Proceedings of the Estonian Academy of Sciences,
2022, 71, 3, 275-288 FIXED POINT
https://doi.org/10.3176/proc.2022.3.07 THEORY
Available online at www.eap.ee/proceedings

Modified shrinking projection methods in CAT(0) space

Sabiya Khatoon?, Watcharaporn Cholamjiak®* and Izhar Uddin?

4 Department of Mathematics, Jamia Millia Islamia, New Delhi 110025, India
b School of Science, University of Phayao, Phayao 56000, Thailand

Received 11 December 2021, accepted 16 May 2022, available online 25 August 2022

© 2022 Authors. This is an Open Access article distributed under the terms and conditions of the Creative Commons Attribution
4.0 International License CC BY 4.0 (http://creativecommons.org/licenses/by/4.0).

Abstract. The aim of this paper is to introduce three modified shrinking projection methods involving two ¢-nonexpansive map-
pings. We also prove the convergence of our proposed iterations to obtain the common fixed points of ¢-nonexpansive mappings in
the setting of CAT(0) space. In addition we construct a numerical example which supports our main results and show a comparison
of new iterative schemes by using MATLAB2018a.
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1. INTRODUCTION

In 1922, Banach proved a classical theorem known as Banach’s contraction theorem [3], which ensures the
existence of a unique fixed point for a contraction mapping in a complete metric space. Banach’s contraction
theorem has been generalized in many directions due to its numerous applications.

In 2008, Jachymski [8] proved the Banach contraction theorem for ¢-contraction mappings, next
Tiammee et al. [16] proved Browder’s convergence theorem for ¢-nonexpansive mappings. Toward this
direction, many authors dealt with the existence of fixed points of ¢-contraction mappings, ¢-nonexpansive
mappings and monotone nonexpansive mappings in Banach, Hilbert and hyperbolic metric spaces with
directed graph (for more details see [1,2]).

Recently, Tripak [17], Suparatulatorn et al. [13] and Thianwan and Yambangwai [15] proved the conver-
gence analysis of sequences generated by different iteration processes involving ¢-nonexpansive mappings
in Banach space with directed graph. For more details on modified iteration processes and ¢-nonexpansive
mappings we refer our readers to see [18-21].

In 2008, Takahashi et al. [14] proposed a modified hybrid method, the so-called shrinking projection
method, as follows: Let C be a non-empty closed convex subset of a Hilbert space H, T be a self-mapping
on C and F(T) denote the set of fixed points of T':

X1 =X,
C =C,
Yn == Txn;

Cor1 ={z2€Cu:[lyn—2l| < lJxa —2ll},
xn+1 - PCyH,]x?
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for each n € N. Takahashi et al. proved the strong convergence of this sequence to Prx. In 2019, Hammad
et al. [7] introduced four new modified shrinking projection methods with two step iterative schemes and
proved some convergence results in Hilbert spaces with graph.

Inspired by above work, we introduced three new modified shrinking projection methods involving two
¢ -nonexpansive mappings in CAT(0) spaces with graph. We also provide a numerical example to illustrate
the rate of convergence of our proposed methods.

2. PRELIMINARIES

This section includes some well-known lemmas and definitions.

Throughout this paper, we denote by 2~ a CAT(0) space. Let € be a nonempty closed convex subset of
Z.

Kirk introduced fixed point theory in CAT(0) space. For more details on CAT(0) spaces, see [9-11].
Let 2" be a complete CAT(0) space, for a bounded sequence {x,} in 2" and x € 2, setting

r(x,{x,}) = limsupd(x,x,).

n—yoo

The asymptotic radius r({x,}) is defined by
r({xn}) = inf{r(x,x,) :x € 2’}
and the asymptotic center A({x,}) of {x,} is defined by

A({x}) ={x€ Z :r(x,xy) =r({xa})}-

In 2008, Kirk and Panyanak [11] introduced A-convergence in CAT(0) spaces which is analogue of weak
convergence in Banach spaces and restriction of Lim’s concepts of convergence [12] to CAT(0) spaces.
Definition. [11] Ler 2 be a complete CAT(0) space, a sequence {x,} in 2 is said to A-converge to x €
if x is the unique asymptotic center for every subsequence {u,} of {x,}.

