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ABSTRACT

A universal inversive difference field that always exists is constructed for a submersive discrete-
time nonlinear control system. This field is unique up to permutation of the control variables.
Using the unique field in proofs will simplify them significantly. The construction extends the
one for state-invertible systems, being the subset of submersive systems. An algorithm is
given for finding independent variables of this field. It is proven that the algorithm stops in at
most n + 1 steps, where n is the state dimension of the control system.

1. Introduction

Differential and difference algebraic methods, introduced in the 1980s to
nonlinear control [3-5], have proven to be very useful. Though better suited
for polynomial and rational systems, they motivated the development of the
so-called constructive linear algebraic approach [2,6] that can handle also
analytic and meromorphic systems. The key element in the linear algebraic
approach is the differential or difference field in independent system variables,
in the case of continuous- and discrete-time systems, respectively. This field
gives a full algebraic description of the control system and plays a critical role
in proofs and computations, since the dimensions, ranks, vector spaces, etc.
are all defined and computed over this field.

In studying various control problems, it quickly became clear that one
needs to extend the difference field to its inversive closure [1]. The difference
field introduced in [1] can be viewed as an inversive closure of the field that
was already defined in [6] under the assumption that the system is submersive.
Note that though the construction of the inversive closure of the difference
field is not unique, all field extensions are unique up to an isomorphism. In
various control problems, non-uniqueness of the inversive closure does not
affect the solvability conditions. In particular, if the solvability conditions are
given in terms of the vector spaces (of one-forms or vector fields) over the
field extension, then, by isomorphism, different field extensions simply result
in different basis elements of the vector space.

However, in the case when the solvability conditions are given in terms
of a single one-form or vector field, non-uniqueness may have a significant
impact on the solvability conditions, since the shifts of one-forms and vector
fields depend on the chosen extension. One such problem is the transformation
of the state equations into the (generalized) observer forms [8]. If the state
transition map is invertible with respect to the state, then there is the simple
universal choice for the field extension. The existence of such a choice allows
one to simplify the proofs of theorems, propositions and lemmas, and it has
been used frequently.

In this paper, we will find the analogous fixed choice for non-invertible
but submersive systems. The generalization to the nonsubmersive case is not
trivial, since it does not correspond to the standard system extension equations.
An algorithm is suggested that allows one to compute the key indices in the
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definition of this fixed field extension. A number of properties of the algorithm and the indices it
computes are proven in order to guarantee that the indices are well-defined.

2. Standard definition of inversive difference field ¥

Consider a discrete-time nonlinear control system of the form

= f(x,u), (1)

where x{1 = x(r+1),x(r) € X CR", u(r) e U C R™,t € Z%*, X, U are open subsets, and the state
transition map f : X X U — X is supposed to be real analytic. Since the map f is not necessarily
invertible with respect to x, we extend the equations (1) so that the extended state equations (2)
below are valid for t € Z.

Assumption 1. Assume that the map f can be extended to F = (fT, y)T: X xU — X x R™ so
that F has a global real analytic inverse defined on its image F (X x U).

Introduce the additional set of variables z = y (x, u). Then the inverse of the extended map

20 = f(x,u), )
z = x(x,u)
can be described by
u=a(xV, 7).

Under Assumption 1, there exists an inversive difference field % of meromorphic functions in a
finite number of independent variables from the set

C:= {x,u<i>,z<_j>; i>0,7> O},

where by x, u and z we mean the vectors with components xi, ..., X,, U1,..., Uy and z1,..., Zm,
respectively; u¢?’ corresponds to the i-th order forward shift of the input «, and z¢~/? corresponds to
the j-th order backward shift of the variable z [9].

The forward shift operator 6: C — C is defined by

ox := f(x,u), ouly =yl i >0,

. . 4
67471 = y(x,u), 6z =0, @

where f and y are determined by the equations (2). The backward shift operator 6°!: C — C is
defined by
5 Ix = A (x,z<_1>) R 6 1ulD = -0 i > 1,
07w = A (x, 2471, AT A A B
where A and A are determined by the equations (3). The forward and backward shift operators of the
function ¢ € K are defined by applying the respective operator to the arguments of ¢, see [9]. For
brevity, the notations ¢ = ¢¢!? and 6~ ' = ¢!~ ¢ € K, are used below.

