , Lt) wtLt qth~\~Lt (L —Kt 6Kt) ]dt =>■

=ф- max, (23)
where Et denotes the operator of conditional expectation, assuming that:

E,(p,)=[ Pu |! (24.1)t p,p, if t— s,

p 4 fWu ttf t<sE t {wt)— 1 . f , (24.2)l \iw, if t=s,

*<»>- {::; ;s,
where |xp , |iw , \iq denote the approximations of the expectations of p, w, q,
if t=s. We are interested only in the time moment t— s. Further develop-
ment of the dynamics of prices which is necessary for the next step of
solving a dynamic planning problem demands more Information Q ( =F</,
t= s, s + At, ...). The next step of dynamic planning involves an assump-
tion that the initial conditions for t= s are considered as “zero-state”, and
then the process for s' =s+ At is repeated again.



In further considerations we substitute random variables with their
expectations, if t= s. Then in (23) = will be used instead of =, according
to Jensen’s inequality 2 :

oo
E{F a ) S

= J {Kt, Lt)—\iwL t Hqlt+h{lt —£t 6Kt)]dt,
(25)

where ря denotes approximated expectational profits. In this case the
results obtained in Section 1 are valid here, too.

The exact timing of the moment s is left open here, about it see, for
example, Nickell [5, p. 250—252]. Now we can interprete the problem in
such a way that the optimal investment path is determined by the initial
conditions for differential equation (6). The initial conditions are derived
as the values of K, L for the time moment t= s by (12) and (13) (from
\x P df{Ks, L s )/dLs =\iw, iipdf{K s , L s ) /дКз=Цдб) . Now the initial conditions
for the time t= s reflect changed conditions for the firm. More precisely,
the expectations of the prices pp, \iw, \iq reflect the expected changes in
the demand and supply conditions. The response of all the firms inter-
acting with either the demand for their product, or the supply of factor
inputs generates the prices. So the expectations of prices determine the
optimal size of the Capital stock K s and the employment L s at the time
t= s. In this way the optimal investment strategy has to have such pro-
perties that the Capital stock would reach size K s for the time moment s
(with taking into account restriction (6)). Labour was considered freely
adjustable.

This treatment of the problem ignores the internal adjustment costs
of the firm. According to [4, p. 652] this problem is reflected by the
following equation (based on expression (10)):

Ä/S ==I JJ/g. (26)
According to [4] this means that the firm can reverse freely its invest-
ment decision as more information becomes available. This is possible
because if the shadow price of the investment and the expected price of
the investment goods are equal, the firm can sell off its recently obtained
equipment in the case of changed conditions with no loss (that does not
affect the Capital stock from earlier periods, because then user value of
the previous investments h{t<s) has tobe calculated with taking into
account the depreciation rate). In this way the influence of uncertainty

a relatively minor roie in the investment decision. Craine shows
that if there are adjustment costs, equation (26) is no longer true, and
the investment decision is irreversible. In this case (26) changes into
equality Xs = \JL q + h (ta>p s , expression (1.4) in [4, p. 651]), where the
member h reflects the influence of adjustment costs. So, in the optimum
case the shadow price has tobe higher than the expected price of the
investment goods. In other words, the firm cannot sell off its obtained
equipment to raise the marginal product of Capital [4, p. 652]. Then the
firm must rely on the internal valuation of the new investment. Craine’s
final conclusion is that in this case the investment decision depends
mainly on uncertainty.

In this paper, however, we do not pay any attention to adjustment
costs. One of the reasons of such a behaviour is presented in NickelTs
work: “In general, we may argue that the assumption of strictly convex
adjustment costs, though extremely convenient analytically, is really
a simple mechanistic device for obtaining reasonable investment paths

2 Jensen’s inequality says that the expected profits are always smaller than or equal to
the profits computed using the approximations.
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from the profit-maximizing aetivities of firms rather than a realistic
attempt to analyze the investment deeision” [5, p. 249]. Another reason for
avoiding adjustment costs is connected with difficulties of finding an
adequate analytical form for sueh costs. For example, Craine [4, p. 649]
uses expression al2

t /2 for adjustment costs, Abel [6, p. 228] uses y/P
(for investment and adjustment costs together), Hartman [7, p. 259]
leaves the question open and simply assumes that C{l, q) denotes the
investment eost funetion with no further speeifieation, ete.

