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Abstract. In 1967, 1. J. Maddox generalized the spaces ¢y, ¢, { by adding the powers p; (k € N) in the definitions of the spaces
to the terms of elements of sequences (x;). Gokhan and Colak in 2004-2006 defined the corresponding double sequence spaces
for the Pringsheim and the bounded Pringsheim convergence. We will additionally define the corresponding double sequence
spaces for the regular convergence. In 2009, Gokhan, Colak and Mursaleen characterized some classes of matrix transformations
involving these double sequence spaces with powers. However, many of their results appeared to be wrong. In this paper, we give
corresponding counterexamples and prove the correct results. Moreover, we present the conditions for a wider class of matrices.
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1. INTRODUCTION

In [10], Maddox generalized the spaces ¢y, ¢, - by adding the powers py (k € N) to the terms of elements
of sequences (x;) in the definitions of the spaces. In [4-6], the corresponding double sequence spaces
were defined for the Pringsheim and the bounded Pringsheim convergence. We will additionally define the
corresponding double sequence spaces for the regular convergence.

First, let us introduce the notions and notations we need in the paper.

Let e be the double sequence with all elements 1 and e with the (k,[)-th element equal to 1 and the
others 0 (k,/ € N).

The following variable exponent spaces were defined by Maddox [10] and Nakano [11]:

co(p) = {(x) € o] x| — 0},
c(p) = {(x) € | |xx —I|* — 0 for some I},

((p) = {<xk> < of supla” < oo},

where ® is the space of all complex (or real) sequences. When all the terms of (p;) are constant, we
have le,(p) = le, c(p) = ¢ and cp(p) = co, where Lo, c, ¢y are the spaces of bounded, convergent and null
sequences, respectively.
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A double sequence x = (xi;) of real or complex numbers is said to converge to the limit a in Pringsheim’s
sense (shortly, p-convergent to a) if

Ve>03INeN: k>N = |xy—al|<e.

If, in addition, supy; |xx| < e or the limits limgxy; (I € N) and lim;xy; (k € N) exist, then x is said to be
boundedly convergent to a in Pringsheim’s sense (shortly, bp-convergent to a) and regularly convergent to
a (shortly, r-convergent to a), respectively.

Let Q denote the linear space of all double sequences. Linear subspaces of Q are called double sequence
spaces.

For any notion of convergence v, the space of all v-convergent double sequences will be denoted by %,
and the limit of a v-convergent double sequence x by V-limy, , X;,. The sum of a double series }; ; xx; is
defined by v-Y ; xi 1= v-lim,, , 3" | Y| xig whenever (Y0 YL xu) mn € %y. We also use the notations

My = {x € Q| sup|xy| < 00},
k]
My = {XGQ\ JdBeN: sup ]xkl]<oo},
m,n>B
Cvo = {x € Q| v-limxmn = 0},
v = {veal( y %) e%v}.

k=1
Given a double sequence E, we define its & and (v )-dual by

E% .= {uéQ:Z]uklxkl] < oo, VXGE},

kil

EBV) .= {u eQ: V‘Zuklxkl exists for each x € E} ,
ol

where v € {p,bp,r}. For other notions and notations in the area of double sequences, we refer the reader to
[13].
Let p = (pr) be a bounded double sequence of strictly positive numbers. Then we set

Ap) = {xeal (i) e},
My(p) = {xeQl (l™) e},
Golp) = {reql (ml™) e} (veipbp))
Go(p) = {x€G(p)| VI EN: (v € c((pur)s) and
VkeN: (x)i € C((sz)z)},
Cv(p) = {er] JaeK: (xk,—a)e%o(p)} (ve{p,bp,r}).

Using the idea of echelon and co-echelon spaces (cf. [8]), we can represent

Golp) = {reQ: (xulN'/™) €%y}, (M
N
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Mp) = UtxeQ: (VM) e}, o)
N

Indeed, if x € €,0(p), then, for every N € N, we have |xy|[P*N — 0; hence, xkl\Nl/P“ —0ask,[— o
since (py) is bounded. Conversely, if limy; |xg|N /pa = 0 for every N € N, then, for N € N, we have
|xg [P < & for large k,I. Thus, x € $po(p). For the second equality, if x € .#,(p), then there is some
N € N with |xy|Pv < N (k,l € N); hence, |xkl|N_1/1’k/ <1 for k,1 € N. Conversely, if xkl|N_1/pkl < M for
some M > 0, then, for all k,/, we have |x [P < MP«N, which is bounded since (py;) is bounded. Hence,
x € Mu(p).

The space .#,(p) is solid; hence, .#,(p)* = #,(p)P™) (v € {p,bp,r}) [1]. The space .#,(p) is
isomorphic to 4. (g;), where (¢;) = T(p) (where T is an isomorphism between the spaces Q and @, defined
in [12]). So, by Theorem 2 in [9],

M (p)PY) =M (p) = () {()’kl)I Y [y N1/ <m}.

NeN k,l

Since the space Gpp0(p) is solid, then Gpp0(p)* = Crpo(p)PY) (v € {p,bp,r}). Since, for every [ € N
and x = xe! € .#,(p), we have x € G,p0(p), so, for every y € Cpp0(p)*, we have

)k € (Loo((pr)i))* = {(zk) : Y |z NP < oo}_ 3)
NeN 3
Analogously, for every k € Nand y € €},,0(p)*, we have
)i € Uoo((pr)))* = ) {(z;) : Z!zﬂN””“ < oo}. 4)
NeN l

If T is the isomorphism between the spaces € and @, and @ : N x N — N is the corresponding map of
indexes, then T~ (co(®(p))) C Ghpo(p), hence

(T~ (co(®(p))))* = M5 (p) D Cpo(p)®,

where
M (p) = {(ykl) Y NP < °°}-
NeN k1l
We will verify that
a bp
Cgbpo(l?) = M (p) &)