Next, we introduce the infinite set of symbols dC := {dx, dul® dz{=7; i >0, j> O} and denote
by & the vector space spanned over K by the elements of dC, i.e. & := spang{dC}. The elements
of the vector space & are called one-forms. The one-form w € & is said to be an exact one-form if
w = dg for some ¢ € K. A dual space to & is the vector space " of vector fields.

&)

3. Universal inversive difference field K

The field K was defined above as the field of meromorphic functions in variables from the set C.
The selection of the variable z = y(x, u) is not unique and, as such, affects the expressions of the
forward and backward shifts of the functions in % (see (4) and (35)) and, consequently, the shifts of
one-forms and vector fields [9]. The goal of this section is to redefine the field % in such a way that
the shifts of functions in the new field K are independent of the selection of the z variable.
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Definition 1. Define K as a difference field of meromorphic functions in a finite number of inde-
pendent variables from the set

C::{x,u<i> (=Jk). 5120, k> qr, k = 1,...,m},

where the indices q; > 0, k = 1,...,m, are defined as minimal integers such that u< %=1 cannot
be expressed as a function of x and u< ca 1>, RN § =1 s Jj=1,...,m,j #k.
Definition 1 is not suitable for finding the indices g, k = 1, ..., m, in practice. The aim of the

following algorithm is to provide such a tool.

Algorithm 1. Computation of the indices ¢y, . . ., g, for the extended system of the form (2).
Step 1. (a) Compute the backward shift (=1

(b) Let 1
&= rankq((;u<< 1;
(c) Decompose u‘~!” into two parts, u{~!) = (ﬂf”, ﬁi_w) such that leLK ;=& and
o™V
rankq-(m = &. (6)
(d) The vector
i = () ™

where the bijection o is a permutation of the set S = {1, ..., m}. Define the indices g (1) :=--- :=

qo (&) = 0. That is, for each uy such that u<_1> is the element of ﬁi_w define g := 0.
~(-1)

(e) If 6ﬁ§_1>/61<_1> # 0, then ﬁi_ ? can be expressed by (6) as a function of x and &, ', i.e.

ﬁ(—1> — I(X,ﬁ<_l>)-
Step i (i > 2). (a) Compute the backward shift of i A<1 ‘> , obtained at previous step, to get 12< i>.

(b) Let
~(-1) ~( i+1) ~(=i)
a(”l e Uy ’11)

9z{=D

& = rankg

(c) Decompose ﬁﬁ:? into two parts, ﬁﬁ: ) = (ﬁg_w,ﬁ;_w) such that dimg i, i = =¢;—&i—1and

rank g 520D =&
(d) The vector
i = (”ir@l ) ﬁr(%))T'
Define the indices g (¢,_,+1) := '+ 1= qo(g) := i — 1. That is, for each uy such that u,i_“ is the

element of ﬁﬁ_w, define g ;=i — 1.

(e) If@ﬁ<_i>/(9z<_l> # 0, then ﬁ<_ ) canbe expressed as a function of x and u< ’>, .. .,ﬁj. ,j =

1,...,i,ie. A< D= =;(x, ~<J>,...,~§.l>]—l L D).
The algorlthm ends at the step i = p, when the Value of & =m

At each step of Algorithm 1, we have found the vector zll{_”, i=1,...,p.Foreach u,i_w, being

the element of u< 9 denote

1 ( 2) -2 .
Wl = ul D =gy (2 L jqk V=1 m i # k).
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Assumption 2. Assume that the functions ¢;, i > 1, are analytic and globally defined on X x U.

Under Assumption 2, the indices ¢, .. ., g, are globally defined for a given state extension.
Frequently, instead of Assumption 1, a milder assumption of generic submersivity is assumed.

Assumption 3. Assume that the system (1) is generically submersive, i.e

af (x,u) _

rankgj———— 9

on X xXU.
Assumption 1 implies the generic submersivity property of the system (1) [9] on X x U.

