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ABSTRACT

The paper addresses the problem of transforming multi-input multi-output discrete-time

nonlinear state equations into the classical observer form using state transformation. Necessary

and sufficient geometric solvability conditions are given in terms of vector fields. The results

obtained generalize the previous ones in several aspects. First, the results are also applicable to

non-reversible systems. Second, they hold almost everywhere, not only around the equilibrium

point of the system. The generalizations are possible due to the use of different mathematical

tools. The proof of sufficiency also provides a method for finding the state transformation.

The results are illustrated by two examples.

1. Introduction

A nonlinear state observer with linear error dynamics can be easily constructed
for nonlinear state equations whenever they are in the observer form [5,14].
Therefore, the ability to transform the equations into such a form is very
important. State equations in the observer form have a linear structure up
to nonlinear injection terms that depend on measurable inputs and outputs.
Since the class of systems that can be transformed into the classical observer
form is quite restrictive, various generalizations are proposed in the literature.
Some of them suggest extending the state equations by auxiliary dynamics,
so that the extended system becomes transformable into the classical observer
form [13,21]; others allow the injection terms to also depend on the past or
future values of inputs and outputs [6–9,11,20], or imply input dependence of
the linear part [3,12]. Different approaches also apply different mathematical
frameworks with their own pros and cons. The majority of the results are
derived for systems with a single output. However, their extension to a multi-
input multi-output (MIMO) case is not straightforward and can be a challenge
[2,4,10].

Starting from the classical observer form, this paper extends the single-
output results from [15,16] to the MIMO case, thereby laying a foundation
for further extension to generalized MIMO observer forms, similar to those
from [18,19] for single-output systems. The main contribution of this paper
is to establish necessary and sufficient conditions for state equivalence to the
classical observer form. The conditions are formulated in terms of certain
output-related vector fields and their backward shifts. Unlike the single-output
case, in the multi-output counterpart these vector fields are, in general, not
uniquely defined, which allows for freedom of choice but can complicate the
verification of conditions. However, a similar issue is inherent also in earlier
works [2,4]. The suggested approach is compared with the earlier results, and
its applicability is demonstrated by several examples.
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2. Preliminaries and problem statement

In this paper, we use the generic mathematical setting from [17]. Consider the discrete-time MIMO
nonlinear control system

G 〈1〉 (C) = Φ(G(C), D(C)), H(C) = ℎ(G(C)), (1)

where G 〈1〉 (C) := G(C + 1), C ∈ Z, the state variable G(C) ∈ -̄ ⊆ R=, the control variable D(C) ∈ * ⊆
R<, the output variable H ∈ . ⊆ R?, and the state transition map Φ : -̄ ×* → -̄ is supposed to be
analytic. Both -̄ and * are assumed to be open sets. We assume that the map Φ can be extended
to the map Φ = [ΦT

, jT]T : ( -̄ × *) → ( -̄ × R<) such that Φ has the global analytic inverse
Φ−1 = [ΛT, _T]T : Φ( -̄ × *) → ( -̄ × *). Introduce the additional variable at time instant C,
I(C) ∈ R<,

I(C) = j(G(C), D(C)). (2)

The equations (1), (2) define the inversive difference field K of meromorphic functions in a finite
number of variables from the set C = {G, D〈:〉 , I〈−;〉 , : ≥ 0, ; > 0}. Here, D〈:〉 denotes the :-th order
forward shift of D and I〈−;〉 the ;-th order backward shift of I. The first order forward shift of G is
defined by (1) and the first order backward shifts of G and D by

G 〈−1〉 = Λ(G, I〈−1〉), D〈−1〉 = _(G, I〈−1〉). (3)

The higher order backward shifts of G and D can be found recursively. The forward and backward
shifts of functions are defined by shifting the arguments of the functions and replacing the dependent
variables G 〈1〉 , G 〈−1〉 and D〈−1〉 from (1) and (3).