In general, adjustment costs can be expressed as part of the stochastic
investment eost funetion C{l t , qt )• Then in our model expression qjt
in (22) has tobe replaced by C(A, qt)- After the substitution of the
expeetations of prices with their approximations and differentiating with
respeet to I on the basis of (10):

Xs =dC{l s , ц д )/дlа. (27)
Now the firnTs shadow price (user value) of the investment A,s is greater
than the expeeted price of the investment in the case of reselling the
investment goods iff dC{ls, \x q )/dls >\ig. In this case the previous con-
siderations about irreversibility of investment deeisions hoid. Obviously,
this means that the inerement of investment eost funetion per unit of
investment is greater than the investmenfs expeeted price. The stochastic
adjustment proeess including an investment eost funetion with a random
price of investment goods is complicated and has tobe treated as а
separate problem.

To conclude, it seems that so far the best solution has been presented
in NickelTs work [s] where no adjustment costs but the combined influence
of uncertainty and distributed lags isused. Nickell shows that this com-
bination yields a solution similar to Solutions that arise from adjustment
eost models, but eloser to reality. However, just beeause NickelTs results
are hard to connect with this paper’s material 3

, we use the assumption
about the possibility of reversing investment deeisions (the obtained
Capital equipment can be soid without adjustment costs) as more Informa-
tion is available. To compensate for some underestimation of uncertainty
in this section, we try to connect our results with risk aversion.

3. Maximum profits in the case of risk aversion
with optimal values of decision variables

In Seetion 2 the problem of optimizing investment paths in a profit
maximizing problem was given with a consideration of risk neutrality.
In (25) we used Jensen’s inequality, according to which the expectational
profits are always less than or equal to the approximated expectational
profits. In a risk aversion case the expectational profits have tobe much
less than that.

In Section 2 no higher moments of random variables than the first
were taken into account; this means that variances were not involved.
In this Section we consider also variances. То do so it is necessary to
specify more precisely random variables. So, we assume that random
variables, used in Section 2, belong to a linear class. In [B, p. 56] it is
stated that, “... random variables Vu V2,-- - form a linear class if their
standardized values

Z={Vi -E{Vi ))/oiVi )Vi
with E{Z) =O, a(Z) = 1 (28)

3 In Nickell’s work uneertainty is speeified differently: the main problem there is the
timing of predietable demand jump with including distributions of random variables in
time.
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have the same density function. Within a linear class all distributions
can be transformed into one another merely by a shift and a proportional
extension. Since E{V) acts as a measure for the shift and ss а
measure for extension around the mean, these two parameters are suf-
ficient to characterize the whole distribution, given the shape of the
standardized distribution”..

In the case of normal distribution (which is one of these classes and
can often be used as a good approximation for the class of distributions
occurring in real-life problems [B, p. 57]), the density function of a random
variable, standardized according to (28) is:

ф2 ( г; о, Г) = 1/{2n)°-se~°- sz\ (29)

By integration this yields:
z°

P(z<zo) = 1/(2ji)0 - 5 / e-°- 5z2 dz. (30)
—oo

Now, assuming like in Section 2 that the cash flow at the time t is
random {Ct ), and denoting it for the time moment of t=s as CS=C, we
obtain (with the assumption that C is normally distributed) 4

:

Z={C E{C))/o{C), and (31)

P[{C E (C) ) < Z°a о {C) ]=l a. (32)

In (32) a is subjective permissible level of risk. In other words, according
to (32) bigger than or equal to Z°a a(C) deviations from mean are

supposed to occur with the probability a. Now we may say that with the
probab ility 1—a:

C<E{C)+Z<> a o{C). (33)

Generally it is known about Z° that
'<o, if a<o.s (risk aversion)

Za : =O, if a= 0.5 (risk neutrality) (34)
>O, if a>o.s (risk loving).

Consequently, in a risk-neutral case:
C<E{C) (35)

with the probability 0.5. With the probability 1-ct for risk aversion:

C<E{C) Z*a a{C), (36)

where Z°
a

is determined through (30) and а, сг (C) is the standard
deviation of a normally distributed C. As to E{C), it is known by Jen-
sen’s inequality that ц с > where pc stands for approximated
expectational profits:

p.c = {К*, E*) \x, wL* iiql*, (37)
where * denotes optimal values of decision variables. Rewriting (36) as:

C<[ic-Z°a a{C) (38)

we obtain a theoretical upper bound of the random profits C for the
given level ct.