Remark 1. Sometimes, for a system of the form (1), instead of submersivity, a more restrictive
property of generic state-invertibility of the map f is assumed, i.e.

Of (x,u) _

rank g ——— 3
X

on X x U. In such a case, one can always take z = u, meaning that all indices g, =0,k =1,...,m.
Definition 1 generalizes the analogous fixed choice for submersive systems.

Proposition 1. Under Assumption 3, Algorithm 1 always ends in at most n + 1 steps.

Proof. First, we show that Algorithm 1 always ends. Suppose, by contradiction, that it does not stop,
ie. & <mforalli > 0. Since, by construction, & < &1, then at some point i,, one has &, = &; ,;
for j > 0. The latter may happen if either &;, = m (the maximal value the rank may have) or if

a(ﬁ<“> At ol ,>) 6(ﬁ<—1> ﬁ<—i*+1>)T
o Ol

z* 1 ’ l* K i—1
= rankg
ox K Ox

®)

rank ¢

Because we assumed that & < m for all i > 0, then (8) must be true. We also note that, since &;, < m,
then dimg (4; aém) ) > 0. By construction,

A(~1) . T
da, P (ﬁj‘”,...,ﬁﬁ‘_”;”)) “1
= dr+| ©)
4D 0x w:
ui*—l i—1
for some one-forms, w; € spang {du< a, ;j =1,...,i}. From (9), one gets
~(=1)
(1) (i) da -w
ot ) we| (10)
ox B \ ’

dif Y - wi
Since (8) is true, then the rows of the matrix aﬁ§‘i*>/ 0x can be written as linear combinations of the

~(—1) ) A<—i*+l>)T

rows of the matrix d(#, /0x, i.e. there exists a matrix A such that Bﬁs_i*>/ 0x =

(8(A< 1>’“., 7 (= ’*+1>)T/ax) Thus, because of (10),

“ ey

l—l

. T
oy oai ) (ﬁj‘”, : ..,ﬁf";*”)
Gl = = A- - ,
da; *' = Fp dx+w;, = A Fp dx + w;,
da{™" - w,
=A- + wi,,

A —D+1)
dui*_l — Wi, -1
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(=i 1’”

for some w;, € spang {du i = ., i+ }. In the latter equality, since the left-hand side is

exact, then so must be the right-hand side. Also, the right-hand side belongs to spanq-({duﬁ._k >; Jj=

1,...,m;k > 1}. Therefore, there must exist a function <,o(u< k)

A( i)

;7 =1,...,m;1 < k <i,)such that

di A< i) = dy, meaning that i
assumptlon.

If the system (1) is submersive, the kernel of the forward shift operator, defined by the equa-
tions (1), is trivial, and therefore this property guarantees that independent variables remain inde-
pendent under the action of forward or backward shift operators. Since the input variables and their
forward shifts are all independent, then, by the submersivity assumption, so must be the backward
shifts of the input variables. This contradicts the existence of go(uj._k); j=1....om1<k<i,

— ¢ = 0. We will next show that this contradicts the submersivity

such that ﬁ§*_i*> — ¢ = 0. Therefore, the assumption that &; < m for all i > 1 was incorrect, and thus
&; = m for some i € N must be true.

Second, we are going to show that Algorithm 1 ends in at most n + 1 steps. We have already
shown that Algorithm 1 stops when (8) becomes true, since otherwise one gets a contradiction with
the submersivity assumption. The equality (8), however, is achieved in at most n + l steps. Indeed,
A= NS D\

at every step, one either achieves (8), or the rank of the matrix 9 (u i

/Ox increases

at least by one. If it increases in every step exactly by one, then (8) is achleved in n + 1 steps. Thus,
Algorithm 1 ends in at most n + 1 steps. m|

Obviously, it follows from Algorithm 1 that the indices g¢, k = 1,...,m, are not uniquely
determined, since the separation of the vector & Al 1> into two parts is, in general, not unique. However,
as Corollaries 1 and 2 below show, their sum and the set of their values are invariant with respect to

the selection of the variable z.