= Mé(l’)ﬂ{(ykl) :VIeN: Z\ykz\Nl/”“ < oo,
k

VkEN:Z|yk1|N1/[’k’ <00}.
1

Suppose, on the contrary, that y € Mgp (p), buty & 6pp0(p)*. Then, for some x € ppo(p), we have

Y Ixyi| = o. (6)

Kl

By (3) and (4), we have

VieN: Z’xklyk” <o, VkeN: Z|xklyk1| < oo,
k 1
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So, by (6), we can find an index sequence (m;) such that

Mmi+1

Y xaul>i (ieN). (N
k=1

Let us define %y := xy for (k,) € [m; + 1,m;;1])* (i € N) and %, := 0 otherwise. Then £ € T~!(co(P(p)))
while

mj4|
Y ®avul =Y, Y, Iyl =
k,l i kJl=m;i+1

Hence, y & (T (co(®(p))))* = MZ(p). Thus, the contradiction follows, and therefore (5) holds.
Let A = (@) be any 4-dimensional scalar matrix and v be some convergence notion of double se-
quences. We define

QIE‘V) = {x €Q|VmneN : [Ax]p, = V'Zamnklxkl exists} .
k.l

The map
A: ng) —Q, x> Ax:= ([Ax]mn)m,n

is called a matrix map of type v. We use the notation A € (X,Y), iff A is a matrix map of type v, and Ax € Y
whenever x € X. If XP(P) = xB(r) — xB(") (for example if X is solid), we use the notation A € (X,Y).
In addition, if X is a sequence space, Y is a double sequence space, and B = (b,x) is a 3-dimensional
matrix, we use the notation B € (X,Y) iff Bx := (¥ byukXk)mn exists, and Bx € Y whenever x € X. If
X,Y are sequence spaces, and B = (by) is a 2-dimensional matrix, we use the notation B € (X,Y) iff
Bx := (Y burxx)n exists, and Bx € Y whenever x = (x;) € X.

In [7], the authors characterized (., (p), €y0(4)). (-#u(P).€o0(a)): (Gso(P) E0(a), - (Gopo(p)).
(Cbpo(q))v, (€bp(P)), (€po(q))v. We have discovered that many of the results in [7] are not correct. In
this paper, we give corresponding counterexamples and prove the correct results. Moreover, we give the
conditions for the classes of matrices (E,F), where E € {4, (p), €ppo(P), €pp(p)} and

Fe {%M(Q)aCng(Q)a(gp(Q)a(gh[aO(Q)a (gbp(Q)a(grO(Q)anr(Q)}-

2. COUNTEREXAMPLES

In this section, we give counterexamples to some results in [7].
In the following example, we verify that the conditions for A € (.#,(p), €pp0(q)) and A € (A, (p),
%p0(q)) of [7] (Theorem 2.5 and remark after Theorem 2.5 in [7]) are not correct.

Example 2.1. Let py; = 1/(k+1), gy =1 (k,l € N). We consider the matrix A = (ayup) With dpup =
4= &) (mp) =1 (m,n,k,1 € N).
Let B =2. Then,

1 1
Z ’amnkl‘Bl/Pk/ - 724—(k+1)2k+1 _ 722—(1&1) <o (mneN)
] mn mn

and

q”l’l
. .1 _
lnlf}} (Zk.z |amnkl|Bl/pkl> =lim — E 2~ =,

mn mn 45
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So, the conditions (i), (i1) in Theorem 2.5 of [7] hold. In addition,

1
sup ) |yt | B/ PH = sup—ZZ’(k”) =1 < oo.
mn i m,;n Mn Kl

So, the condition in the remark after Theorem 2.5 of [7] is also satisfied.
Now, for (x) = (8¥), we have |x [P = 8 (k,1 € N), so, x € .#,(p). On the other hand,

1 _
‘[Ax]mﬂ|qmn — 724 (k+l)8k+l — o0 (m’n E N)7
mn k.l

50, Ax & 6p0(q) D Chpo(q)- Hence, A & (Au(p), Cpo(q)) D (Au(p), Copo(q))-

In the following example, we verify that the conditions for A € (6}, (p), €5p) of [7] (Theorem 2.1 in [7])
are not correct.

Example 2.2. Let p,,, = 1 (m,n € N). Then, €,(p) = %,p. We consider the matrix A = (aux) With
amn11 = 1 and @y = 0 for (k,1) # (1,1) (m,n,k,l € N). Then,
oo 1 . s 1
lrig,l;amnlprk[ - 1,,152/; Amnk1 B = B

forany B > 1 and

lima,;, = 1.

m,n
So, the conditions (i), (iv), (v) in Theorem 2.1 of [7] are not fulfilled while A € (€},(p), €bp)-

In the following example, we verify that the conditions for A € (¢},0(p), €p0(q)) and A € (€ppo(P), Cbpo(q))
of [7] (Theorem 2.3 and Corollary 2.1 in [7]) are not correct.

Example 2.3. Let p,, = g, = 1 (m,n € N). Then, €,p0(p) = Cbpo(q) = Cppo and €po(q) = Cpo. We
consider the matrix A = (@yux) With @ppmn = 1 and g = 0 for (k,1) # (m,n) (m,n,k,l € N). Then,

q”‘li’l
o _ L
lim Z |Gkt | B 7w =B 1#£0
M k=1

for any B > 1. So, the condition (v) in Theorem 2.3 and Corollary 2.1 of [7] are not fulfilled while A €
(Gopo(p); Chpo(q)) C (Chpo(P), Cpo(q))-

In the following example, we verify that Theorem 3.1 of [7] is not correct.

