Proceedings of the Estonian Academy of Sciences,
2020, 69, 4, 311-322
https://doi.org/10.3176/proc.2020.4.04
Available online at www.eap.ee/proceedings

COMPUTATIONAL
MATHEMATICS

A dynamically parameterized inversion-free iteration for a system of
nonlinear matrix equation
Ning Dong?, Bo Yu®*, and Zhaoyun Meng?
4 School of Science, Hunan University of Technology, Zhuzhou, 412008, China
Received 28 May 2020, accepted 20 August 2020, available online 16 October 2020

(© 2020 Authors. This is an Open Access article distributed under the terms and conditions of the Creative Commons Attribution-
NonCommercial 4.0 International License (http://creativecommons.org/licenses/by-nc/4.0/).

Abstract. Computation of the stabilizing solution pair of a system of nonlinear matrix equations is of great interest in calculating
the Green’s function of nanoparticles. By noting that each solution of the pair might have various sizes, an inversion-free iteration
with dynamical parameters is proposed in this paper. Under proper assumptions the convergence of the algorithm is established,
as well as the bound of the iteration sequence. Preliminary numerical experiments indicate that the dynamically parameterized
inversion-free iteration is very efficient to compute the stabilizing solution pair.
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1. INTRODUCTION

Consider a system of nonlinear matrix equations (SNME)

X+ATY %A=1,
{ ! (1)

Y+B'X PB=1,

with X e R™" Y € R™" A/B € R™" and 0 < o, B < 1. Such a system has a special application to the
computation of the Green’s function of nanoparticles [1-3], which could be described by a semi-infinite
periodic Hamiltonian system

Hp  HpL
oy Ay L
= A,
with
Hp,  Hpp,
-
jﬁ’_ Hb|b2 Hb2
Hy, 5,
-
Hblflbl Hbl
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and

Here, for t = 1,...,1, Hp, € R™*™ stands for the -th particle which contains interactions between all or-
bitals within identically adjacent layers and Hj,;,,, € R"*"+! represents the interactions between the nearest
neighbour particles Hy,, and Hp, . In particular, Hy,;,,, := Hp,,, means the interactions between the neigh-
bour particles Hj, and Hj,. Taking, for example, the period / = 2 (denoted by ny = n and n, = m), the
computation of the Green’s function [4,5] then requires determining of the most northwest block matrix of
the inverse of

I, —Hp,  —Hpp,

—H,, l,—Hp, —Hpy,

—H,, I,—Hy, —Hpu,

and
Im - Hbz _Hbzbl
T
_Hbzbl In — Hbl _Hblbz
—H, . In—Hp, —Hpyp, ;

which, denoted by G;, and Gy,, respectively, fulfill the equations

Gy, = (In — Hp, — Hpyp, Gy Hy, )~ @)
sz = (Im _Hbz _HbzblelHi;h] )71'
If only the interactive effects between different adjacent particles are considered (i.e. Hy, =0 and H),, = 0)
by setting
—1 —1
X=G,',A=H,, ,Y=G,',B=H/,,

the equations (2) constitute a system of nonlinear matrix equations (1) with ¢ = 8 = 1.
It is obvious in this case that the system (1) could be uniformed as

Z+C'Z7'C=1p 3)

by incorporating matrices

_ 0 B (n+m)x (n+m) _ X 0 (n4m)x (n+m)
C—<A 0>ER , L= OYGR .

What physicists interested in real applications seek is the stabilizing solution (X,Y) satisfying p(X ~'B) < 1
and p(Y~'A) < 1 with X and Y positive definite, the symbol p(-) being here the spectral radius. The
existence of the stabilizing solution for (3) could be widely studied [4-9]. For the generalized system (1),
readers are referred to [10-13] and their reference on the existence of a stabilizing solution.

Different iterative methods have been extensively applied to compute the stabilizing solution of the
uniformed Eq. (3). Engwerda et. al. employed a simple fixed-point iteration [7], which was subsequently
modified to an inversion-free version by Zhan [14]. Guo and Lancaster [15] accelerated the inversion-
free version and presented a detailed convergence analysis. Other inversion-free iteration formats could be
referred to [11,16] and a version of a convergent factor was added by [17]. Huang et. al [10] applied the
inversion-free scheme into SNME (1) and devised two kinds of fixed-point iterations. For iteration methods
with higher convergence of computing (3) including cyclic reduction, doubling algorithm, and Newton
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method, see [8,18-22] as well as references therein. In this paper, by noting that X and Y might be of
different sizes and the varying parameters (as iteration progresses) are helpful to accelerate the convergence,
a dynamically parameterized inversion-free iteration is proposed. Under proper conditions, the convergence
of the proposed algorithm is constructed and numerical experiments illustrate its effectiveness.