4 All considerations now and later in Section 3 are made at the time t—s without dis-
gounting the results which can be simply added,
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Now it is possible to calculate the value of the right side of (38). For
calculating o{C) lit is essential to notice that the distribution of Cis а
joint distribution. With assuming independent random variables p, w, q,
the density funetion of C is given by

фс =фрф«;ф д , (39)
where cpp , ф№ , ф 9 must have such properties (or some of them must be
degenerated) that the joint distribution of C lis normal. In this case:

oz
c
=o2

p if{K*, L*)V+ol (L*) 2+a2
q (/*) 2

. (40)

In (38) Z°a B{C) stands for the part of expectational revenues which
are not expected by a risk-aversive decision-maker. For that reasonin
[9, p. 432] the value |Z° a 6(C) | is called a “safety buffer” for the decision-
maker for the case anything goes wrong. Through a it depends on the
decision-maker’s personal attitude towards risk.

Conclusion

The model presented above allows us to give the optimal investment
problem a rather precise specification (initial conditions of labour and
Capital stock, marginal flows in optimum case, ete.). Our treatment which
uses time-continuous variables reflects the expeeted changes in Capital
stock (for the chosen investment strategy) for uncertain future prices.
Changes in prices reflect changes indemand and supply conditions. The
main result of this paper is a model for deriving the optimal investment
path(s) depending on the expeeted values of prices. There is not, and
there probably cannot exist any unique solution for the optimal investment
path.

The optimal solution is derived without using variances of prices for
risk neutrality. In such case we may say that the maximized profits for
the optimal investment path(s) are obviously overoptimistic. So the risk-
aversive case in Section 3 ismeant to compensate for the neglect of
variances in Section 2. The dynamics of prices is described rather poorly,
but in this model the expectations of prices can be takenas Information
for the first step in solving the dynamic planning problem. Next steps
demand more Information. However, few special ways for describing the
dynamics of prices without oversimplification or serious mathematical
complications are available (for example, the Wiener process from
[6, p. 228]).