Example 2.4. Let py; = 3, and consider the matrix A = (@) With a1 =2 (—1)" and @y = 0 for
(k,1) # (1,1) (m,n,k,l € N). Now, we consider (xy;) € .#,(p) with x;; =4 (k,l € N). Then,

limsupA,, (x) = limsup2- (—1)""".4 =8

m,n m,n
and

limsup |xy|P¥ = limsup4® = 64.
kil kil

So, all the assumptions of Theorem 3.1 of [7] are satisfied. But A & (¢},(p),%pp) and

limsupZ\amnkzl =24£1.

mn |
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3. CHARACTERIZATION OF MATRIX TRANSFORMATIONS

In what follows, we assume that p = (py;) and ¢ = (gx;) are bounded double sequences of strictly positive
numbers. To characterise the matrix transformations of double convergent sequences with powers, we need
the following results.

Lemma 3.1. Let X be a sequence space. Then,
(@) A € (X,Gvo(q)) iff VL €N (dpuiaL!/ ™) € (X, )
)

(
c

(b) A € (X, M,(q) iff BLEN: (ayuel V) € (X,.A,).
Proposition 3.2. (cf. [3, Proposition 3]). Let x = (xi) € Q. Then,
(@) x € €,(p) iff Ipx € KV index sequences (k;), (1;):
lim |xg,, — px|P%iti = 0.

(b) x € Cpp(p) iff x € 6,(p) and V(k;), (l;) in N: (xx1,) € loo(Pr;)-
(©)x € A, (p) iff V(ki), (I;) in N: (xg,1,) € loo(Prit;)-
(d) x € A, (p) iff V index sequences (ki), (I;): (xk1;,) € loo(Pry;)-

Corollary 3.3. (cf. [3, Corollary 4]). Let B = (byu) be a 3-dimensional matrix and let X be a sequence
space with X C Ql(gv). Then, the following statements hold:
(a) B € (X,%,(p)) iff V index sequences (m;), (n;) :
(Dmnik)ik € (X, c((Pmm;)i)), and all these matrices are pairwise consistent on X .
(b) B € (X, Cpp(p)) iff B € (X,€p(p)) and V(mi), (n;) in N : (bmm)ike € (X, Los((Pmin, )i))-
(© B € (X, %pn(p)) iff ¥ index sequences (m), (1) (bmng)ix € (X, ol (P )
(d) B € (X, Cppo(p)) iff B € (X,Cp0(p)) and ¥ (m;), (n;) in N : (bun)ik € (X, Loo((Pmin,)i))-
(e) Be (Xa'//u(p)) lﬁfv(mi)v (ni) inN: (bmfn;k)i,k € (Xagoo((pm,-n,-)i))-

Theorem 34. A € (#,(p), - #,(q)) iff the following condition holds:

Gnn
VM € N: sup (Z]amnkl]Ml/"“> < oo,
mn \ k]

Proof. We can identify the double sequence space ., (p) with lu(r;), where (r;) = T(p), #,(gq) with
U (s;), where (s;) = T(q), and the 4-dimensional matrix A with the 2-dimensional matrix B = (b). Then,
Ae (Mp), #,(q))iff BE (Lu(ri),lw(s;)). By Theorem 5.1, 15 in [8], this is equivalent to

VM eN:

Si 4mn
Sup <Z|bik|Ml/rk> = sup (Zamnkl|M1/pk]> < oo,

i k mn \ k|

Theorem 3.5. Let A = (@) be a 4-dimensional matrix. Then,
(@) A € (Au(p),6,(q)) iff the following conditions hold:
() VM, m,n € N: ¥4 |dyia| M/ P10 < o0
(i) VM € N3D € N: sup,, ,op Y, |yt |M /PR < o0,
(i) 3(ap) VM € N : limy, (Y4 [@mns — awg| M/ Pi )0 = 0.
(b) A € (A,(p),Cbp(q)) iff (i)—(iii) and the following condition hold:
(IV) VM e N: Supm,n (Zk,l ’amnkl|M1/pkl)qnm < oo,
(c)A € (A,(p), %, (q)) iff (i)-(iii) and the following conditions hold:
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(V) YM,n € N sup,, ¥ s |t |M"/PH < oo;

(vi) VM,m € N2 sup, Y ; |@mnii ]MI/P“ < oo

(vil) 3(Bout) VM, m € N 2 Timy, (L | @it — B | M/ P51 ) 1 mn = 0;
(viii) (Yut) VM, 1 € N 2 iy, (T g |@ymnis — Vs | M/ P ) 0 = 0,

Proof. (a) Necessity. (i) follows since ,//lu(p)ﬁ(v) = M2(p).

To prove (ii) and (iii), we identify the double sequence space .#,(p) with {w(r), where (r;) = T (p)
[12], and the 4-dimensional matrix A with the 3-dimensional matrix B = (b,x). By Corollary 3.3(a),
B € (l(r),6,(p)) iff for every index sequences (m;), (n;): (bmmnic)ix € (Loo(r),c((gmm;)i)), and all these
matrices are pairwise consistent on £(r). By Theorem 5.1, 11 in [8], this is equivalent to the following two
conditions holding:

(a) V¥ index sequences (m;), (1), VM € N 1 sup; Yy [Dynk|M/ " < oo;

(b) 3(by) V index sequences (m;), (n;) VM € N:

mgn;
11{1'1 (; ’bm,'nik - bk|M1/rk> =0.
By Proposition 3a in [3], the statement (a) is equivalent to VM € N: (¥ \bmnk\Ml/’k)m € My, that is,

VM eNdDeN: sup Z|bmnk\M1/”‘ = sup Z|amnkl\Ml/p“ < oo,

mn>D"f mn>D g |

so, (ii) follows.
By Proposition 3e in [3], the statement () is equivalent to

dmn
H(bk) VM € N : (Z ’bmnk — bk‘Ml/rk> € Cgpo.
k

Let (ay;) = T~'(b). Then, this is equivalent to (iii).