Throughout this paper, it is written A > B (A > B) for symmetric matrices A and B if A — B is a symmetric
positive semidefinite (definite) matrix. p(A) denotes here the spectral radius of the matrix A. Several lemmas
are required in this paper.

Lemma 1 (Parodi [23]). IfA > B >0 (orA>B>0), then A% > B% > 0 (or A% > B > 0) forall 0 < & < 1,
and 0 < A% < B%* (or 0 < A* < B%) forall -1 < a < 0.

Lemma 2 (Zhan [14]). If A and B are symmetric matrices of the same dimension with B > 0, then ABA +
B! >2A.

Lemma 3 (Bhatia [24]). If0 < a <1, and A and B are positive definite matrices of the same dimension with
A, B> bl > 0 and b is some positive constant, then

IA* B < ab*"|A—Bl|, A" ~B~| <ab”“V|jA-B|
with || - || being some matrix norm.

The rest of this paper is organized as follows. Several inversion-free iterations are reviewed and the
dynamically parameterized inversion-free iteration is proposed in Section 2. Under proper assumptions, the
convergence of the presented method is constructed in Section 3. Section 4 is devoted to the numerical
experiments to show the effectiveness of the dynamically parameterized inversion-free iteration and Section
5 presents the conclusion.

2. DYNAMICALLY PARAMETERIZED INVERSION-FREE ITERATION
The simplest fixed-point iterative algorithm for solving NME (3) is
Zin=1-C"z'C, Zy=1,

and its convergence was given in [7]. Zhan suggested an inversion-free version [14] with Zy = Wy =1 via
replacing Z,- ! with W
{ Ziy =1-CTW,C,

To accelerate the convergence, Guo and Lancaster [15] set the initial as 0 < Wy < I, Xo = I and employed
the new-derived W, as

Wier1 = 2W, — Wi ZyWy,

Zjy1 =1—C Wi C,

which could be further rewritten in a form of W, as
Wiy1 = 2W; — Wi (I — CTW,C)W4. 4)
Another inversion-free iteration proposed by El-Sayed and Al-Dbiban [16] is

W1 =W —ZWi+1, or W1 =W —WiZ +1,
Ziy1 =1—CTW i C Ziy1 =1—C"W i C
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with Wy = Zp = I. Similarly, this format could be implemented only with W as
1
Wi =1+ E(WkCTWkC+ C W AW,). 5)

Huang et. al [10] applied the above formats (4) and (5) in SNME (1) and devised the iterations

{ Dy = 2B — D (I —ATPLA) Dy, ©
Wiy = 2% — W (I—BTOF, B)W,
and
Dpy1 =1+ (DA TPIA+ATPIADY), -
W =1+ L(WATOP A+ATDP, AWy,

respectively, with @y = Wy = I. They also constructed the following monotone convergence.

Theorem 1. Let (X,Y) be the stabilizing solution pair of SNME (1). Then the sequence {®y, ¥, } generated
by the iteration (6) with ®y = W = I is well defined and satisfies Py < P} < P, < ... <P < ... <P, Py <
‘P] Slng S‘Pkg S‘Pand

limCDk:CI), gEIITkZT

k—ro0

with®=X'and ¥ =Y L.

Essentially, the two above inversion-free iterations are different fixed-point formats for the system

Y1+ YBToPBY — w2, ®)

{ D+ PATPOAD = P2,
Note that the stabilizing solution pair (®,¥) might have various sizes and a dynamical factor might be
helpful to enhance the convergence rate. We generalize the iteration (6) to the scheme
{ D1 = (1+%)Pr — nPr(I —ATPLA) Dy, ©)
Y = (1 + Sk)ll"k - 6kq]k(1 —BTCD£+IB)‘P/C
with &y =¥y =1, ¥ > 0 and & > 0, referred to as the Dynamically Parameterized Inversion-free Iteration
(DPID).