Proposition 2.1. [5] If sequence {x,} in 2", A-converges to x € Z’, then

x€ ﬂ CO{ Xk, Xkt 1, -+ }s
k=1

where co(/ ) = ({ B : B 2 </ and B is closed and convex}.
Berg and Nikolaev [4] introduced the concept of quasi-linearization in CAT(0) spaces. Authors denoted

a pair (a,b) € Z x Z by CE and called it a vector. Using this, they defined quasi-linearization as a map
() (X Z)x(Z x Z)— R defined by

(ab, cd) d2 (a,d) +d*(b,c) — dP(a,¢) — d2(b,d)),a,b,c,d € X .

an be seen that
) ~ 2o ). 5 ) = —{ab. . (ah, o) (. (b, dyan b,y (e ) oralt ..
d e,fe .

Let 2 be a complete CAT(0) space and € be a nonempty subset of 2. Let A\ denote the diagonal
of the cartesian product € x ¢, i.e., A = {(x,x) : x € €}. Consider a directed graph ¢ such that the set
V(9) of its vertices coincides with %, and the set E (%) of its edges contains all loops, i.e., E(4) 2 A. We
identify the graph ¢ with the pair (V(¥¢),E(%)) and assume that ¢ has no parallel edge. A set B dominates
xo if for each x € B, (x,x9) € E(¥¢) and B is said to be dominated by xy if for each x € B, (xo,x) € E(¥).
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Let . : € — € be a self map. An edge-preserving mapping, i.e.((x,y) € E(¥) = (Tx,7y) € E(¥))
is said to be ¢-nonexpansive if

d(Tx,Ty) <d(x,y), ¥(x,y) €E(Y).
Recall that a mapping .7 is said to be firmly nonexpansive [9] if
d*(Tx,Ty) < (TxTy,%5),

forall x,y € Z .
Let % be a non-empty closed and convex subset of a CAT(0) space. The metric projection Py : 2~ — €
maps each point x € 2 to the unique point P, x € € such that

d(x, P¢x) =inf{d(x,y) :y € €}.
We also know that &2 is firmly nonexpansive, i.e.,
—
d*(Pyx, Pgy) < (Px Py, 39),

ey
for all x,y € 2. Furthermore, (xZ4x,yP4x) <0, forallx € 2 andy € €.
Lemma 2.1. [6] Let € be a closed, convex and nonempty subset of a CAT(0) space and Py : X — € be
the metric projection. Then, we have the following inequality:

d*(x, Pgx) +d*(y, Pgx) < d*(x,y), forallx € X andy € €.

Lemma 2.2. Let T : € — € be a nonexpansive mapping, where € is a nonempty subset of a complete
CAT(0) space. Let 4 = (V(94),E(¥)) be a directed graph such that V(¥) = €. Then for any € > 0,
there exists a positive &(€) > 0, such that d(x, 7x) < € for all x € co{xy,x1}, whenever xo,x| € € with
(x0,%), (x1,x) € E(9), d(x0, Tx0) < &(€) and d(x1, T x1) < E(€).

Proof. Letx = (1—A4)xo® Ax; for A € [0,1] and € > 0.

We assume two cases which are as follows:

Case 1. If d(xo,x1) < %, then

d(x,x0) = Ad(x0,x1) <

W] m

If £(e) < £, then we have

d(Tx,x) d(Tx, T x0) +d(Txp,x0) +d(x0,x)
Zd('xer)—’—d(y'anxO)
2(5)+&(e)

E.

AN N INIA

Case 2. If d(xo,x1) > %, then for any non-negative number A < 5 M

~~——, we have
X0,X1)

d(X,X()) = Ad('xorxl) <

W] m

If€(e)<$and A < m then we have

d(T x,x) d(Tx, T x0)+d(Txp,x0) +d(x0,x)
2d(x,x0) +d (T x0,%0) (2.1)
28) +Ee) '

<
<
<
< E&.
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We may assume that A € [m, 1] and d(xo,x1) > §. Then, we obtain
d(Tx,x0) < d(Tx,Tx0)+d(Tx0,%0)
< d(x,x0) +d(Tx0,x0) (2.2)
< d(x,x)+&(€) '
= Ad(x1,x0)+&(¢)
and
d(Tx,x1) < d(Tx,Tx1)+d(Tx1,x1)
< d(x,x1)+d(Tx1,x1) (23)
< d(x,x1)+&(e) ’
= (1=2)d(x1,x0) +&(€).
From (2.2), (2.3) and A € [m, 1], in the case of (1 — 1) < m we obtain
d(Tx,x) < (1-=A1)d(Tx,x0)+Ad(Tx,x1)
< 2(1=2)Ad(x1,x0) +5(€)
< E&.
- & _ d(Txx) _  d(Txx) . :
For the case of (1— 1) > Sango)» We Selit = ymsls, v = (77340 =7+ BY the uniform convexity of CAT(0)
space [5], we have d(u,v) < m. This implies that
d(Tx,x) =A(1—A)d(u,v)d(x1,x0) < €. O

3. CONVERGENCE RESULTS

In this section, first we prove demiclosedness principle of a ¢-nonexpansive mapping in CAT(0) space
which will be used in our main results.