Sufficiency. By (i), it follows that Ax exists for every x € .#,(p). From (ii) and (iii), it follows that the
conditions (a) and (b) in the necessity proof hold. Again, as in the necessity proof by Theorem 5.1, 11 in [8]
and Corollary 3.3, we get A € (#,(p),6,(q)).

(b) The proof follows from (a) and Theorem 3.4.

(c) Note that A € (A,(p),%,(q)) iff A € (A,(p),%,(q)); for all n € N, the 3-dimensional matrix
(@mnkt )k, maps Ay (p) to c((gmn)m), and for all m € N, the 3-dimensional matrix (aymki)n k,; maps #,(p)
to ¢((gmn)n)- By (), the first statement is equivalent to (i)—(iii). Since we can identify .#,(p) with fw(r),
where (r;) = T(p), and a 3-dimensional matrix with a 2-dimensional matrix by Theorem 5.1, 11 in [8], the
second and the third statements are equivalent to (v)—(viii). ]

Theorem 3.6. Let A = (ayup) be a 4-dimensional matrix. Then,
(@) A € (Au(p),6p0(q)) iff the following conditions hold:
() VM, m,n € Nt Y p |auu|M/PH < oo;
(i) VM € N & Timyyp (e |@mtr| M) ™ = 0.
(b) A € (A, (p), Crpo(q)) iff (), (ii) and the following condition hold:
(iii) YM € N : sup,,, (Zk’l \amnkllMl/”“)qm" < oo
(© A e (A,(p),%0(q)) iff (1), (1) and the following conditions hold:
(iv)VM,n € N: sup, Yy, ]amnkllMl/p“ < o0}
(V)VM,m € N: sup, ¥y, |yt | M/ P < o0
(vi) 3(Bur) VM ,m € N : limn(Zk,l | @kt — Bmki ’Ml/pk’)l/q’”” =0;
(vil) 3(Yur) VM, € N 1im (T g |Gt — Yokt MY/ Pt )V = 0,
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Proof. (a) Necessity. (i) follows since ., (p)P(V) = M2(p). To prove (ii), we identify the sequence
space lw(r), where (r;) = T(p), and use the 3-dimensional matrix B = (b,,,x) as in the proof of Theo-
rem 3.5. By Corollary 3.3(c), B € ({w(r),%p0(p)) iff for every index sequences (m;), (n;): (bpymni)ik €
(les(r),c0((gmn;)i))- By Theorem 5.1, 7 in [8], this is equivalent to the following condition holding:

qlﬂ"l‘li
VM V index sequences (m;), (n;) : lim <Z |bm[nik|M1/’k> =0. (8)
"o\ k
By Proposition 3e in [3], the statement is equivalent to

qmn
VM € N: lim <Z |bm,,k|M1/’k> = lim
m,n X m,n

9mn
(Z |amnkl Ml/IUd) =0.

k,l

So, (ii) follows.

Sufficiency. By (i), it follows that Ax exists for every x € .#,,(p). From (ii), it follows that the condition
(8) in the necessity proof holds. Again, as in the necessity proof by Theorem 5.1, 7 in [8] and Corollary
3.3(c), we get A € (Au(p), Cpo(q))-

(b) The proof follows from (a) and Theorem 3.5(b).

(¢) The proof follows from (a) and Theorem 3.5(c). ]

Theorem 3.7. Let A = (auuu) be a 4-dimensional matrix, then A € (Cypo(p), #.(q)) iff the following
conditions hold:

(i) VM,keN : sup,, , (¥, ]amnk,]Ml/Pkl)qm" < oo;

(i) VM,l € N : sup,,, (Zk ]amnkl|M1/1’k’)qm" <

(iii) IM €N : sup,,, (T [@mnia|M~1/P1) """ < oo

Proof. Necessity. (i) Given k € N, the map (@it )mn 1 : boo((Pri)1) = #,(q) is defined. We can identify
the double sequence space .#,(q) with (. (s), where (s;) = T(q), and the 3-dimensional matrix (&ymks)m.n.i
with the 2-dimensional matrix B = (b;;). So, B : lu((pri)i) — l=(s). By Theorem 5.1, 15 in [8], this is
equivalent to

Si qmn
VM € N : sup <Z|bil|M1/1’“> = sup (Z |Gk |Ml/pk1> < oo,
i 1 m,n i
So, (i) follows. Analogously, we get (ii).
(i) Since T~ (co(r)) C Chpo(p) (r = T(p)), and we can identify the double sequence space .#,(q)
with £.(s), where (s;) = T'(¢), and the 4-dimensional matrix A with the 2-dimensional matrix C = (c;;),
then C: ¢o(r) = l(s). So, by Theorem 5.1, 13 in [8], we get

Si dmn
dM eN: sup (Z’Cij|M_l/r-i> = sup <Z|amnk1|M_l/pk]> < oo,
io\J Kl

m,n

So, (iii) follows.

Sufficiency. First, note that from (i)—(iii), it follows that (@uumks k1 € Cppo( p)ﬁ(v) for all m,n € N. Hence,
Ax exists for all x € €,0(p).

Suppose, on the contrary, that Ax ¢ .#,(q) for some x € €,,0(p). So, by (2) for all N, we have
([AX] N~/ & . Hence,

VN : sup

m,n

-1
Y x4
Kl

= oo, )
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Let M be such that |x| < M'/Pa (k,1 € N).
From (i), (ii) and (2), it follows that

YNkt oy = sup Y |amaixigN /9] < oo (10)
mn ]
and
YN, 12 By :=Sup Y |@niixiaN " /4m | < oo, (11)
mpn g

Note that oy < ayx and By; < By (k,I,N € N).
From (iii), it follows that A € (T~ (co(®(p))), #u(q)).
We will use the gliding hump method to get a contradiction. We set k; := 0. Let m,n; be such that

Zamlnlklxkll_l/qmlnl > 2.