Obviously, DPII (9) reduces to the iteration (6) when ¥, = & = 1 and the iteration sequence (Dy, W) will
be monotonically convergent as dictated by Theorem 1. Unfortunately, if both ¥, and & are merely positively
selected, the monotonicity, even the convergence of the iteration sequence (P, ¥;) might not occur. It will
be seen from the analysis of the convergence in the next section that the appropriate 9 and O are supposed
to have a limit of 1. It means, if setting ¥, = 1+ & and & = 1 + &, then limy_ & = 0,limy_s0o& = 0.
This facilitates a required assumption about & and &; to obtain the bound and the convergence of the DPII
sequence.

Lemma 4. Let (Dy,Vy) be the sequence generated by DPII for k > 0. Let (®,¥) be the solution of the
system (8). Suppose for any k >0 that Y*_, O(&;) and Y*_, O(&;) are sufficiently small, then &) < ®+0(g&),
¥, <¥+0(g)+0(&) and fork > 2

D <D+YI ) 0(e) + X5 0(E), Wi <W+Yi,0(e)+ X O&),

where O(g;) and O(&;) stand for some symmetric matrix of the order € and &, respectively.
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Proof. Obviously, the system (8) has a solution pair satisfying ® > [ and W > I by Theorem 1. Starting
with @5 = ¥y = I, it follows from the DPII iteration (9), Lemma 1 and Lemma 2 that

D =I+pATA
=21 —(I-ATA)+0(&)
<(I-ATA)'+0(g)
<(I—-ATP*A)~' + 0(eo)
=d+0(g)

and

P, =1+5B 0B
<I+&BT(®+0(g))PB
=1+ 8B"®PB+0(g)
=21 —(I-B"¥PB) +0(&) + O(%)
=¥+ 0(&)+0(&),

where we use a fact (14 €)* = 14 ae + o(€) with sufficient small € and a > 0.
Suppose the conclusion holds true for the integer j, i.e.

D; <P+Y ) 0(e)+ X4 0&), ¥; <¥+Y 0(e)+ L) O&).

It follows from the DPII iteration and the assumption that

1< (14+7)®; (1 AT(w+xly o(e) + +E50)) 4),
= (1+7))®; — 7,®,(I —ATW*A)D; + Y[ [ O(&;) + L) O(&)
= (1-7))®; +%(2<I> —®;071®)) + 11, 0(e) + X1, OE)
<D+g(P—D)+Y ) 0&)+ X, ()
—®+Y/ 0 (e,)+z;010(e,)
and
<(1+6)¥, 541(1 BT(cp+zJ (el-)+z{;(}0(é,~))ﬁ3)wj
:(1+5) ¥,(I—BTOPB)W; + Y] (O(e)+ L, O(&)
=(1- >LP +6<2\P — ) Y], 0(8) + 1, 0()
SWHE(Y-Y)+XL,0&) + X5, ()
=YY/ 0(&)+Y,0&).
The proof is completed by induction. O

The above theorem implies that the sequences {®y } and {®y } are bounded above if Y2, O(¢;) < oo and
Y2 0 O(&) < . Moreover, we have the following corollary.

Corollary 1. Fork >0, both I —AT‘PI‘C"A and 1 —BTCIJE B are positive definite.

Proof. We only show [ —AT‘P,‘(XA is positive definite and the proof for I — BTC[)f B is similar. In fact, it
follows from Lemma 4 that

—ATWEA > T-AT (W T O(e) + ) (é))aA
=1—ATWeA+ Y75 O(6) + 1,55 O(&)
ol xh ) 08) + X 0(&).
Since Y"1 O(&) + Y24 O(&) is sufficiently small by the assumption and & is positive definite, / —ATWIA
is positive definite. 0
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3. CONVERGENCE ANALYSIS

To show the convergence of DPII, a lemma is first required.

Lemma 5. Let (Oy, W) be the sequence generated by DPII for k > 0. Then, under the assumptions of
Lemma 4 we have ®; > ®| + 0(&)) + O(&y) and ¥, > ¥+ O(&) + O(&)) and for k > 2

Dy > P+ Yh ) O(&) + Xo5 O(&),

Pt > P+ Yy 0(8) + X5y O(&),
where O(€y) and O(&y) stand for some symmetric matrix of the order &) and &y, respectively.
Proof. Starting with &y =¥y = I, it follows from DPII (9) that

@ =1+ (14+&)ATA > D+ 0(g),

W) =1+ (1+&)B ®° B> W)+ 0(gy) + O(&)).