Theorem 3.1. Let 7 : € — € be a 9-nonexpansive mapping, where € is a closed non-empty convex
subset of a complete CAT(0) space Z'. Let 4 = (V(¥),E(¥)) be a directed graph such that V(¥9) =%
and the sequence {x,} in € A-converges to x € €. If there exists a subsequence {x, } of {x,} such that
(xp,,x) € E(9) for all k € N and d(x,, T x,) — 0, then T x = x.

Proof. Let the sequence {x, } in ¢ A-converge to x € € and d(x,,.7 x,) — 0. By the hypothesis, there exists
a subsequence {x,, } of {x,} such that (x,, ,x) € E(¥). By setting, &, = d(x,,, 7 x,,). Let € > 0. Since
€, — 0 as k — oo there exists N € N such that g, < € forall k> N.

By the above Lemma 2.2, for each z € co{x,, : k > N}, d(z,.7 z) < €. By Proposition 2.1, co{x,, : k> N}
contains the A-limit, x, of subsequence {x,, }. This implies that d(x, 7 x) < €. Hence, d(x, 7 x) = 0, that is
x = Jx, since € is arbitrary.

Theorem 3.2. Let 2 be a complete CAT(0) space and € a closed non-empty convex subset of 2~ such that
a subset {z € 2 :d(x,z) <d(y,z)} is convex for all x,y € Z". Let ¢ = (V(¥),E(¥Y)) be a directed graph
such that V(9) =€ and E(¥Y) is convex. Let 1,5 : € — € be two 4 -nonexpansive mappings such that
F=F(N)NTF(F)#0,.F is closed and F (A1) x F () CE(9). Let the sequence {r,} be generated
byr € € with, =%,

Xpn = (1 - Gn)rn S¥ gn%rna

Yn = (1=10) A170 @ Na T X,

in= (1 - Cn)f%Yn @ Cn%xna (l)
anJrl = {Z S an : d(ZmZ) < d(l’n,Z)},
Fpil = @%l+lr1,n >1,

where {8}, {nn}, {Gn} C [0, 1]. Suppose that the following conditions are satisfied:
(i) {rn} dominates p for all p € . and if there exists a subsequence {ry } of {r,} such that {r, } A—
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converges tow € €, then (ry,,w) € E(9);
(ii) lim infn, > 0;
n—yos
(iii) O <lim inf C, <lim sup &, < 1;
n—yeo n—yoo

(iv) 0 <lim inf'G, <lim sup G, < 1.
n—e9 n—soo
Then, the sequence {r,} converges strongly to & zr.

Proof. We will start with proving that ¢ ry is well defined for each r; € ¢". As shown in Tiammee et al.

[16], .# (%) is convex for all i = 1,2. % is closed and convex by using the assumption. Hence, Zzr; is

well defined. Let p € .%. Since {r,} dominates p, we have (r,,p) € E(¥). Using the edge preservingness of

1 and convexity of E(¥), we have (x,,p) € E(¥). We also have (Jir,,p) and (J1x,,p) € E(¥) because

T is edge preserving. By convexity of E(¥), we have (y,,p) € E(¥). By using the edge preservingness

of 71 and %, (T1xn,P), (F2yn,p) € E(¥). Again applying convexity of E(¥), we have (z,,p) € E(¥).
d(Zn,P) d((lfgn)%yn@gu%xmp)

( - Cn)d(%)’nap) + Cnd(%xmp)

(1= 8u)d(yn,p) + Cud (xn,p)

(1= &) [d((1 =) T © My T1x0, P)] + Cald (1 = G )1n B G T1 70, P)]

(1=8) (1 =n)d(Tirn, p) + (1 = ) Mud (%0, p) + Gu(1 = Gu)d (1, p) + EuGud (Fi70, )

(1=G0)(1=1n)d(rn, p) + (1 = Gu)Mad (ru, p) + Cudd (ra, p)

d(rn,p).