Proposition 2. The ranks &;, computed at stepsi = 1,...,p of Algorithm I, are invariant with
respect to the selection of the function z = x(x,u) in (2).

Proof. Letz1 = y1(x,u) and zo = y2(x, u) be two possible selections for z = y(x, ) in (2). We
show that they are related through a function z; = ¢(x{!?, z,), where the matrix d¢/dz, has full
rank over the field K. By construction, one has (xT,uT)T = @ (x{1, z;) = @5 (x¢1?, z») for some
analytic functions ®; and ®;. Also, since, by Assumption 1, the equations (2) are globally solvable
for x and u, then the equations (3) are globally solvable for x¢!” and z. Thus,

rank -—acpi(X<1>’Zi) = rank ¢ 0P (V. z)  0®ix(D,zi) =n+m
K oD, z;) x ox(D dz;

for i = 1,2, meaning that the matrices 0®;/dz; and d®,/dz, must have full ranks. Thus, one
can solve @ (x<1>, 71) = ¢>2(x<1>, 7;) for z; to obtain z; = (,D(x<1>, z2). Since one can also solve
@ (x1,z1) = dy(xf1, 25) for z,, i.e. there must exist ¢! such that z, = ¢~ ' (x{1?, z}), then
obviously the matrix d¢/dz; must have full rank over the field K.

Let fj J = 1,2, correspond to the rank &; in Algorithm 1 when one has chosen z;, j = 1,2,

in (2), respectively. Since z; = ¢(x{!?, z,) or, after applying the backward shift operator, z< D=

o(x, z< 1>) then one can compute

~(-1) gD pl=h) ~(-1) D p=h)
6“1 ,...,ll ,11) 6(”] ,---’11 ’11)

Iy
6z§_1> Bzé_l>

2 _ _ _
& = rank g = rankg

(9z§_1>

~(-1) ~< i+1) ~(-i)
c')(u RPN A ,11)

1
=gl

= rank ¢ 8z<_1>
1

where the second to last equality comes from the fact that the matrix d¢/ 8z§_1> has full rank
over K. O
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Corollary 1. The sum of the indices qx, k = 1, ..., m, is invariant with respect to the selection of
the function z = y(x,u) in (2).

Proof. Since, by Algorithm 1,

m p
ZQk = Z (& =€) @-1)
=1 im

and, by Proposition 2, &;,i = 1,..., p, are invariant with respect to the selection of the function
z = y(x,u), then so must be the sum of the indices g. O

Corollary 2. The set of indices {qi, k = 1,...,m} is invariant with respect to the selection of the
function z = y(x,u) in (2).

Proof. By Algorithm 1 and Corollary 1, the set

{9k, k=1,...,m} ={0,...,0,1,...,1,...,p=1,...,p—1}.

&1 &H-& (‘Ep_gp—l
By Proposition 2, &, i = 1,...,p, are invariant with respect to the selection of the function
z = x(x,u). O
To conclude, the indices g, k = 1, ..., m, are globally well-defined and, up to reordering the

input components, independent of the chosen system extension of the form (3). However, note
that one cannot associate with the universal difference field K the state extension map in the form
z = x(x,u).

Therefore, a question arises of how to compute the dependent system variables in K. While
completing the algorithm, we have found the functions

w2 gy, 20T W =1 mj k), k=1 m, (D)

satisfying

O (Pro... dm)’

— " =m
az<_l>

Thus, it is always possible to solve (11) for the variables

rankg =

—JK)

=0 zﬂ(x,“i gk <jk<p k=1,...,m).

Substituting z¢~!” into the left column of (5) yields:
KD =A (x,n(-), u,i_w = Ak (x,n(+)) for such k values when g > 0. (12)

The new difference field % in Definition 1 is isomorphic to the difference field . Indeed, the
variables from the set C can be mapped one-to-one to the variables from the set C, and the backward
and forward shifts commute with any change of coordinates [7]. Thus, whether one works with K or
%K does not affect the vector space & of one-forms or the vector space &* of vector fields.