For sufficiently small O(g) + O(&), it has
) =1 <2c1>0 — (1 —ATngA)ch) — £ ®y
<l —ATPIA) T +0(g)

< yo(I—AT\P?AJro )+ 0(%)
= —AT¥YA) " 4+ 0(g) + O(&)

v

Since | has an upper bound by Lemma 4, then ®; < (I —AT¥%¥A) ! + O(g) + O(&) and thus
-1
o7l > ((1 — ATWIA) "+ O(gy) + o(éo))
=1—ATPIA+0(g)+ O(&).
Therefore,
s — By = 1P (P! — (1—ATWA) )0,
> 191 (0(80) +O(80) ) @1
= 0(&) + O(&).
Analogously, it follows from DPII (9) again that
¥, =& (21110 W1 —BTcp’fB)lPo) — 8,
< &(—BT@B)"! +0(&)
<& (1-B @B+ 0(8) +0(&
= 8&(I—BT®B)~1 1+ 0(gy) + O(&)

\_/

As @, is bounded above by Lemma 4, then ¥; < (I — BT<I>§B)*l +0(gy) + O(&) and thus

pol s ((I—BTchB)-1 +O0(g) + 0(50)) -
=I1-BT o B+ 0(8) + 0(&). |
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So,

¥, -¥, =¥ (‘Pl_l — (I—BTCIDZB))‘PI
> 6 (0(80) + 0(5‘0))‘1’
=0(&)+0(&).

Following the above process and noting that / —AT‘Pg‘A is nonsingular from Corollary 1, one can simi-
larly show

Dy > P +Y0(g) +O(&),
¥ > Wi+ 10 0(g) +LjgOE)).

Now suppose the conclusion holds true for k =i, i.e.

D > (I)l-—|—23._:100(8j) +le_:200( j)?

£
Wi >Y¥i+ 25_—110 O(gj) + Z;_:lo O(&)).
It follows from Corollary 1 that / —ATTﬁlA is nonsingular and thus

. (chl. — (1 —AT\P;XA)q:-) —g®;

<)/-(I—AT( ,+1+Z’j 00(&)+ X' 100 (&) )
O(&;

<p(I—ATWE A) T+ X, O(g) + X O()).

Then @} > 1—ATWY A+ Y O(g;) + X', O(§)), which implies
Do — Piy1 = Yit1Pit (@;11 (I-AT¥E A )>q>i+1
>7’1‘4—1‘13'z'+1(Z;:()O(gj)+ lj;loo(éj))q)iﬂ-

Note that ®; ;| is bounded above, then ®;,, > P, —1—2320 O(gj) —1—23;5 O(E;). Repeating the above process
for W;; and using the induction assumption, it is not difficult to show

‘Pz+1 >1— BT¢1+2B+Z 00(3/)+Z;:00(‘§i)-

Then one has

Wiso— Wit = 81 Wi (V5! — (1= BT0f,B) ) Wi
> 81 Wit (Kl O(8)) + X O(&) ) Wic
= Zj:O O(g)) + Zj:O O(&)),
completing the proof by induction. O

Theorem 2. Let (Py,V)) be the sequence generated by DPII (9) for k > 0. Let (®,¥) be the symmetric
positive solution pair of the system (8). If || ¥*A||||®PB|| are small enough and the selected Y, and &
such that ||I — D' ®|| and ||I — §;¥Y~"¥;|| are sufficiently small, then the sequence (®y,¥y) of DPII is
convergent to (®,P).
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Proof. For each k, it follows from Lemma 3 and Lemma 5 that there exits a; > 0 and b; > 0 such that

[P oprP— | < qad PP -l
loPofoF — Bl < Bbp ' |y — .

From the DPII format, one has

[P D @ — D7
=[[(14+3)D &P 1 - ! — D> 1D (P '+ ATPA —ATPA) P D!
Y Y k
[(I = %@ ' D) (@' D — D)+ D DA (P — PH)AD D |
III—YlkCP‘l@]kH H<I>‘11<I>k¢“ — & |+ apay |0 D] P*Al12
TR T -.

<

Similarly,

[R 7988 Sureh O

<l — S| [ e - By 2| 9P B
o o @ — 7

— (@Bndiaf ™ b 0 Dy P P DA 2 PP B [ 89 W)
N[ T e
+ BOBL 1 — e | 2| 9P B (| ! — 7.