INIAINININIA

By definition of %, 1, we have p € %,1. Thus .% C %,.1. Itis easy to see that C, is closed and by our
assumption it is convex. This implies that P¢  ry is well defined for all r € €.
Next, we will show that lim d(r,,r;) exists. Since .7 is closed convex and non-empty subset of 2,
n—soo

there exists a unique v € .# such thatv = Zzr|. From r, = P4 ri and 1,1 € 6,, foralln € N,
d(rn,r1) <d(rug1,m1). (3.1)

As we know that .# C %, we obtain
d(ra,r1) <d(v,ry). (3.2)

It follows from (3.1) and (3.2) that the sequence {r, } is nondecreasing and bounded. Therefore, lim d(r,,r1)
n—soo

exists.
To show that r,, = w € € as n — oo. For m > n, we have r,, = P, r| € €,, C 6,, by definition of €. We have

(rnPqg,r, Pg,rrm) >0,
d*(rpyra) < d* (o)) —d? (ra,r1).
Since lim d(ry,r1) exists, we obtain {r,} as a Cauchy sequence. This implies that there exists w € & such
n—oo
that r, — w € € as n — . We also have

im d(rps1,ra) = 0. (3.3)
—>00

n

Next, we will have to show that w € .%. Since r,,1| € 6,11 C 6,. From (3.3), we have

< d(varn+])+d(rn+l7rn)
< 2d(rps1,mn) (3.4)
— 0 (asn— ).
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Since {r,} dominates p € .% and using (2.2), we have

dz(zn,p) = dz(( C)%Yn@gnf%xnvp>
< ( _Cn)d (Pyn;p )—i—Cndz(c%xn,p)—Cn(l—Cn)dz(,%yn,%xn)
< ( _Cn)dz()’m )+ Cud (xnap)
§ ( _Cn)dz((l_nn)%rn@nn%xnvp)“_gidz(( gn)rn@gn%rnap)
< ( _Cn)[(l_nn)dZ(rnap)‘i'nnd (xnap)]'i'gn‘ﬂ(rnap)
< (=81 =10)d*(rn, p) + Mad* (1, p) — MG (1 — G)d* (Fi7w, )] + Gud* (ra, p)
< d* (1, p) = MG (1= G0) (1 = G )d* (ru, Ti1)

and
d2(Zn,p) dz((l_gn)f%yn@gnf%xnvp)

(1— Cn)dz(%yn,p) + Cndz(%xn,p) —Gu(1— Cn)d2(<%y117 T xn)
(1 - Cn)dz(ynvp) + Cndz(xnap) - Cn(l - Cn)dz(%yn; %Xn)
dz(rn,p) - Cn(l - Cn)dz(%)’n, %Xn)

VAVANIVANL!

This implies that
nngn(l - Cn)(l - gn)dz(%rmrn) < dz(rnap) _dz(znap)
and

Cn(l - Cn)dz(%yna <71)%) < dz(rnap) 7d2(zn7p)‘

From our assumptions and (3.4), we have

lglld(,%rn,rn) =0 (3.5)
and

m d(Syn, T1x,) = 0. (3.6)

n—soo

From (3.5) we get

d(xnyrn) S d((l_gn)rn@gn%rnvrn)
< Gd(Trn,1n) (3.7)
%

0 (as n — oo).

From (3.5) and (3.7) we get
d(ymrn) ((l_nn)%rn@nn%xn;rn)

n)d(%rnvrn) + nnd(%xnarn)

n)d(%”nv”n) + nnd(e%xna %rn) + nnd(%rn,rn)

(asn — oo).

d
(1-n
0n (3.8)
0

LIANIAIA

From (3.5), (3.6), (3.7) and (3.8), we have
d(%rn,rn) d(e%rnw%)’n)"i‘d(f%)’mrn)

d(rn,yn) +d( Ty, T1%n) +d(T1Xn,%n) +d (Xn, 1)

d(rn,yn) +d(Payn, Txn) +d( Txn, Trn) +d( Trn, ) +2d (X0, 1) (3.9)

d(rnayn) +d(<%yna %xn) +d(xn7rn) +d(<%rn>rn) +2d(xn7rn)

— 0 (asn— ).