4. Informal discussion

Frequently in the algebraic approach, instead of Assumption 1, a weaker Assumption 3 of generic
submersivity is made [1,6] that allows for addressing a larger number of discrete-time nonlinear
systems using the algebraic approach. Of course, replacing Assumption 1 with Assumption 3
introduces certain complications, which will be discussed below.

Assumption 1 obviously implies Assumption 3. Whereas Assumption 1 allows one to define the
backward shifts of system variables globally, this is not so if only Assumption 3 is made. In the latter
case, the equations (1) can be extended exactly as in (2), but it may happen that the equations (2)
cannot be solved globally but only generically on X x U. The generic approach ignores singularities,
and therefore, for some points in the set X X U, the solution (2) may not exist. Of course, in principle,
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such points may be removed from the set X X U, and one may work on a restricted subset of X X U
instead. Furthermore, it may also happen that the solution of the equations (2) is not unique globally
but defined in different subsets of X x U by different A and A in (3). In such a case, the inversive
closure of % has to be defined separately for different subsets.
Consider, for instance, the simple example
xV =x2 4y,

(13)
z=u.

Obviously, the solution (3) now takes the form

x =xVx{h —y. (14)

Here we face the situation where the equations in the form (2), now given by (13), have two solutions.

That is, one cannot define K globally but separately for positive and negative x values. To conclude,
we have to consider separately two subsets of X x U, restricted by x > 0 and x < 0, respectively.'
The restriction of the set X X U to, say, X x U is not without its drawbacks. If there are no different
inverses in different regions, then the region is invariant with respect to system dynamics. This
allows one to compute infinite trajectories x(¢), ¢ € Z. If, however, there are different functions A
and A in (3) for different regions, and one restricts the system to one such region, then the invariance

property is lost, and the trajectory may leave from the restricted set X x U at a certain time instant 7*.

The same may happen if the solution (3) is not defined everywhere in X X U. That is, special care is
needed to study such systems using the algebraic approach. These aspects are typically handled on
the level of examples.

To conclude, for simplicity of presentation, we made Assumptions 1 and 2. Of course, if only
Assumption 3 is made, one has to take the above-mentioned aspects into account in the computation
of the indices g, k = 1,...,m.

5. Example
Consider the extended state equations
X§1> =uy + x3, xé” =uy +x1x4, X§1> = Uup, Xi” = U3z — X1X4, (15)
1 = X1, 72 = X2, 73 = X4.
To obtain the inverse system in the form (3), we solve the equations (15) for x, u:
i = _ _ D _ (D -
1 _Zla XZ_ZZ’ -x3_-x1 x3 s x4_Z3a 16
_ D _ D _ (D (16)
up =x, " —2123, U2 =Xx3 ", uUz=x," +2123.
Shifting the result backwards yields
xf_” = zi_”, X§_1> = zé_”, X§_1> =x1 — X3, xi_” = zg_”, (17a)
W = -V wT =, T =TV (17b)

We now apply Algorithm 1.
Step 1. The backward shifts u{~!? are given by (17b), thus the rank

4D — 00—

fl = rankqgm = rankq-( (_) 0 (3 =1.
Z( Do Z< Y
3 1

Decompose ul=h = (ﬁ§_1>,ﬁ§_l>) so that ﬁi_n = (ui_w) and ﬁi_” = (ug_n,u_g_n). Obviously,

dimgal™ = ¢ =1and
aat™

1 — & =
FES

rank g

! The value x = 0 has been excluded because including it into a subset would make the result a non-open set.
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4" -1 (-1

Since 8u< 1>/8z< D %0, we express il as a function of ﬂi_” and x, i.e. Uy " =x2+x4—ug

<1>

Since i i ( § 1>), we obtain o-(l) = 1; thus, for the input variable u, define g¢; = 0.