Consider the infinite set of symbols dC = {dG, dD〈:〉 , dI〈−;〉 , : ≥ 0, ; ≥ 1} and let E :=
spanK {dC} be the vector space spanned over K by the elements of dC, called the 1-forms

l =

=∑
8=1

�8dG8 +
<∑
9=1

∑
:≥0

� 9:dD〈:〉
9

+
<∑
@=1

∑
;≥1

�@;dI〈−;〉@ ,

where only a finite number of coefficients differ from zero [1]. Define the space E∗ = spanK {m/mG,
m/mD〈:〉 , : ≥ 0, m/mI〈−;〉 , ; ≥ 1}, dual to E, whose elements are the vector fields

Γ =

=∑
8=1

W8
m

mG8
+

<∑
9=1

∑
:≥0

W 9:

m

mD
〈:〉
9

+
<∑
@=1

∑
;≥1

W̃@;
m

mI
〈−;〉
@

.

Note that in computations the 1-form is typically interpreted as the row vector of its coefficients.
Similarly, the vector field is interpreted as the column vector of its coefficients. Therefore, the scalar
product of the 1-form and the vector field can be understood as a product of the row and column
vectors. By duality between E and E∗, the scalar products of 1-forms and vector fields satisfy the
relations

〈dG8, Γ〉 = W8, 〈dD〈:〉
9

, Γ〉 = W 9: , 〈dI〈−;〉@ , Γ〉 = W̃@; .

Definition 1. [17] For a vector field Γ ∈ spanK {m/mG}, its backward shift is the vector field

Γ〈−1〉 =
=∑
;=1

〈
dΦ;, Γ

〉〈−1〉 m

mG;
+

<∑
E=1

〈djE, Γ〉〈−1〉 m

mI
〈−1〉
E

, (4)

and the projection of Γ〈−1〉 is the vector field

Γ〈−1〉c =

=∑
;=1

〈
dΦ;, Γ

〉〈−1〉 m

mG;
. (5)

Lemma 2. [15] Let the vector fields Γ: =
∑=

8=1 W:8 (G) m/mG8 , : = 1, . . . , =, be linearly independent.
If the vector fields Γ: commute, then generically one can define the state transformation - 9 = Ψ 9 (G),
Ψ 9 ∈ K , 9 = 1, . . . , =, such that

〈
dΨ 9 , Γ:

〉
≡ X 9: , 9 , : = 1, . . . , =, where X 9: is the Kronecker delta.

Throughout the paper, the following assumption is made.
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Assumption 3. The system (1) is generically observable with the observability indices d8, 8 =

1, . . . , ?, if
∑?

8=1 d8 = =, and

rankK
©­­«
(
mH1
mG

)T
. . .

(
mH

〈d1−1〉
1
mG

)T

. . .

(
mH?

mG

)T
. . .

©­«
mH

〈
d?−1

〉
?

mG

ª®¬
Tª®®¬

T

= =. (6)

Without loss of generality, one can redefine the outputs to guarantee that d8 ≥ d: , if 8 < : .

Problem statement. The aim of this paper is to find, under Assumption 3, the coordinate trans-
formation - = Ψ(G), if it exists, such that in the new coordinates the system takes the observer
form

-
〈1〉
8, 9

= -8, 9+1 + i8, 9 (H1, . . . , H?, D1, . . . , D<), 8 = 1, . . . , ?, 9 = 1, . . . , d8 − 1,
-
〈1〉
8,d8

= i8,d8 (H1, . . . , H?, D1, . . . , D<), H8 = -8,1.
(7)

Proposition 4. (Necessary condition) If the state equations (1) are transformable by the state
transformation - = Ψ(G) into the observer form (7) with the observability indices (d1, . . . , d?),
then

mH
〈d8 〉
8

mH
〈 9 〉
:

≡ 0, 8 = 1, . . . , ?, : = 1, . . . , 8, 9 = d8, . . . , d: − 1. (8)