INIAINIA

From (3.5), (3.9) and Theorem 3.1, we have w € %
Next, we show that w =v = P zr. Since r, = P4, r1, we have

(nPeg,r1, Pg,rp) >0,5p € G,
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(Firp, iP) > 0,Yp € G, (3.10)
Taking limit in (3.10), we obtain

(Fb, wB) > 0,Yp € %, (3.11)
Since . C 6, sow = L zr]. U

Theorem 3.3. Let 27, €, 71 and 9 be defined as in Theorem 3.2. Let G = (V(¥),E(¥)) be a directed
graph such that V(9) =€, E(¥) is convex and .F = F(N)NF () # 0, F is closed and F(T) x
F () CE(9). Let the sequence {t,} be generated by t| € € with ¢} =€,

Xn = (1 - gn)tn@gnf%tna

Yn = (1 - nn)eyltn@nwylxm

= (1- Cn)%xn © Cu AYns (if)
Cnr1 ={2€ € d(zn,2) < d(ta,2)},

thi1 = P, t1,n > 1,

where {&,}, {nn}, {6:} C (0,1). Suppose that the following conditions are satisfied:

(i) {t.} dominates p for all p € .F and if there exists a subsequence {t,,} of {t,} such that {t,, } A-converges
tow € €, then (ty,,w) € E(9);

(ii) 0 <lilg¢_)l£f§n <limsup, < 1;

n—oo
(iii) O <lim inf'Ga <lim supGn < 1.
h—red n—soo
Then, the sequence {t,} converges strongly to & z1,.

Proof. We set t,, = ry,, by the same proof of Theorem 3.2, then &2 21, is well defined and %, is convex and
closed. Let p € .Z. Since {t,} dominates p, we have (,,p) € E(¥). By using the edge preservingness of
1 and convexity of E(¥¢), we have (x,,p) € E(¢). We also have (Z1x,,p) € E(¥) and (Jit,,p) € E(9)
as 7] is edge-preserving. Again, by using the convexity of E(¥), we have (y,,p) € E(¥). We have
(¥n,P), (x4,p) € E(¥) and using the edge preservingness of .7 and %> and convexity of E(¥), we have
(zn,p) €E(9).

d(vap) = d((licn)%xn@Cm%ymp)
< ( _Cn)d(%xmp)"f_gld(%ymp)
< (1=8w)d(xn, p) + Cad (yn, P)
< ( _Cn)[d((l_gn)tn@gn%tn7p)]+cn[d((l_nn)%tn@nn%xmp)]
< (1=8)(A=g)d(ta,p) + (1= 8)Gud(Titn, p) + Cu(1 — Mu)d(Fit, p) + EuMud (T %0, P)
< (1=8)d(tw,p) + Cu(1 = Mu)d (1, p) + EuMnd (1 — Gu)tn © G2 Titn, P)
< (1=8)d(tn,p) + &u(1 =) (tw, p) + Eula(1 — Gu)d(ta, p) + CuMlnGud (Titn, p)
< (1=8)d(tn,p) + Eu(1 =) (tn, p) + Eula(1 — Gi)d(t, p) + CuMnGud (1, P)
< fj((l - C)n) + (1= 10) + &M (1 = G1) + EuNnGa)d (1, p)
< b, pP)-

By definition of €11, we have p € 6,,11. Thus % C €. This implies that P , 1 is well defined. Next,
we show that lim d(1,,11) exists. Since .# is non-empty convex closed subset of 2", there exists a unique
n—oo

vE.Z suchthaty = Pzt By t, = P4ty and t,11 € Gy, foralln € N,
d(ty,t1) <d(tyt1,0). (3.12)

As we know that ¥ C %, we obtain
d(ty,t1) <d(vty). (3.13)

By using (3.12) and (3.13), we get that the sequence {¢#,} is non-decreasing and bounded. Therefore
lim d(t,,11) exists.
n—oo
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To show thatt, — w € € as n — . For m > n, we have t,, = P t| € 6, C 6,, by definition of €,. We have

(h Pg,t1, P, titn) >0,
d*(tyyty) < d*(tmy11) — d*(ta,17).

Since lim d(t,,;) exists, we obtain that {z,} is a Cauchy sequence. This implies that there exists w € €
n—roo

such that 1, — w € € as n — . We also have

1211 d(tys1,t,) =0. (3.14)