Combining the above two inequalities yields

(“q;lq)kﬂq)l _<p1||> <M, (H‘Dl(bkq’l —‘I’lH>
[Eaua 7980 Sup s 2 VA (R 75 Jubet |

with M = (M), i, j = 1,2 and thus

MY = |1 — 3@y,

M2 = aya? @ @y PA| 2,

M2 = BB (|1 — @~y |||~ 0P B2,

MP = afydal 'bp (|0 oy |2 2| A 7P B
+||I?5klp—1lpk||_

Since @ and W}, are bounded above, if || ®*A|||[¥P B|| is small enough and the selected y; and & are such
that || — 3 ®~'®;|| and |1 — 8P~ "W, || are sufficiently small, one has p(M;) < 1, showing that the sequence
(®Px, W) of DPII is convergent to (P, V). O

Remark. (i). The condition on small ||®%A|||¥PB|| for the convergence of DPII is similar to that (i.e.,
small ||Z~'C||) for the convergence of the fixed-point iteration in the uniformed Eq. (3) [4,5,14,18]. The
smaller than 1, the faster the convergence of iteration. The choice of ¥ and J is another factor affecting the
convergence rate. It is seen that ¥ and & are supposed to have the limit 1 when iteration converges, i.e., the
smaller are |1 — 3@ '@ and ||I — 5P~ 'W,||, the faster is the convergence of DPIIL.

(ii). The best optimal parameters y; and & might not be obtained as ® and ¥ are unavailable before
iterations. There are several alternatives to an approximation: (1) % = p (q);lq)k,l) and & = p (‘P;l‘l’k,l);
(2) % = [[Pr1[I/[|Pxll and & = e [|/[¥ills 3) 1 = ||, ' Pr1[| and & = [ ' Px-1]|. As the compu-
tation of spectral radius in (1) is more expensive and the strategy (2) is observed to be prone to divergence
when it iterates, the strategy (3) is preferred in our experiments where a conservative rule is selected, i.e.,
% = min{max{1,||®, ' ®_1[|},¢} and & = min{max{1,||¥; "¥s_1]}, &} with {; and ¢, a little greater
than 1.
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4. NUMERICAL EXPERIMENTS

In this section, the effectiveness of the developed DPII is demonstrated for computing the stabilizing solution
pair. The numerical experiments reported in [10] indicate that the iteration (6) (denoted here by IFI) has
better performances than the iteration (7). So, the numerical comparison was merely conducted between
DPII and the inversion-free iteration (IFI) on a PC with Intel i3-3240 3.4GHz processor and 8GB RAM,
where both algorithms were coded by MATLAB 2014. Moreover, they were terminated when the relative
residual satisfied |Resx|| + ||[Resy|| < rol with

| ! +ATWEA L, | 1+ BT OB 1|

T AR T ! 2|
. o[, 1+ 1BINF 1]

and the tolerance fol = 1072, We employed ¢; = {, = 1.5 in the strategy (3) and recorded the iteration
number (It), iteration time (CPU), and the relative residual (Resx for the first equation and Resy for the
second equation in the system) in tables when the algorithms terminated. In particular, the obtained relative
residuals at each iteration were plotted as figures of residual history.

Example 1. This example is obtained from Example 2 in [10]. Consider SNME (1) with

0211 1 212
1 ]2400 1 {2000
“10(1 0 4 21”7 101 0 0 1

1 020 2010

and o = 0.95, B = 0.9. When both algorithms are terminated, it is seen from Table 1 that DPII is able to
attain the prescribed accuracy with fewer iterations than IFI did. The residual history in Fig. 1 also revealed
that the residual level of DPII (red line) was nearly always below that of IFI (blue line) at each iteration,
showing that DPII tended to arrive at a lower residual level.

Example 2. This example is obtained from Example 1 in [10] with proper modification to various dimen-
sions of A and B. Consider SNME (1) with A = 0, 240, '* e R'»*n2, B= 0, 2B, '/* € R™*", where

Q1 =1+AAT eR"", Q) =1+ B"B€R?*", and

4 . 1
— eR"*2 (B)ij = —;
i+j—1 i+j—1

(A~),'j = e Rz,

Positive constants @ = 0.9, B = 0.9 as well as the dimension r; = 10 and r, = 100 were employed to run
IFI and DPII. Both algorithms stopped regularly and were able to derive the stabilizing solution pair. From
the numerical results listed in Table 2, one can see that DPII attained the prescribed residual level within
fewer iterations and less CPU time.