Proof. Compute from (7):

H
〈d8 〉
8

=

d8∑
9=1

i8, 9 (H〈d8− 9 〉 , D〈d8− 9 〉). (9)

Because of (9), the expression of H〈d8 〉
8

does not depend on shifts of H higher than d8 − 1, meaning
that (8) must be satisfied. �

3. Main result

Define the vector fields Ξ: ∈ spanK {m/mG}, : = 1, . . . , ?, in terms of which the main theorem will
be presented, as the solutions of the set of equations〈

dH〈 9−1〉
8

,Ξ:

〉
≡ X8:X 9d: , 8, : = 1, . . . , ?, 9 = 1, . . . ,min(d8, d:). (10)

Note that for a fixed : > 1, when d: < d1, the number of equations in the system (10) that defines
Ξ: is less than the number of the coefficients of Ξ: . This means that some coefficients of Ξ: can
be chosen freely. The vector fields are uniquely defined only if all observability indices are equal.
The unknown functions (coefficients) in the vector fields Ξ: can be found from the necessary and
sufficient solvability conditions of Theorem 8 below. First note that because of the condition (ii),
one has to search for coefficients as functions of the argument G only. Next, the condition (i) gives a
number of equations to define the unknown functions. Of course, in general, there is certain freedom
to choose these unknown functions, and then one may opt for the simplest choice. This approach
is described in Section 5 with examples. The equations (10) extend those for the single-output
case [16]. The extension is not obvious. The remarks below discuss the problems one faces in the
other routes of extension.

Remark 5. Observe that, unlike [4], in the equations (10) that define the vector fields Ξ: , : =

1, . . . , ?, we require 9 = 1, . . . , <8=(d8, d:). If one takes, as in [4], 9 = 1, . . . , d: , then in the case
where 8 > : and d: > d8, the system of equations may become inconsistent. We will demonstrate
this on a simple case of two outputs and the observability indices (3, 2). In such a case there is
no reason for the scalar product 〈dH〈2〉2 ,Ξ1〉 to be identically equal to zero. This is because dH〈2〉2
depends, in principle, linearly on dH1, dH〈1〉1 , dH〈2〉1 , dH2, and dH〈1〉2 . Consequently, taking also into
account the equations in (10), one has〈
dH〈2〉2 ,Ξ1

〉
= 01 〈dH1,Ξ1〉 + 02

〈
dH〈1〉1 ,Ξ1

〉
+ 03

〈
dH〈2〉1 ,Ξ1

〉
+ 11 〈dH2,Ξ1〉 + 12

〈
dH〈1〉2 ,Ξ1

〉
= 03.
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In the case where 9 is given as in (10), no contradictions arise, but the vector fields Ξ1, Ξ〈−1〉c
1 ,

Ξ
〈−2〉c
1 , Ξ2, Ξ〈−1〉c

2 are not necessarily independent. The problem is removable if one additionally
requires that 〈dH〈2〉2 ,Ξ1〉 ≡ 0. Essentially this means that dH〈2〉2 is not allowed to depend on dH〈2〉1 .
In the general case, if d: > d8, one has to require that the equations in (10) additionally hold for
9 = d8 + 1, . . . , d: , which imposes restrictions on how dH〈 9−1〉

8
can depend on the other output shifts.

Remark 6. If in the equations (10) that define the vector fields Ξ: , : = 1, . . . , ?, one takes 9 =

1, . . . , d8, then the vector fields Ξ: are uniquely defined. However, if all observability indices are
not equal, then the coefficients of all Ξ: , : = 1, . . . , ?, are not the functions of G only. Consequently,
the new states as the functions of old ones will not depend only on G either.

Compute the projections of the backward shifts of Ξ: , : = 1, . . . , ?, up to the order d: − 1
according to Definition 1.