Next, we show that w € .#. Since t,,,1 € 6,11 C 6,. From (3.14), we have

d(Znatn) < d(Znatn+l)+d(tn+latn)
< 2d(tyi1,tn) (3.15)
— 0 (asn— o).
Since {t,} dominates p € .% and using (2.2), we have
d*(zn,P) Zdz((l—Cn)%xn@Cn%yn,P)
S( _Cn)dz(%xnvp)_FCn (%ynap)_Cn(l_Cn)dz(%xn,%yn)
< (1= 8a)d*(xn,p) + Gud? (yn, )
<( _Cn)dz((l_gn)tn@gn%tn7p)+‘:nd2((l_nn)t%tn@nn%xmp)
S( _Cn)[dz(tm ) gn(l_gn) (tna%tn)]'i_
Cn[(l_nn)dz(tnvp)+nnd2((l_Qn)tn@gngltnap)]
S( _Cn)[dz(tnap) gr(l_gn) (tnw%tn)]'i‘
Gal(1=1a)d>(tn, p) + 1 (1 — gn)d2(tn,p) +6ud*(Titn, p)]
<(1-G)l 2(tn,m Si(1—Gi)d 2(tny Titn)]
+Gu[(1—na)d 2(tn, ) + Mud ([nap)]
< (1= 8)[d?(tn, ) — Gu(1 = Gu)d* (tn, Tity)] + Culd? (1, P)]
< d (1, ) — Gu(1 = o) (1 = ) (1, Tit)
and
dz(Znap) dz((I*Cn)%xn@Cn%)’nap)

(1= Ga)d*(Faxn, p) + Gud? (:Tiyn, p) — Gu(1 = §a)d* (Faxn, Tiyn)
(1 - C,,)dz(xn,p) + Cndz(ynap) - Cn(l - Cn)dz(%xm %Yn)
d2<tﬂﬂp) - Cn(l - Cn)dz(%xna %Yn)-

INIAIA I

This implies that
6i(1=6) (1 = 8> (b, Fita) < d*(tn, ) — d* (20, P)
and

Gu(1 = 8)d* (Faxn, Tiyn) < d*(tn,p) — d* (2, )

From our assumption and (3.15), we have

ILm d(Tity,t,) =0 (3.16)
and
lim d(%x,, Z1yn) = 0. (3.17)

n—oo
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It follows from (3.16)

d(xnatn) < d((l_gn)tn@gn%tnatn)
< Gd( Tty ty) (3.18)
— 0 (asn— ).
From (3.16) and (3.18)
d(ynvtn) < (( nn)fgltn@nnﬂxnatn)

< (1 =)d(Fitn, 1) + Mad (T X0, 1n)

< (1 )d(ﬂtmtn)+nnd(<7lxna%tn)+nnd(=%tnatn) (319)

< (L =mn)d(Titn;tn) + Mnd (Xns tn) + Mud (Tt 1)

— O(asn—>oo).

From (3.16), (3.17), (3.18) and (3.19) we have

d(%tmtn) d(%tna%xn)"‘d(%xnatn)
(tmxn) +d(<72xn7 %yn) +d(<%yn’tn)
(tmx ) (%xnw%yn)+d(<%ymt71tn)+d(t%tnatn) (320)
(tmxn) +d(<%xn7 <71)%) +d(yn7tn) +d(<7ltn7tn)
)-

(asn— oo

L INININIA

d
d
d
0

From (3.16), (3.20) and Theorem 3.1, we have w € .%.
Next, we show that w =v = Zzt. Since t, = P4 t, we have

(t1 P4,t1, P,t1p) > 0,Vp € 6,

(it inp) > 0,Yp € %,. (3.21)
Taking limit in (3.21), we obtain

(tow, wp) > 0,Yp € %,. (3.22)
Since . C 6, sow = L zt,. U

Theorem 3.4. Let 27, €, 71 and 7 be defined as in Theorem 3.2. Let ¢ = (V(¥),E(¥)) be a directed
graph such that V(9) =€, E(¥) is convex and .F = F(N)NF () # 0, F is closed and F () x
F(P) CE(9). Let the sequence {s,} be generated by s\ € € with ¢\ =€,

xn ( Qn)Sn@an%Sn,

(1 _nn)%sn@nw%xna

Zn = (1= 8:) %25, & Ty, (iii)
n+1 {Ze(g (ZmZ) éd(sn;Z)},

Sp+l = ‘@(5"+ Slanzla

where {&,}, {nn}, {6:} C (0,1). Suppose that the following conditions are satisfied:

(i) {sn} dominates p for all p € % and if there exists a subsequence {sy } of {s,} such that {s, } A—
converges tow € €, then (s, ,w) € E(9);

(i) lim infn,, > 0;

(iif) 0 < Zlm mfé’,, <lim sup{, < 1,

n—yoo

(iii) 0 < llm mfgn <lim sup g, < 1.
n—yoo

Then, the sequence {s,} converges strongly to P zs.