[

Since the double series Y ; a,n kX1 converges regularly (cf. (10) and (11)), we can find k» > k; such that

ks 1
1 -1
Y @il [amm — Y, ammuxal famm | < 3
k.l ki=1
and
ko+p 1
i a Xl | < 5 (peN).
kl=kp+1
Then,
ko
Z amlnlklxkllil/q”’l"l > 1.
k,l=k +1

Now, we find my > my, ny > ny such that

ko ko
>34+2) a+2) Bu,

-1
Y g2 4
kil k=1 =1

and we find k3 > ky such that

ks 1
-1 -1
Y G2 [ — Y mpmpixia2 [amm | < 1
el k=1
and
ks+p 1 o
Y, ampnxu| < I (peN; j<2).
=l +1
Then,
k3
—1 p
Y dunx2”
k= +1

> Y dpnpricig2 e

kil

ka ky
- Z (07) Z Ba
k=1 I=1

k3
Z amznzklxklz_ 1 /Qinznz _ Z amznzklxklz_l/qlnznz
k,l k=1

k> ky
> 2+ Za1k+ZBll-
= 1

k=1 I=




388 Proceedings of the Estonian Academy of Sciences, 2024, 73, 4, 379-395

Continuing inductively, we find m; > m;_1, n; > n;— such that
ki ki
=1/ Gy, :
Zam,-n,-klxkll [min >l+1+22a1k+22ﬁ1],
k1 k=1 =1

and we find k; 1 > k; such that

1 ki1 y 1
Zam,-n,-klxkll mini — Z A Xpgd ! Imini | < 5
kil k=1
and
kiv1+p 1
Gy ki Xk | < o7 (peN; j<i).
kl=kit1+1
Then,
ki1
1/ Gmin:
it i
kl=ki+1
ki kl'
—1/qmn:
2 Zam,‘n,-klxkll /len‘ - Z al'k —_ Z Bil
k,l k=1 =1
" kiy1 y
- Zam,-n,-klxkll_ iy — Z Apniki Xl Gmin;
k.l kl=1

k; ki
> i+ Z 061k+Z/311-
k=1 =1

Let us define & := xy for (k,1) € [k; + 1,ki+1]? (i € N) and %y := 0 otherwise. Then, we get x €
(T~ (co(®(p)))). On the other hand, for j < i, we get

R Y
Y @ j

Kl
kit ki ki oo kst1
Z Y, ampgai =Y =Y Bi— Y| Y dmnarn
ki=ki+1 k=1 =1 s=it 1 |kJ=ks+1
. w1
Z 11— Z ? Z i—1.
s=i+1
Hence,
VN : sup ZammikliklN_l/qmmi > sup(i— 1) = oo
ik i
hence, A% & .#,(q), which contradicts A € (T~ (co(D(p)), #.(q)). O

Theorem 3.8. Let A = (ayni) be a 4-dimensional matrix. Then,
(@) A € (Cppo(p),€,(q)) iff the following conditions hold:
(i) Vk,l e N 3((11{1) : limmﬁ |amnkl — akl\qm" =0;
(i) VM, m,n, L €N 2 Y |amua|MPH < oo;
(ili) VM, e NAD € N : sup,, ,op L [Gmnit | M/ P4 < o0
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(IV) VM,Z eN: limm,n (Zk |amnk1 - ak1|M1/Pk1)£Imn - 0;

(V) VM, m,n,k €N 1 Y, |ayp|M"/Pi < oo;

(vi) YM,k € N3D €N : sup,, o p X || M/ PH < oo;

(vii) VM, k € N 1 1imy, (X [@mnrs — ag|M/Pa) 2 = 0;

(viii) Vm,n e NIM €N 1 L) || M~ /P < oo

(ix) IM,D e N : SUP,, D Zk,l ’amnkl|M71/pk1 < oo]

xX)VL3IM,D eN : sup,,17n>DL1/qm" ZkJ |amnkl — akl|M_l/p"’ < oo,
(b) A € (Ghpo(p), Chp(q)) iff (1)—(x) and the following conditions hold:
(Xl) VMal EN: Supm,n(Zk ’amnkl’Ml/pk])qmn < o0

(xii) VM, k €N : sup,, , (¥, [@pupa|M"/Pi) I < oo;

(xiil) IM € N : sup,, , (i | @i | M~/ Pit)Imn < oo,

(©) A € (Cppo(p), <K,(q)) iff (1)—(x) and the following conditions hold:
(XiV) El(ﬁmkl) Vk,l eN : limn \amnkl — Bmkl|qm" =0

(xv) VM, 1,m € N : sup, Y || M/ P11 < oo;

(xvi) VM, [,m € N : lim,, (Y | @it — Baugt |M/Pr1) 4 = 0;

(xvii) VM, k,m € N : sup, ¥ @y | M/ Px < oo;

(xviii) VM, k,m € N 2 1im, (¥ | @k — Bt | M/ Pit )9 = 0

(XiX) El(?/nkl) Vk,l eN : 1imm \amnkl — }/nk1|q"’" = O;

(xx) VM,l,n e N : sup,, Y ]am,,kl|M1/1”<l < o0

(xxi) VM, I,n € N : 1imy, (Y |@mnis — Yot | M/ P2) 0 = 0;

(xxii) VM, k,n € N : sup,, ¥, | |M'/P4 < oo

(xxiii) VM, k,n € N 2 1im,, (X, |@mnrs — Yort | M/ Pe )3 = 0;

(xxiv) Vm IM € N : sup,, Y; |G| M~1/PH < 003

(xxv) VL,m 3M € N : sup, LY ¥y | |aypiq — B |M~1/ P < o0
(xxvi) Vn IM € N : sup,, Yi s [@mnii |M‘1/Pk/ < oo

(xxvii) VL,n M € N : sup,, L/ Gmn it [kt — }/nkllel/pkl < oo,

Proof. (a) Necessity. (i) follows since ¢ € Chpo(p) (k,1 € N) and (viii) follows since (@i )k,1 € Chpo( p)B(")
_ bp
=M,"(p) (m,n € N).