Lemma 7. Suppose that[
Ξ8,Ξ

〈−;〉c
:

]
≡ 0, 8, : = 1, . . . , ?, ; = 0, . . . , d: − 1 (11)

and the coefficients of the vector fields Ξ〈−;〉c
:

, : = 1, . . . , ?, ; = 0, . . . , d: − 1, depend only on the
variables G. Then the following holds:[

Ξ
〈− 9 〉c
8

,Ξ
〈−;〉c
:

]
≡ 0, 8, : = 1, . . . , ?, 9 = 0, . . . , d8 − 1, ; = 0, . . . , d: − 1. (12)

Proof. Due to (11), the equality (12) is valid for 9 = 0. Suppose now that (12) holds for a certain
index @ ∈ {0, . . . , d8 − 2}, i.e.[

Ξ
〈−@〉c
8

,Ξ

〈
−;̄

〉
c

:

]
≡ 0, 8, : = 1, . . . , ?, ;̄ = 0, . . . , d: − 2. (13)

Show that the validity of (12) for 9 = @ + 1 follows from (13). Shift both sides of (13) backward by
one step, obtaining [(

Ξ
〈−@〉c
8

) 〈−1〉
,

(
Ξ

〈
−;̄

〉
c

:

) 〈−1〉]
≡ 0.

Due to Definition 1,(
Ξ
〈−@〉c
8

) 〈−1〉
= Ξ

〈−@−1〉c
8

+
<∑
A=1

`A
m

mI
〈−1〉
A

,

(
Ξ

〈
−;̄

〉
c

:

) 〈−1〉
= Ξ

〈
−;̄−1

〉
c

:
+

<∑
A=1

¯̀A
m

mI
〈−1〉
A

, (14)

where
`A =

〈
djA ,Ξ〈−@〉c

8

〉〈−1〉
, ¯̀A =

〈
djA ,Ξ

〈
−;̄

〉
c

8

〉〈−1〉
.

Taking into account (14), one can rewrite (13) as[
Ξ
〈−@−1〉c
8

,Ξ

〈
−;̄−1

〉
c

:

]
+

<∑
A=1

〈
d ¯̀A ,Ξ〈−@−1〉c

8

〉 m

mI
〈−1〉
A

−
<∑
A=1

〈
d`A ,Ξ

〈
−;̄−1

〉
c

:

〉 m

mI
〈−1〉
A

+
<∑
A=1

¯̀A

[
m

mI
〈−1〉
A

,Ξ

〈
−;̄−1

〉
c

:

]
−

<∑
A=1

`A

[
m

mI
〈−1〉
A

,Ξ
〈−@−1〉c
8

]
+

<∑
A ,B=1

[
`A

m

mI
〈−1〉
A

, ¯̀B
m

mI
〈−1〉
B

]
≡ 0.

(15)

Because the first term on the left-hand side of (15) belongs to spanK {m/mG}, then it identically
equals zero if the remaining terms either also identically equal zero, which is the case of the 4th and
the 5th terms by the assumption of the lemma, or belong to spanK {m/mI〈−1〉}, which is the case of
the 2nd, the 3rd and the 6th terms. Then[

Ξ
〈−@−1〉c
8

,Ξ

〈
−;̄−1

〉
c

:

]
≡ 0, 8, : = 1, . . . , ?, ;̄ = 0, . . . , d: − 2.

Denoting ; := ;̄ + 1, we see that (12) really holds in the case 9 = @ + 1. �
In Theorem 8 below, we assume the system observability because the observability property as

well as the observability indices are invariant under state transformation. Since the observer form is
observable by definition, it makes no sense to address non-observable systems.
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Theorem 8. Under Assumption 3, the state equations (1) are transformable by a state transformation
- = Ψ(G) into the observer form (7) with the observability indices (d1, . . . , d?) if and only if among
the solutions of (10) there exist the vector fields Ξ1, . . . ,Ξ? that satisfy the following conditions:

(i) [
Ξ8,Ξ

〈−;〉c
:

]
≡ 0, 8, : = 1, . . . , ?, ; = 0, . . . , d: − 1,

(ii) the coefficients of the vector fields Ξ〈−;〉c
:

, : = 1, . . . , ?, ; = 0, . . . , d: − 1, depend only on
the variables G,

(iii) 〈
dH〈 9−1〉

8
,Ξ:

〉
≡ X8:X 9d: , : = 1, . . . , ? − 1, 8 = : + 1, . . . , ?, 9 = d8 + 1, . . . , d: .