Proof. We set s, = 1, by the same proof of Theorem 3.1, then & 4s; is well defined and %), is convex
and closed. Let p € .%. Since {s, } dominates p, we have (s,,p) € E(¥). Since 7] is edge-preserving and
E(9) is convex, we get (x,,p) € E(¥). We also have (Jx,,p) € E(¥4) and (Jis,,p) € E(¥) as ] is
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edge-preserving. Since E(¥) is convex, we get (y,,p) € E(¥). We have (sn,p), (ya,p) € E(¥) and using
the edge preservingness of .7; and .7 and using the convexity property of E(¥), we have (z,,p) € E(¥).

d(zn,p) = d((l_gn)r%sn@gzr%ym )
< (1=8)d(Fasn,p) + Gud(Fiyn, P)
< ( _Cn)d(snap>+cn ()’m )
< ( _Cn)d(sn7p>+cn[ (<l_nn)ysn@nnyxmp)]
< (1=8)d(sn,p) + Cu(1 = 1u)d( T80, p) + EaMnd (1%, P)
< —Cn)d(SmP)JrCn(l—Tln)d(smp)JrCnnnd((l—Qn)SnGBGne%smP)
< (1=Gu)d(sn,p) + Cu(1 = M) (50, P) + Catln(1 = G1)d (5p, P) + CaMlnGnd (F150, P)
< ( _Cn)d(snap)+Cn(1_nn)d(snap)+Cnnn(1_gn)d(snap)+Cnnngnd(snap)
< EZ((]_C;)“‘ 2 (=) + CaMa(1 = Gu) + EaMuGn)d (50, )
< SnsP)-

By definition of €1, we have p € €, 11. Thus .% C %, 1. This implies that P s is well defined. In
the next step we show that hm d(sn,s1) exists. We know that .% is non-empty convex closed subset of .Z";

there exists a unique v € % such thatv = P zs1. By s, = P4,s1 and 5,1 € 6, foralln € N,
d(sn,s1) < d(Spt1,51)- (3.23)

As we know that # C %, we obtain
d(sp,s1) < d(v,s1)- (3.24)

It follows from (3.23) and (3.24) that the sequence {s,} is non-decreasing and bounded. This implies that
lim d(s,,s1) exists.
n—soo

To show that s, — w € € as n — co. For m > n, we have s,, = P, 51 € €, C €y, by definition of €,,. We have

(51P%,51, P, 5150) >0,
d*(Spy5n) < d*(simys1) — d* (su,51).
Since lim d(s,,s1) exists, we obtain that {s,} is a Cauchy sequence. This implies that there exists w € €
such tlrll;tojvn — W E % as n — . We also get
’}ijlgod(sn+1,sn) =0. (3.25)
Next, we will show that w € .%. Because 5,11 € €,.1 C %,. From (3.25), we have

d(zn,8n) < d(vasn—H) +d(5n+17sn)
< 2d(Spt1,5n) (3.26)
— 0 (asn— ).

Since {s,} dominates p € .% and using (2.2), we have

dZ(ZmP) :dz((l_Cn)f%Sn@Cngyny )
<( —Cn)dz(%snaP)JrCn 2(F1yns ) = (1 = §)d* (T2, Tiyn)
<( —Cn)d2(sn,p)+§n ()%P)
< (1= 8)d*(sn, ) + Gud* (1 = M) T80 © My Ti 0, P)
<( _Cn)d2(5n7p)+qn[(1_nn)d2(snap)+nnd2((l_gn)sn@gnﬁsnap)]
<( _Cn)dz(sn,p)+gn[(1_nn)d (sn,P) + M (1 — Gu)d* (s, p)+
GuTnd? (ﬁsn»p)“‘nngn(l_gn) (sn,%sn)]
< (1= 8a)d*(sn,p) + Gal(1 = 1M)d* (50, ) + Mnd* (50, ) + MG (1 — Gu)d* (50, Ti5n)]
< d*(sn,P) — CuMnGa (1 = Gu)d* (0, Ti5n)
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and

dz(zmp)

This implies that

and

dz((l - Cn)%sn 2 Cm%ynap)

(1 =) d*(Fasn, p) + ud?*(F1yn, P) — Gu(1 = §a)d* (Fasn, Tiyn)
(1- Cn)d2(snap) + Cndz(yrup) —Gu(1— Cn)dz(%sm TYn)
dz(sn,p) — (1= Cn>d2(%sna Tiyn)-

INININ

CnnnGn(l - gn)dz(sm %sn) < dz(snap) _d2(Znap)

C’l<1 - Cn)dz(r%sm f%yn) S d2<sn7p) _dz(znap).

From our assumption and (3.26), we obtain

and

lim d( A sp,8,) =0

n—yoo

lim d(%sp, Z1yn) = 0.

n—yoo

It follows from (3.27) that

d(-xmsn) < d((l_Gn)tn@gnf%smsn)
< gnd(c%snasn)
—

0 (asn — o).