Step 2. Take i = 2 and compute

ﬁ§—2> ( é 2) g-z)) _ (x — xa, Zé ]>+z§ 1) ”§_2>)

and T
a(a“” ﬁ<‘2>) A
L k
& :=rankg Py =rankg| 0O 0 0 =2
< 0 1 1

Decompose i1, a2 = (ﬁ§_2>,ﬁ§_2>) SO thatﬁé‘z> = (u§_2>) and i A< 2 - (ué ) Clearly, dim g ii, s =
H-&1=1 and

0 ( 7D (- 2>)
L) L
rank ¢ 520D =&=2
Since ﬁ§_2> = (u<_2>), the permutation o (2) = 3 allows one to define for u3 the index g3 := 1.

Step 3. Take i = 3 and compute u< 3 = ( §_3>) = (zi_1> - X1 +X3). Now,

T
(a0
&3 = rankg Py =rankg| 0O 1 1 =3.
< 1 0 0

Decompose u< 3 = (ﬂ§_3>, ﬁg_?’)) so that ﬂ§_3> = (u§_3>), and ﬁ§_3> is an empty vector. Such

decomposition satisfies dimg ﬁ§_3> =& —-¢ =1and

ZCD 22 (=3
o (ai™.af )

az¢=h

rank g =& =3.

(-3
3

The algorithm results in the indices g; = 0, g2 = 2, g3 = 1. Define K as a difference field of
meromorphic functions in a finite number of independent variables from the set

Since #{ 7> = (u§_3>), the permutation o (3) = 2 allows one to define for u; the index ¢, := 2.

C:= {x,u<i>,u§_j'>,ué_j2>,u§_j3>; i>20,j1>0,j2>2,j3> 1} .

While completing the algorithm, we have computed u,i_qk_”, k=1,2,3:

S B s o BN LU ST

Solving the system (18) for z{~1” yields:

(-1) (-1)

(-1) _ (=3)  (=1) _ (-2) | (-2) X2~ i (-1y _ X2y
74 X1 —x3+u2 > 2y u, +I,t3 —<_3>, 23 = —<_3> (19)

xl—x3+u2 xl—x3+u2

It remains to substitute z{~1 from (19) into (17):

_ _ Xp—uy
T B L

1 2 1 3 Yy — (=3)

1 )C3+I/£2
(=1

0 2 xy —xg (-n__ 2T (20)
3 X1 — X3 +ul™

-1 -1 -1 -1 -1
ui >=u§ >, ué >=X3, ué >:x2+x4—u< )

1
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6. Conclusion

Under Assumptions 1 and 2 for a discrete-time nonlinear control system, a universal inversive
difference field % is constructed that always exists. Assumption 1 is slightly more restrictive than
the standard submersivity Assumption 3. Assumptions 1 and 2 allow one to define the field K
globally on the domain of definition of a system. The discussion section explains what may happen
if, instead of Assumption 1, only the system’s submersivity is assumed. The field ) is unique up to
reordering the input components, and the uniqueness will allow one to simplify the proofs in the
study of a nonlinear system using the algebraic approach. The construction extends the existing one
for state-invertible systems. An algorithm is given to find the independent variables of the universal
inversive difference field. Moreover, it is proven that Algorithm 1 stops in at most n + 1 steps, where

105

n is the state dimension of the control system.
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Mittelinaarse juhtimististeemiga seotud diferentskorpuse definitsioonist:

erinevad voimalused

Arvo Kaldmae, Ulle Kotta ja Maris Ténso

Artiklis on konstrueeritud diskreetse ajaga mittelineaarse submersiivse juhtimissiisteemi jaoks universaalne
diferentskorpus, mis eksisteerib alati. Korpus on {ihene kuni juhttoimete jarjestuseni. Uhesusest tingitult lihtsus-
tab sellise korpuse kasutamine teoreemide ja lemmade téestamist oluliselt. Esitatud konstruktsioon laiendab
teadaolevat konstruktsiooni oleku suhtes podratavate stisteemide jaoks, mis moodustavad submersiivsete
ststeemide alamhulga. Esitatud on algoritm korpuse séltumatute muutujate leidmiseks ja tdestatud, et algoritm
peatub hiljemalt (n + 1)-1 sammul, kus n on juhtimissiisteemi dimensioon.
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