Proof. Sufficiency. The sufficiency proof consists of two parts. (a) If (iii) holds, then the vector
fields Ξ〈−;〉c

:
, : = 1, . . . , ?, ; = 0, . . . , d: − 1, are linearly independent. (b) If also (i) and (ii) are

true, then one can define the new coordinates as the canonical parameters of = vector fields Ξ〈−;〉c
:

,
: = 1, . . . , ?, ; = 0, . . . , d: − 1, in terms of which the state equations take the observer form (7).

(a) To prove the linear independence of Ξ〈−;〉c
:

, : = 1, . . . , ?, ; = 0, . . . , d: − 1, we prove first
that the following holds:〈

dH〈 9−1〉
8

,Ξ
〈−;〉c
:

〉
≡ X8:X 9 ,d:−;, 8, : = 1, . . . , ?, ; = 0, . . . , d: − 1, 9 = 1, . . . , d: − ;. (16)

Since dH〈 9−1〉
8

∈ spanK {dG, dD, . . . , dD〈 9−2〉}, but Ξ〈−;〉c
:

∈ spanK {m/mG, m/mI〈−1〉 , . . . , m/mI〈−;〉},
one can rewrite (16) as 〈dH〈 9−1〉

8
,Ξ

〈−;〉
:

〉 ≡ X8:X 9 ,d:−; . Shifting the latter forward ; times and taking
into account that X 9 ,d:−; = X 9+;,d: , one gets〈

dH〈 9+;−1〉
8

,Ξ:

〉
≡ X8:X 9+;,d: , ; = 0, . . . , d: − 1, 9 = 1, . . . , d: − ;.

Denoting @ := 9 + ;, then @ = 1, . . . , d: , and one finally obtains〈
dH〈@−1〉

8
,Ξ:

〉
≡ X8:X@d: , 8, : = 1, . . . , ?, @ = 1, . . . , d: , (17)

the validity of which follows directly from (10), (iii) and system observability. Note that for (17) to
hold, dH〈 9 〉

8
, 8 = 1, . . . , ?, 9 = 0, . . . , d: − 1 for each : = 1, . . . , ?, should be linearly independent.

If 8 > : , then d: ≤ d8, but this is not a problem since the condition (iii) has to be satisfied too.
Therefore, for (17) to hold, one needs dH〈 9 〉

8
, 8 = 1, . . . , ?, 9 = 0, . . . , d8−1, to be linearly independent,

which is true under the observability assumption.
Now, using (16), prove that

dimK spanK {Ξ
〈−;〉c
:

, : = 1, . . . , ?, ; = 0, . . . , d: − 1} = =. (18)

For this purpose, we will prove that in the equality below all coefficients 0:; are identically equal to
zero:

?∑
:=1

d:−1∑
;=0

0:;Ξ
〈−;〉c
:

≡ 0. (19)

The proof is done step by step with d1 steps, the step A showing that 0:,d:−A ≡ 0 for the values of :
for which d: ≥ A.

Step 1. Multiply both sides of (19) by dH8, 8 = 1, . . . , ?:

?∑
:=1

d:−1∑
;=0

0:;

〈
dH8,Ξ〈−;〉c

:

〉
≡ 0.