Given [ € N, the map (dmnkt)mpnk : Loo((Pr1)k) = €»(q) is defined. We can identify the sequence space
Lo((pri)x) with the double sequence space ., (T~ (( 1) x)) and the 3-dimensional matrix (@i )mn k With
the 4-dimensional matrix B = (byyij). So, B: (T~ ((pu)k)) = €,(q). Therefore, by Theorem 3.5, we

get (i1)—(iv).
Analogously, since given k € N, the map (@it )mn,1 : loo((P1)1) = €(q) is defined. So, (v)—(vii) follow.
Since T~ (co(r)) C Ghpo(p) (r = T(p)), and we can identify the 4-dimensional matrix A with the 3-
dimensional matrix B = (D), then B: co(r) — €,(q).
By Corollary 3.3(a), B € (co(r),6,(q)) iff for every index sequences (m;), (n;):
(Dmmik)ik € (co(r),c((gmm,;)i)), and all these matrices are pairwise consistent on co(r). By Theorem 5.1, 9
in [8], it follows that the following three conditions hold:
(a) 3(by) V index sequences (m;), (n;): 1imy; |byyp i — by|mini = 0
(b) ¥V index sequences (m;), (n;), IM € N:

S‘?PZ B M7 < oo
i %

(c) V index sequences (m;), (n;) VL € N IM € N:

sup (ZLl/qmini ’bmmik - bk|M_]/rk> < oo,

! k
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(a) is equivalent to (i).
We will show that (b) implies (ix). Suppose, on the contrary, that (ix) does not hold. Then,

VYM,D € N: sup Z|amnk1|M_1/1’kl = oo,

mn>D g |
Hence, we can find index sequences (m;), (n;) such that

Z ‘aminikl ’iil/pkl > .
kl

Hence,
Z |bm;mk|j_l/rk = Z|am1n[kl‘j_l/pkl > (] < l)
k k,l

So,
VM eN: sup2|bmi,,l.k\M*1/”‘ =0
ik

that contradicts (b). Hence, (ix) follows.
Analogously, we get (x) from (c).
Sufficiency. First, we verify that a = (ay) € Cppo(p)P).
By (x), we can choose M;,D; € N such that

1 —1/pu
sup 1 /q’””Z|amnk1 —au|M, < oo
m,n>D k,l

By (ix), we can choose M, D, € N such that

-1
sup Z\amnk,]Mz /Pu <
mn>Ds k|

If we replace M, M, with M := max{M;,M,} and D,D, with D := max{D;,D,}, both inequalities still

hold.
Now, let m,n > D. Then,

Z |akl ’Mﬁl/pkl < Z |amnkl - akl|M71/pk] +Z |amnkl|M*1/1’k’ < oo,
k,l k.l ol

Hence, a € M3(p).
Now, let M, € N be fixed. By (1) and (iv),

lr}f}ll; |Gkt — at| M/ P = 0.

We choose m,n € N such that Yy | @k — ar |M 1/pa < 1. Then, by (i),

Y lau|M 7 < Y s — au M7+ Y @i | M P < oo,
k k T

Analogously, we get that ¥, |ay |[M'/P4 < oo for all M, k € N. Altogether, we geta € Mgp (P) = Gopo(p)PM).
Now, let x € G}p0(p) be fixed. We will prove that €, (q) —limAx = Y ; axy. For that, we will show
that for all L € N, we get
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lr}fn (Zamnklxkl Zaklxkl> Lim = 0. (12)

k,l

Let L € N and € > 0 be fixed. By (x), we can choose M, D & N such that

Ap = sup Ll/qng‘amnkl akllM 1/ pu < oo,
m,n>D kI

Let ko € N be such that |x;|M'/P4 < g/(3A;) for k,I > ko. So,

Ll/qmn Z |amnkl _akl‘|xkl| — Ll/%nn Z ‘amnkl _alexkl|M1/pklM71/pk1
k,>ko k,[>ko
S
< 3 (m,n > D).

Since x € .#,(p), we can find M such that |x| < Mé/p“ for k,1 € N. By (iv) and (vii), we can find
D1 > D such that

ko
1 €
L/ @mn ZZ|amnkl _akl‘MO/pkl < >
=1 k
ki
LV amn . . Ml/Pkl < € D
ZZ’amnkl ap|My'™ < 3 (m,n> Dy).
k=1 1

Also, we have

Ll/qmn Z(amnkl _ akl)xkl = Ll/%nn Z (amnkl — ak[)xk[
[ k,I>ko
ko
+ LYY Y (s — aga)
=1 k
ko oo
+ LYY N (ki — ar)xu-
k=11=ko+1

Hence, (12) follows. So, Ax € €,(q).
(b) The proof follows from (a) and Theorem 3.7.
(¢) Necessity. (i)—(x) follow from (a). Let m € N be fixed. Then, (@mmi)nk1 2 (Cbpo(P),c((gmn)n))- This
implies
(@mnkt ) = (Lo ((Pri)i),€((gmn)n)) (1 € N),

(@mnt)n1 = (Loo((Prt)1),€((gmn)n)) (k € N)
and
(amnkl)nkl T I(CO(r))vC((an)n))

(
By Theorem 5.1, 9 in [8], (@mnkt)nks: (T~ (co(r)),c((gmn)n)) is equivalent to (xiv), (xxiv) and (xxv).
By Theorem 5.1, 11 in [8], (@mnkt)nk : (Coo((Pri)k), ¢((@mn)n)) (I € N) is equivalent to (xv) and (xvi);
(@mnii)ng = (Los((Pra)1)s¢((gmn)n)) (k € N) is equivalent to (xvii) and (xviii).