The model presented here makes it possible to find the values of the
optimal Capital stock and labour with optimal investment path(s) for
some moment of time in uncertain future. The model does not involve
adjustment costs and exact timing of uncertainty, but it gives perfectly
described initial conditions for the initial state and for some later state
of the firm in uncertain future, conditional on prices.
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	Funde von Lihula. 1,2, 3,6, 7 Fibeln, 4, 5 Schnallen. (AM 591: 200, 202, 125, 67, 92, 72, 88. Alle 1:1.)
	Funde von Lihula. 1 Schere, 2 Nähnadel, 3 Kienspanhalter, 4 Musketengabel, 5 Armbrustbolzenspitze, 6 Bronzefaust. (AM 591: 152, 96, 130, 136, 128, 93. 5, 6 1:2, alle anderen 1:1.)
	1. Ausgrabungsplatz in Maidla.
	2. Fundkomplex im Steingrab von Maidla.
	Artefacts frcm Jõuga. /, 5 bracelets, 2, 3 rings, 4, 8 brooches, 6 knife, 7 pendant templering. (AI 5864: 38, 37, 39, 43, 36, 45, 40, 33, 46; I—s, 7—9 bronze, 6 iron; scales have been shown for 2,3, 5, Ihe others 1:1.)
	Artefacts from Jõuga. 1,2, 4, 7 bracelets, 3, 9 brooches, 5 temple-ring, 6 ring, 8 glass beads and pendants. (AI 5864: 51, 53, 52, 54, 47, 57, 48, 56, 50; I—7,1—7, 9 bronze; 8 glass and bronze; scales have been shown for 1,2, 6, the others 1:1.)
	1. Могильник в Тяэксн. Вид с востока.
	2. Трупосожжение I на могильнике в Тяэкси. Вид с востока.
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	Находки из Тяэкси. 1, 2 ножи, 3 игла, 4—6 подвески. 7 бубенчик, 8. 9 спиральки 10 цепочка, 11—17 перстни, 18—26 монеты. (AI 5776: ХСП/4, LXXIII/2, VIII/1, 111, 108 54, 86, XXXVIII/I, 88, LXXVIII/1, 27, LV/1, LXV/1, CXII/2, CXXXII/1, VII/1, XXIX/1 14, XCI/1, 4, XIX/1, XCI/2, 33, 1/1, 1/2.)
	Funde von Varbola-Jaanilinn. I—3,1—3, 8, 10, 11 Anhänger, 4—6 Nadeln, 7 Kammfragment, 9 knöchernes Messergriffragment, 12 Hufeisenfibelfragment (von der Nadel), 13 Hufeisenfibel, 14 Spiralfingerring. (AI 5299: 376, 589, 372, 294, 337, 406, 618, 27, 536, 792, 221, 407, 355, 673. Alle 1:1.)
	Funde von Varbola-Jaanilinn, / Schwertortband, 2 Beschlag, 3 Pinzette, 4 Eisnagel 5 Messer, 6, 7 Schmelztiegel. (AI 5299: 588, 265, 86, 621, 774, 723, 738. Alle 1:1.)
	Funde von Varbola-Jaanilinn. Pfeilspitzen und Armbrustbolzenspitzen. (AI 5299: 273, 354, 274, 533, 305, 595, 382, 405, 621. Alle 1:1.)
	1. Blick auf den Nordteil des Siedlungsplatzes von Lehmja vor den Ausgrabungen. Ansicht von Südwesten.
	2, Lehmja. Untersuchungsflächen VI—VIII, XI mit den Hausunterlagen von Südwesten gesehen.
	l. Lehmja. Kulturschicht der zweiten Hälfte des I. Jahrtausends in der Untersuchungsfläche 111. Ansicht von Westen.
	2. Lehmja. Hausunterlage (3) des 15.—16. Jh. mit dem Ofenboden von Nordwesten gesehen. Untersuchungsfläche VI.
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	1. Lehmja. Boden einer vierwandigen Sommerküche (8) in der Untersuchungsfläche VII. Ansicht von Nordosten. 2. Lehmja. Brunnen (2) mit der Granitsteineinfassung in der Untersuchungsfläche VII von Nordwesten gesehen.
	1. Lehrnja. Riegenwohnungsboden (19) mit den Steinfundamcnten von Westen gesehen.
	2. Lehrnja. Hitzsteinofenboden der Wohnriege (2) von Norden gesehen. Vor der Ofenmündung befindet sich die offene Flerdstelle für die Speisezubereitung.
	Постройка I селища Удерна 11.
	Untitled
	Постройка I селища Удерна 11. 1 вид с юга, 2 основание печи.
	Untitled
	Постройки I и И селища Удерна 11. 1 основание печи постройки I, 2 фундамент и остатки очага постройки 11.
	Untitled
	Постройка 111 селища Удерна 11. 1 вид сверху, 2 вид с севера.
	Находки из селища Удерна 11. 1,2 пряслица, 3 свирель, 4 наконечник дротика, 5, 6 наконечники арбалетных стрел, 7 наконечник стрелы, 8 фрагмент голландской трубки, 9 клещи для зажима пуль при отливке. (AI 5456; 892, 1076, 1401, 1693, 2070, 2080, 1924, 2093, 1673; 1, 2 камень, 3 кость, 4—7, 9 железо, 8 глина; 1:1.)