Due to (16), the latter takes the form
?∑

:=1

d:−1∑
;=0

0:;X8:X1,d:−; = 08,d8−1 ≡ 0
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since X1,d:−; = X;,d:−1.
Step r. Assume that the steps up to A − 1 are completed and 08,d8−A+1 = 0 holds. One can rewrite

(19) as
?A−1∑
:=1

d:−A∑
;=0

0:;Ξ
〈−;〉c
:

≡ 0, (20)

where ?A−1 is the number of outputs whose observability index is greater than A − 1. Multiply both
sides of (20) by dH〈A−1〉

8
, 8 = 1, . . . , ?A−1:

?A−1∑
:=1

d:−A∑
;=0

0:;

〈
dH〈A−1〉

8
,Ξ

〈−;〉c
:

〉
≡ 0.

Due to (16), the latter takes the form
?A−1∑
:=1

d:−A∑
;=0

0:;X:8XA ,d:−; = 08,d8−A ≡ 0.

(b) According to Lemma 7, the validity of (12) follows from (i) and (ii). Since the vector fields
Ξ
〈−;〉c
:

are linearly independent, one can apply Lemma 2 to define the new states -8, 9 = Ψ8, 9 (G) as
the canonical parameters of the vector fields in (18):〈

dΨ8, 9 ,Ξ
〈−;〉c
:

〉
≡ X8:X 9 ,d:−;, 8, : = 1, . . . , ?, 9 = 1, . . . , d8, ; = 0, . . . , d: − 1. (21)

Since the 1-forms dΨ8, 9 as the total differentials of the state transformation functions form a new
basis for spanK {dG}, it is clear that the 1-forms dΨ〈1〉

8, 9
can be written as the linear combinations

dΨ〈1〉
8, 9

=

?∑
B=1

dB∑
@=1

U8B 9@dΨB,@ +
<∑
E=1

V8 9EdDE, 8 = 1, . . . , ?, 9 = 1, . . . , d8 . (22)

Next, we will show that

U8B 9@ = X8BX@, 9+1, 8, B = 1, . . . , ?, 9 = 1, . . . , d8, @ = 2, . . . , dB . (23)

Multiply both sides of (22) by the vector field Ξ
〈−;〉c
:

, : = 1, . . . , ?, ; = 0, . . . , d: − 1. Recall that
Ξ
〈−;〉c
:

∈ spanK {m/mG}; therefore, 〈dDE,Ξ〈−;〉c
:

〉 ≡ 0, E = 1, . . . , <, and so〈
dΨ〈1〉

8, 9
,Ξ

〈−;〉c
:

〉
=

?∑
B=1

dB∑
@=1

U8B 9@

〈
dΨB,@,Ξ

〈−;〉c
:

〉
. (24)

Applying (21) to the scalar product on the right-hand side of (24), we get 〈dΨB,@,Ξ
〈−;〉c
:

〉 ≡
XB:X@,d:−; . Substituting this into (24), we get, by the definition of the Kronecker delta, 〈dΨ〈1〉

8, 9
,Ξ

〈−;〉c
:

〉 =
〈dΨ〈1〉

8, 9
,Ξ

〈−;〉
:

〉 = U8: 9,d:−; . The backward shift of this equality yields U〈−1〉
8: 9,d:−; = 〈dΨ8, 9 ,Ξ

〈−;−1〉
:

〉 =
〈dΨ8, 9 ,Ξ

〈−;−1〉c
:

〉, ; = 0, . . . , d: −2. Due to (21), we obtain U
〈−1〉
8: 9,d:−; ≡ X8:X 9 ,d:−;−1. Denoting now

@ := d: − ; for a fixed value of ;, we get from the last equality U
〈−1〉
8: 9@

≡ X8:X 9 ,@−1, 9 = 1, . . . , d8 for
@ = 2, . . . , d: . Next, shift the obtained result forward and take into account that 1) the Kronecker
delta is shift invariant and 2) X 9 ,@−1 = X@, 9+1, to get U8: 9@ = X8:X@, 9+1. That is, (23) holds.