It follows from (3.27) and (3.29) that

d(ymsn) d((l_nn)%snGBnn%xnvsn)

(1 =nn)d(F15n,5n) + Nud (1 Xn,Sn)

( _nn)d(%sn’sn)+nnd(<7lxna%sn)+nnd(<%smsn)
( _nn)d(%sn’sn)+nnd(xmsn)+nnd(<%sn7sn)

0

(as n— o).

L INININIA

From (3.27), (3.28) and (3.30), we have

d(%snvsn) < d(%snae%)’n)“‘d(%ym%5n>+d(f%sn7sn)
< d(Pasn, Tiyn) +d(Yn,sn) +d(Ti5n,5n)
— 0

(asn— oo).

From (3.27), (3.31) and Theorem 3.1, we get w € .%.
Next, we show that w = v = P zs;. Since s, = P, 51, we have

(51P¢,51, P¢,51p) > 0,Yp € €,

(515n,52P) > 0,Yp € G,

Taking limit in (3.32), we obtain

(50, wp) > 0,%p € G,

Since . C 6, sow = P zs].

285

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)
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4. NUMERICAL EXAMPLE

This section includes an example which assists our main theorems.
Example. Let 2" =R3 and ¥ = R xR x [0,2]. Let (x,y) € E(¥) iff x;,y; < 1.5, =1 < x2,y» < 1 and
25 <x3,y3 < 1.75 or x =y for all x = (x1,x2,x3),y = (y1,¥2,¥3) € €. Let mappings 77, % : € — € be

defined by
10149 sin'(xa—1)
Tx= < 10 ,0, > —l—l)

and

tanx
%}C: <174271>

for all x = (x1,x2,x3) € .

Clearly, .71 and 7 are two mappings such that .% (7)) = {(1,0,1)}. On the flip side, by taking x =
(2,1,0.18) and y = (1.44,1,0.06), we see that .7] is not nonexpansive, || Z1x — J1y| > 0.7 > ||x —y|| and
25 is not nonexpansive by taking x = (3,1.11,2) and y = (3,1.03,2) as || Z2x — Zy|| > 0.084 > ||x—y||.

Itis clear that p = (1,0, 1) is a point of .%. Choosing the values of {,;, 1,6, = 42% and stopping criteria
as ||x,11 — xu|| < 107°. By reckoning, we get the sequences {x,} generated by Theorems 3.2-3.4 converge
to the point (1,0, 1) of .% for Choice 1: x; = (—1,1,1.95), Choice 2: x; = (—10,1,.95) and Choice 3:
x1 = (—9,—0.9,1.95). In Tables 1 and 2, comparison of the convergence rate of three modified iterative
schemes has been shown. We see that p = (1,0, 1) is a point of .%. By reckoning, we get the sequences
{xn} generated by Theorems 3.2-3.4 converge to the point (1,0, 1) of .Z.

Remark.

(1) From figures and tables, it is clear that modified method (iii) (defined in Theorem 3.4) has better conver-
gence rate and needs lower number of iterations than the other two modified methods (i) and (ii) for three
different choices.

(2) The sequences &, Ny, G, are not the optimized parameters, they are fixed for three algorithms (i)—(iii) for
comparison.

(3) The results in the Tables 1-2 depend on mappings .77, .7 and the initialization x;.

Table 1. For Choices 1 and 2, comparison for the sequences defined in Theorems 3.2-3.4

Choice 1: (-1, 1, 1.95) Choice 2:  |(-10, 1, .95)

Iter.| No. of iter. | Time taken by CPU | No. of iter. | CPU Time
(sec) (sec)
(1) 187 .0089 202 .0089
(i) 63 .0029 69 .0031
(iif) 32 .0080 12 .0024

Table 2. For Choice 3, comparison for the sequences defined in Theorems 3.2-3.4

Choice 3: (-9,-0.9, 1.95)
Iter. | No. of iter. | Time taken by CPU

(sec)
(1) 200 .0101
(i) 97 .0048

(iif) 11 0027
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Fig. 1. Error plots for first (a), second (b) and third (c) choice.

5. CONCLUSIONS

We introduced three iterative schemes by modifying shrinking projection method involving ¢ -nonexpansive
mappings. We proved convergence theorems to obtain common fixed points of ¢-nonexpansive mappings

and constructed a numerical example which supports our main results and comparison of among three
iterative schemes has been shown.
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