It is also interesting to observe from the residual history (i.e., Fig. 2) that the residual level of DPII
decreased slower than that of IFI at the first 9 iterations. However, it dropped much lower than IFI did for
the rest of the iterations.

Table 1. Numerical results for Example 1

Alg | It. | CPU | Resx Resy

IFI 10 0.006 5.12e-13  8.95e-17
DPII 9 0.006 2.49e-13 1.0le-17
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0 i T
! —— IFl-resx
_5 —*— DPll-resx[{
—©— IFl-resy
4 DPII-resy|/
-6
-8
-10-
-1
-14
-16 —
_1 1 1 1 1 1 1 1
1 2 3 4 5 6 7 8 9

Fig. 1. Residual history for Example 1.

Table 2. Numerical results for Example 2

Alg |It. |CPU | Resx Resy

IFI 23 0445 5.54e-13  1.64e-16
DPII 20 0412 7.08e-13 2.43e-16

0 T T

— IFl-resx
—+— DPllI-resx|
—S— IFl-resy
—+— DPlIl-res

Fig. 2. Residual history for Example 2.
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Table 3. Numerical results for Example 3

Alg | It. | CPU | Resx Resy

IFI 13 0259 3.67e-13 1.2le-16
DPII 12 0.234 295e-13 2.71e-16

— IFl-resx
—+— DPIl-resx |
—S— IFl-resy
—+— DPII-res}

Fig. 3. Residual history for Example 3.

Example~3. Consider SNME with random-generated matrices R, € R"*"2, R, € R"*"2 and r| = 10, r, =
100. Set A = 0.1 %R, B =0.1*R,, and construct Q;, Q>, A and B as in Example 2 but & = 8 = 1, yielding

0.01167 ... —0.02098 —0.0060 ... —0.0031

0.0358 ... —0.02427 0.00751 ... 0.0149

Both algorithms were run and the derived results recorded in Table 3, which indicates that DPII cost fewer
iterations and less CPU time to arrive at the prescribed residual level. In addition, it can be seen from the
residual history in Fig. 3 that the residual line of DPII is inclined to lie below that of IFI, except for the last
several steps when computing “Resy”.

5. CONCLUSIONS

A dynamically parameterized inversion-free iteration (DPII) is proposed in this paper for computing the
stabilizing solution pair of a system of nonlinear matrix equations. The convergence of DPII is constructed
under proper assumptions. Several strategies of selecting dynamical parameters are presented and the nu-
merical experiments show that DPII is able to attain the prescribed residual level within fewer iterations and
less CPU time than the existing inversion-free iterations. For future line of research, the choice of the most
optimal dynamical parameters deserves more consideration.

ACKNOWLEDGEMENT

This work was supported partly by the NSF of China (11801163), NSF of Hunan Province (2018JJ4062,
20201J4264, 2020JJ4265, 2021J16075), 2020 Key Foundation of Hunan Education Department, 2020 Gen-
eral Foundation of Hunan Education Department and CSC (201908430048). The publication costs of this
article were partially covered by the Estonian Academy of Sciences.



322 Proceedings of the Estonian Academy of Sciences, 2020, 69, 4, 311-322

REFERENCES

1. Datta, S. Nanoscale device modeling: the Green’s function method. Superlattices Microstructures, 2000, 28(4), 253-278.

2. John, D. L. and Pulfrey, D. L. Green’s function calculations for semi-infinite carbon nanotubes. Phys. Status Solidi B, 2006,
243(2), 442-448.

3. Tomfohr, J. and Sankey, O. F. Theoretical analysis of electron transport through organic molecules. J. Chem. Phys., 2004, 120(3),
1542-1554.

4. Guo, C.-H., Kuo, Y.-C., and Lin, W.-W. Complex symmetric stabilizing solution of the matrix equation X + 47X '4 = Q. Linear
Algebra Appl., 2011, 435(6), 1187-1192.

5. Guo, C.-H., Kuo, Y.-C., and Lin, W.-W. Numerical solution of nonlinear matrix equations arising from Green’s function
calculations in nano research. J. Comput. Appl. Math.,2012, 236(17), 4166—4180.