According to (23), the equality (22) takes for 8 = 1, . . . , ?, 9 = 1, . . . , d8 − 1 the form

dΨ〈1〉
8, 9

= dΨ8, 9+1 +
?∑

B=1
U8B 91dΨB,1 +

<∑
E=1

V8 9EdDE,

dΨ〈1〉
8,d8

=

?∑
B=1

U8Bd81dΨB,1 +
<∑
E=1

V8d81dDE .
(25)

We prove next that in the new coordinates

H: = -:,1, : = 1, . . . , ?. (26)
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Taking 9 = 1 in (21), we see that for the validity of (26) the outputs must satisfy the conditions〈
dH8,Ξ〈−d:+;〉c

:

〉
≡ X8:X;1, 8, : = 1, . . . , ?, ; = 1, . . . , d: . (27)

We will prove that (27) is equivalent to (17). Since dH8 ∈ spanK {dG}, and by (4), Ξ〈−d:+;〉
:

∈
spanK {m/mG, m/mI〈−1〉 , . . . , m/mI〈−d:+;〉}, in (27) the operator c may be omitted: 〈dH8,Ξ〈−d:+;〉

:
〉 ≡

X8:X;1. Shifting both sides of the obtained equality d: − ; times forward, while ; is fixed, we get the
equivalent equality 〈dH〈d:−;〉

8
,Ξ:〉 ≡ X8:X;1. Denote @ := d: − ; + 1, then ; = d: − @ + 1. Because

; = 1, . . . , d: , then also @ = 1, . . . , d: , and the last equality takes the form〈
dH〈@−1〉

8
,Ξ:

〉
≡ X8:Xd:−@+1,1, 8, : = 1, . . . , ?, @ = 1, . . . , d: .

Since Xd:−@+1,1 ≡ X@d: , we get (17). Consequently, (27) is valid and therefore (26) holds.
Because of (26), the equations (25) yield, after integration, the state equations in the form (7).
Necessity. Show first that the vector fields Ξ: , defined by (10), are in the new coordinates the

partial derivative operators

Ξ: =
m

m-:,d:

, : = 1, . . . , ?. (28)

To prove the validity of (28), one has to show that〈
d-8, 9 ,Ξ:

〉
≡ X8:X 9d: , 8, : = 1, . . . , ?, 9 = 1, . . . , d8 . (29)

Express from (7) the new coordinates in terms of inputs, outputs and their forward shifts:

-8,1 = H8,

-8, 9 = H
〈 9−1〉
8

− i8,1(H〈 9−2〉 , D〈 9−2〉) − · · · − i8, 9−1(H, D), 8 = 1, . . . , ?, 9 = 2, . . . , d8 .
(30)

Recall that by definition Ξ: ∈ spanK {m/m-} and compute for 8 = 1, . . . , ?, 9 = 2, . . . , d8,〈
d-8,1,Ξ:

〉
= 〈dH8,Ξ:〉 ,〈

d-8, 9 ,Ξ:

〉
=

〈
dH〈 9−1〉

8
,Ξ:

〉
−

?∑
@=1

mi8,1(H〈 9−2〉 , D〈 9−2〉)
mH

〈 9−2〉
@

〈
dH〈 9−2〉

@ ,Ξ:

〉
− . . .

−
?∑

@=1

mi8, 9−1(H, D)
mH@

〈
dH@,Ξ:

〉
.

(31)

Using the definition of the vector fields Ξ: in (10), the validity of (29) follows from (31). Therefore,
also (28) holds.

Next, prove that

Ξ
〈−;〉c
:

=
m

m-:,d:−;
, : = 1, . . . , ?, ; = 1, . . . , d: − 1. (32)

Compute first Ξ〈−1〉c
:

, : = 1, . . . , ?, using (5) and (29):

Ξ
〈−1〉c
:

=

?∑
8=1

d8∑
9=1

〈
d- 〈1〉

8, 9
,

m

m-:,d:

〉〈−1〉
m

m-8, 9

.