Analogously, since for any n € N, the map (@unit)m i1 : (€ppo(P), c((Gmn)m)), (Xix)—(xxiii), (xxvi) and
(xxvii) follow.
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Sufficiency. From (a) it follows that A(x) € €,(g) for each x € G},p0(p). We need to verify that given
X € Gppo(p), we have ((Ax)mn)m € c((gmn)m) (n € N) and ((Ax)mn)n € ¢((gmn)n) (m € N). First, we verify
that ((Ax)mn)n € ¢((gmn)n) (m € N).

In the same way as in the proof of (a), we get from (xxiv) and (xxv) that (B, )1 € Chpo( p)ﬁ(") (meN).
Further, in the same way as in (a) from (xvi), (xviii) and (xxv), it follows that

((gmn)n)) —Hm((AX)mn)n = ;ﬁmklxkl (meN).

Hence, ((Ax)mn)n € ¢((gmn)n) (m € N). Analogously, we get ((Ax)mn)m € ¢((gmn)m) (n € N). O

Theorem 3.9. Let A = (@) be a 4-dimensional matrix. Then,
(@) A € (Cppo(p), Cpo(q)) iff the following conditions hold:
(i) Vk, I € N : 1imy,, || % = 0;
(ii) VM, m,n,l €N @ Y |@pus|M'/P0 < oo
(iii) VM, 1 € N : 1imy, (Y | @it | M /P2 )G = 0;
() VM, m,nk €N 2 Ly | M7 < oo
(V) YM,k €N : 1imy, (¥ @i | M/ PR ) = 0
(Vi) VL IM,D €N : sup,, o p LT ¥y ) |y | M~V P < oo;
(vii) Vm,n € NIM € N & Yy ) @y |M~V/PH < oo,
(b) A € (Ghpo(p), Chpo(q)) iff ()—(vii) and the following conditions hold:
(viil) VM, 1 € N : sup,, (L |@mnpr | M/ Pr) I < oo
(ix) VM, k €N : sup,, (¥ || M/ Pit) I < oo
(x) IM €N : sup,, ,(Ls; @ |M /P10 ) < oo,
(©) A € (Crpo(p), %o(q))l iff 1)—(vii) and the following conditions hold:
(xi) I(Barr) Yk, 1 €N = limy, |@ppay — Buka |2 = 05
(xil) VM, I,m € N : 1im,, (¥ |@mnts — Buta |M ' /P10) 4 = 0;
(xiii) VM, k,m € N = 1im,, (X, |@ynrs — Bouka|M /P2 )0 = 0;
(XiV) EI('}/nkl) Vk,l eN : limm |amnk1 — ’}/nkl|q’"" =0
(xV) YM,1,n €N : iy (Xy |@mnkt — Yoit | M/ P4 ) = 0
(xvi) VM, k,n € N 2 1imy, (X |dynrs — Yout | M/ P2 )30 = 0,
(xvii) VL,m 3M € N : sup, LY/9 ¥} | |Gkt — Bonta| M~/ PH < o0
(xviil) VL,n M € N : sup,, LY/ amn Ykt [ mnki — ynkllel/”kl < oo,

Proof. Since e € €,0(p) (k,I € N), the proof follows from Theorem 3.8 by taking a; = 0. O

Applying Theorems 3.7-3.9 and the fact that €},,(p) = €pp0(p)® < e >, we get the following theorems:

Theorem 3.10. Let A = (amui1) be a 4-dimensional matrix. Then, A € (€, (p), #.(q)) iff the following
conditions hold:

(i) VM,keN : sup,, , (¥, |amnk1|M1/”“)qm" < oo;

(i) VM, 1 € N : sup,,, (i |@mnia| M /7)™ < oo

(iii) IM € N = sup,, , (Lps || M7/P0) "™ < oo

(iv) sup,,, , | L1 @mnke |7 < o0

Theorem 3.11. Let A = (auni) be a 4-dimensional matrix. Then,
(@) A € (€bp(p),6,(q)) iff the following conditions hold:
(1) Vk,l N El(akl) : limmﬁ \amnk! — akl\q'"” =0;
(ii) VM, m,n,l €N @ Y |apua|M'/P0 < oo
(iii) VM, € NID €N : sup,, - p Y [amau|[M"/PH < o0;
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(iv) VM, 1 € N : 1imy, (Y | @it — agg| M/ Pe )2 = 0;

V) VM, m,n,k €N 1 Y @ |M'/P0 < oo

(vi) VM, k € N3D €N : sup,, ,-p ¥ @i |M'/PH < oo

(vil) VM, k € N = 1imy, (Y [@mnkr — axi \Ml/p’d)q'"" =0;

(viii) Vm,n e NIM €N : L) || M~/ < oo

(ix) IM,D €N : sup,, ,~p Yk, |yt |M /PR < o0

(X)VL3IM,D €N : sup,, . LY ¥y ) |y — aa|M~1/P4 < oo
(xi) Ja € R : limy,p | gy @i — 0] = 0.