6. Dai, Z. F,, Dong, X. D., Kang, J., and Hong, L. Y. Forecasting stock market returns: new technical indicators and two-step
economic constraint method. North Am. J. Econ. Finance, 2020, 53, 101216.

7. Engwerda, J. C., Ran, A. C. M., and Rijkeboer, A. L. Necessary and sufficient conditions for the existence of a positive definite
solution of the matrix equation X +4*X '4 = Q. Linear Algebra Appl., 1993, 186, 255-275.

8. Meini, B. Efficient computation of the extreme solutions of X +4"X '4 = Q and X —4"X'4 = Q. Math. Comput., 2002, 71(239),
1189-1204.

9. Weng, P. C.-Y., Chu, E. K.-W., Kuo, Y.-C., and Lin, W.-W. Solving large-scale nonlinear matrix equations by doubling. Linear
Algebra. Appl., 2013, 439, 914-932.

10. Huang, N., Ma, C.-F., and Tang, J. The inversion-free iterative methods for a system of nonlinear matrix equations. Int. J. Comput.
Math., 2016, 93(9), 1470-1483.

11. Peng, Z.-Y., El-Sayed, S. M., and Zhang, X.-L. Iterative methods for the extremal positive definite solution of the matrix equation
X+A™X %A = Q. J. Comput. Appl. Math., 2007, 200(2), 520-527.

12. Al-Dubiban, A. M. Iterative algorithm for solving a system of nonlinear matrix equations. J. Appl. Math.,2012, ID 461407.

13. Al-Dubiban, A. M. On the iterative method for the system of nonlinear matrix equations. Abstr: Appl. Anal., 2013, ID 685753.

14. Zhan, X. Computing the extremal positive definite solutions of a matrix equation. SIAM J. Sci. Comput., 1996, 17(5), 1167—
1174.

15. Guo, C.-H. and Lancaster, P. Iterative solution of two matrix equations. Math. Comput., 1999, 68(228), 1589-1603.

16. El-Sayed, S. M. and Al-Dbiban, A. M. A new inversion free iteration for solving the equation X +4"X'4 = Q. J. Comput. Appl.
Math., 2005, 181(1), 148-156.

17. Zhang, L. An improved inversion-free method for solving the matrix equation X +4"X “4 = Q. J. Comput. Appl. Math., 2013,
253, 200-203.

18. Dong, N. and Yu, B. On the tripling algorithm for large-scale nonlinear matrix equations with low rank structure. J. Comput.
Appl. Math., 2015, 288, 18-32.

19. Yu, B., Li, D.-H., and Dong, N. Low memory and low complexity iterative schemes for a nonsymmetric algebraic Riccati equation
arising from transport theory. J. Comput. Appl. Math., 2013, 250, 175-189.

20. Golub, G. H. and Van Loan, C. F. Matrix computations, 3rd Edition. The Johns Hopkins University Press, Baltimore, MD, 1996.

21. Lin, W.-W. and Xu, S.-F. Convergence analysis of structure-preserving doubling algorithms for Riccati-type matrix equations.
SIAM J. Matrix Anal. Appl., 2006, 28(1), 26-39.

22. Monsalve, M. and Raydan, M. A new inversion-free method for a rational matrix equation. Linear Algebra Appl., 2010, 433(1),
64-71.

23. Parodi, M. La localisation des valeurs caracterisiques des matrices etses applications. Gauthier Villars, Paris, 1959.

24. Bhatia, R. Matrix analysis, Graduate Texts in Mathematics. Springer, Berlin, 1997.

Diinaamiliselt parametriseeritud inversioonivaba iteratsioon mittelineaarse matriitsi
vorrandi siisteemi jaoks

Ning Dong, Bo Yu ja Zhaoyun Meng

Mittelineaarse siisteemi stabiliseerimislahenduste paari arvutamise maatriksvorrandid pakuvad reaalsetes
rakendustes suurt huvi. Mérkides, et paari kdik lahendused véivad olla erineva suurusega, on kdesolevas ar-
tiklis vilja pakutud diinaamiliste parameetritega inversioonivaba iteratsioon. Oigete eelduste korral tehakse
kindlaks algoritmi I&henemine ja iteratsioonijérjestuse seotus. Esialgsed arvkatsed niitavad, et diinaamiliselt
parametriseeritud inversioonivaba iteratsiooni abil on viga tShus vilja arvutada stabiliseeriva lahuse paar.