	Находки из селища Удерна 11. 1 удила, 2 бусина, 3 перстень, 4 игольник, 5 рыболовной крючок, 6, 11, 12 фрагменты браслетов, 7, 9 подвески, 8 фрагмент кольцевидной фибулы, 10 подковообразная фибула. (AI 5456; 1068, 1675, 1670, 1830, 891, 1851, 1582, 1000» 2231, 1380, 1852, 1068; 1, 5 железо, 2 кварцит, 3,4, 6—lo бронза; 1 : 1.)
	Funde von Proosa. 7 Hängeschloß, 2, 5 Messer, 4, 5 Meißel, 6 Gegenstand unbekannten Zwecks, 7 Beschlag, 8, 12 Stiefelabsatzblätter, 9 Schaber, 10 Gegenstandsfragment, 11 Knopf, 13 Fingerhut. (ILM 23500: 35, 38, 107, 104, 14, 111, 155, 51, 157, 40, 50, 21, 15; 8, 12 Eisen, 6, 7 Bronze, 9 Feuerstein, 10 Knochen, 11, 13 Kupfer; 8, 12 1:2, alle anderen 1:1.)
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	1. Haapsalu, Jaani-Straße. Lichtluken des Raumes Nr. 3, von Süden gesehen.
	2. Haapsalu, Bischofsburg. Turmfundament und Parchammauer. Luftfoto.
	Haapsalu, Jaani-Straße. Rheinische Keramik. (HM 8240: 232, 753, 400.)
	Haapsalu, Jaani-Straße. Tongefäße und Ofenkaclielfragment. (MM 8240: 525, 416, 360.)
	Haapsalu, Jaani-Straße. I—4 Armbrustbolzenspitzen, 5—7 Sporen, 8 Messer. (HM 8240: 257, 199, 201, 50, 202, 294, 295, 756; I—7 Eisen, 8 Knochen und Eisen.)
	Haapsalu, Jaani-Straße, I—3 Schlüssel, 4 Feuereisen, 5, 6 Hufeisenfibeln, 7 Siegelfingerring, 8 Stilus, 9 Siegel, 10 Perle, 11 Maultrommel, 12 Spinnwirtel. (HM 8240: 624,131, 376, 370, 440, 180, 270, 451, 652, 12, 700; I—4, 11 Eisen, 5,7, 9 Bronze, 8 Knochen, 10 Glas, 12 Lehm.)
	Untitled
	Tartu, Lossi-Straße. Der 11. (oben) und der IV. Holzkasten (unten).
	Tartu, Lossi-Straße. Glasfunde. (RUPI «ЕЕ» Tartu Lossi II 85—87: Л 652, А 586 А 455, А 456; I—3, 6—B 2:3; 4, 5 1:2.)
	Tartu, Lossi-Straße. Glas und Keramik. (RUPI «ЕЕ» Tartu Lossi II 85—87: А 831, А 521, А 804, А 470, А 486; 1 2:3, alle anderen 1:2.)
	Tartu, Lossi-Straße. Funde. 1 rheinische Keramik, 2 Fuß von einem Grapen, 3, 4 Tongefäßdeckel, 5 Schlüssel, 6 adlerförmiger Gegenstand aus versilbertem Blech, 7 Fragment von Scheren, 8 Schmucknadel, 9 Schlüssel, 10 Kamm, 11 Nadelbüchse, 12 Flechtoder Streichmittel. (RUPI «ЕЕ» Tartu Lossi II 85—87: А 581, А 513, А 369, А 529, А 463, А 367, А 500, А 565, А 508, А 833, А 832, А 447; 1, 3—5 1:2 alle anderen 2 : 3.)
	1. Тарту. Раскоп IV па глубине верхней деревянной мостовой. Вид с юго-запада.
	2. Тарту. Отопительное устройство в северо-западном углу средней части раскопа IV. Вид с севера.
	1. Тарту. Вид на раскоп IV с северо-востока.
	2. Тарт\. Восточная окраина раскопа IV. Вид с северо-запада.
	Rakvere. Funde von der Ordensburg. 1 Keramik, 2 Kartätschenzange, 3, 4 Lanzenspitzen, 5 Meißel, 6 Schleifstein, 7 Perle, 8 Bronzespiralen, 9 Kaurimuschel, 10 Schlüssel.
	Rakvere. Funde aus der Altstadt. 1, 2 Keramik, 3, 4 Pfeilspitze, 5 Eisnagel, 6, 7 Spinnwirtel, 8 Streitaxt.
	Rakvere. Funde aus der Altstadt. 1 Anhänger, 2 Fibelnadel, 3 Schnalle, 4 Nadel mit Brillenspiralenkopf, 5 Würfelrohling, 6, 7 Würfel, 8 Schleifscheibe, 9 Knochenrohling, 10 Schleppangel, 11 Pinzette.
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	Abb. 1. Emailbemalte Becherfragmente aus dem IV. Holzkasten. (RUPI «ЕЕ» Tartu Lossi II 85—87; А 652.)
	Abb. 2. Keramikprofile aus den Holzkasten.
	Схема раскопа. 1 граница раскопа, 2 средняя и восточная части раскопа IV.
	ЛЬЬ. 1 Rakvere. Lage der Grabungsstellen. I Grabungsstellen; 1 Ordensbure- 2 Hauntgcbaudc dcs Gutes, 3 Wirtschaftsgebäude des Gutes, 4 Park des Theater 6 Lutherische Kirche. ’ ’
	Abb. 2. Rakvere. Rekonstruktion der einstigen Eskerlandschaft. / Ringmauerburg, Il Ordensburg.
	Abb. 3. Rakvere. Raum I—5A in der Ordensburg. / Kopfsteine, II Kalksteine; I—31—3 Pfostengruben, 4 Keller.
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