(b) A € (Ghp(p), Chp(q)) iff (i)—(xi) and the following conditions hold:
(xii) VM, 1 €N ¢ sup,, (L || M/ Pit) I < oo;

(xiil) VM, k € N : sup,, (¥ | @it | M /PH ) < oo

(xiv) IM €N = sup,,, (T || M~1/Pi)dmn < oo,

(©) A € (Grp(p),€r(q)) iff ()—(xi) and the following conditions hold:
(XV) 3(ﬁmkl) Vk,l eEN: hmn |amnkl - ﬁmk1|qm" = 0;

(xvi) VM,l,m e N : sup, Y |amnkl|M1/1’k’ < oo

(xvii) VM, I[,m € N = 1limy, (Y | @it — Bt | M/ P2 )8 = 0;

(xviil) VM, k,m € N : sup, Y, ]amnk,\Ml/Pk' < o0

(xix) VM, k,m € N 2 1imy, (¥, |y — Byt | M/ P2 ) = 0;

(XX) 3(%1161) Vk,l eEN: 11rnm |amnkl - Ynkl|qmn = 0;

(xxi) VM,l,n € N : sup,, Y \amnkl\Ml/pkl < o0

(xxii) VM, 1,n € N & 1imy, (Y |@mnis — Yut| M Pet )9 = 0;

(xxiii) VM, k,n €N : sup, ¥ @y | M/ Pi < oo;

(xxiv) VM, k,n € N 2 1imy, (X |@mnki — Yot | M/ Prt )8 = 0

(xxv) Vm IM €N : sup, Yy, |yt | M/ P < o0

(xxvi) VL,m IM €N : sup, LY ¥y | |y — Byt | M~/ P4 < o0;
(xxvii) Vi IM € N & sup,, ¥ |G| M~ /P0 < oo;

(xxviii) VL,n 3M € N : sup,, L4 ¥y i |@ypia — Yoot |M~H/P0 < oo
(xxix) 3(0;,) ERm e N : limy, | ¥y ) aymnki — Om|?™ = 0;
(xxx) 3(8,) e Rn €N : limy, | Ly j @Gmnks — 8p|% = 0.

Theorem 3.12. Let A = (aunx1) be a 4-dimensional matrix. Then,
(@) A € (Cbp(p),€p0(q)) iff the following conditions hold:
() Vk,l € N @ limy,, [@mpr |7 = 05
(ii) VM, m,n,l € N ¢ Y || M'/P0 < oo
(iii) VM, 1 € N : 1imy (Y || M1/ P2) 3 = 0
(iv) VM, m,nk €N @ Y, |y |M' /P4 < oo
(V) YM,k €N : 1imy, (Y @i | M/ PR ) I = 0
(vi)VLdM,D € N supm_’n>DL1/‘1'"" Yii ]amnkl|M_1/1’k’ < oo
(vi)Vmne NIM eN : ¥y, \amnkl\M”/[”d < o0
(Vi) Timy 0 | Lt s a9 = 0.
(b) A € (Gbp(P), Chpo(q)) iff (1)—(viii) and the following conditions hold:
(ix) VM, 1 €N : sup,, (L |ampia| M/ P10 )Im < oo;
(x) YM,k € N : sup,, (¥, ]amnkl|M1/1’k1)qm" < oo
(xi) IM €N : sup,, , (X, |y | M/ Pi1 ) < oo,
(©) A € (Grp(p), Cr0(q)) iff (1)—(viii) and the following conditions hold:
(xii) 3(Buxt) Yk, 1 € N @ 1imy, |@urs — Bra |9 = 0;
(xiii) VM, ,m € N 1 Timy, (Y [ @kt — Bkt |M /PR )0 = 0
(xiv) VM, k,m € N = 1im,, (¥ | @kt — Bkt |[M Y/ Pr) G = 0

393
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(xV) I(Yarr) Vk,1 € N 1imy, |@pns — Yora |2 = O;

(xvi) YM,1,n € N : 1imy, (Y |Gyt — Y| M1/ PE )2 = 0

(xvii) VM, k,n € N & 1im,,, (¥ | @kt — Yot | M/ P2 ) = 0

(xviii) VL,m M € N & sup, L9 ¥y | |kt — Bonia| M ~1/PH < o0
(xix) VL,n AM € N : sup,), LY/ @mn Yict | @mnki — ynkl\M_l/Pkl < oo}
(xx) limyy, | Y ; @mnkt |7 = 0 (n € N);

(xxi) limy, | Y ; @mnke |7 = 0 (m € N).

The diagram gives the number of the theorem where the characterization of (E,F) (of (E,F),) is to be
found.

F
E AMu(q)  Cplq)  Cp(q) Chplq) Copolq) ()  Crolq)
M,(p) | 34 35 36 35 36 35 36
Ghpo(p) | 3.7 38 39 3.8 3.9 38 38
Gp(p) | 310 311 312 311 312 311 312

4. CONCLUSIONS

Maddox [10] generalized the spaces cg, ¢, £ by adding the powers p; (k € N) to the elements (x;) in the
definitions of these spaces. Gokhan and Colak [4-6] defined the corresponding double sequence spaces for
the Pringsheim convergence and the bounded Pringsheim convergence. In the article of Gokhan et al. [7],
the authors characterized some classes of matrix transformations involving these double sequence spaces
with powers with transformed double sequences uniformly bounded. However, many of their results turned
out to be incorrect. In this article, we have provided counterexamples to these claims and proven the correct
results for a broader class of matrices. In the next paper, we will characterize the corresponding matrix
transformations without assuming uniform boundedness.
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Astmetega koonduvate topeltjadade maatriksteisendused
Maria Zeltser ja Seyda Sezgek

Maddox (1967) iildistas ruume cy, ¢, £, lisades astmed py (k € N) jadade (x;) elementidele ruumide defi-
nitsioonides. Gokhan ja Colak (2004—2006) defineerisid Pringsheimi ja tdkestatud Pringsheimi koonduvuse
jaoks vastavad topeltjadade ruumid. Artiklis [7] iseloomustasid autorid mdningaid maatriksteisenduste klas-
se, mis holmavad neid astmetega topeltjadade ruume. Paljud nende tulemused osutusid aga valeks. Selles
artiklis anname vastavaid vastunditeid ja tdestame digeid tulemusi laiema maatriksite klassi jaoks.
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