Computing the total differentials of both sides of (7), one can easily see that 〈d- 〈1〉
8, 9

, m/m-:,d: 〉 ≡
X8:X 9+1,d: . Since the Kronecker delta is shift invariant, we get (32) for ; = 1. Suppose now that (32)
holds for A ∈ {1, . . . , d: − 2} and prove that it holds for A + 1. Due to (5) and (32), one has

Ξ
〈−A−1〉c
:

=

?∑
8=1

d8∑
9=1

〈
d- 〈1〉

8, 9
,

m

m-:,d:−A

〉〈−1〉
m

m-8, 9

.

As above, according to (7), we get 〈d- 〈1〉
8, 9

, m/m-:,d:−A 〉 ≡ X8:X 9+1,d:+A that will yield (32).
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Since in the coordinates - the vector fields Ξ〈−;〉c
:

, : = 1, . . . , ?, ; = 0, . . . , d: − 1, are linearly
independent partial derivative operators, the conditions (i) and (ii) hold for them.

Finally, show that also the condition (iii) is valid for (7). Note that if 8 > : , but d8 = d: ,
then (iii) holds by (10). Next, consider the case d8 < d: . Taking 9 = d8, one gets from (30)
-8,d8 = H

〈d8−1〉
8

− i8,1(H〈d8−2〉 , D〈d8−2〉) − · · · − i8,d8−1(H, D). Shift the latter forward, substitute -
〈1〉
8,d8

from (7) and shift the result again B steps forward, where B = 0, . . . , d: − d8 − 1:

H
〈d8+B〉
8

=

d8∑
A=1

i8,A (H〈d8−A+B〉 , D〈d8−A+B〉).

Denoting 9 := d8 + B + 1 yields

H
〈 9−1〉
8

=

d8∑
A=1

i8,A (H〈 9−A−1〉 , D〈 9−A−1〉), 9 = d8 + 1, . . . , d: .

Recall that Ξ: ∈ spanK {m/m-} and compute〈
dH〈 9−1〉

8
,Ξ:

〉
=

d8∑
A=1

?∑
@=1

mi8,A (H〈 9−A−1〉 , D〈 9−A−1〉)
mH

〈 9−A−1〉
@

〈
dH〈 9−A−1〉

@ ,Ξ:

〉
,

: = 1, . . . , ? − 1, 8 = : + 1, . . . , ?, 9 = d8 + 1, . . . , d: .

Due to (10), all scalar products on the right-hand side identically equal zero since for all possible 9

and A values 9 − A < d: . Consequently, (iii) holds. �

Remark 9. Note that the earlier result for the single-input single-output (SISO) case follows from
Theorem 8 (see [16]).

4. Comparison with earlier result

The problem of transforming the state equations (1) into the form (7) by a state transformation has
been studied before for MIMO discrete-time systems in [4]. First, compare the assumptions made
in this paper with those from [4]. Note that in [4], the problem statement was slightly different,
allowing the coefficients of -8, 9+1 in (7) to also depend on the input variable D. However, the paper
[4] additionally gave a solution to the problem statement given in this paper as a special case.

Working point. The results of the paper [4] are valid locally around the equilibrium point
(G0, D0) = (0, 0). In this paper, however, a generic solution is given, meaning that the results are
valid in an open and dense subset of the set -̄ ×*. Thus, the results of this paper are applicable to a
larger domain than the solution in [4].

Assumptions. Both papers consider discrete-time control systems of the form (1) with Φ analytic.
However, the paper [4] assumes that Φ is reversible in the neighbourhood of the point (G0, D0) =
(0, 0), while in this paper a less restrictive assumption is made, and a more general class of systems is
studied. In this paper, it is assumed that the equations (1) are observable, whereas in [4], observability
was given as part of the necessary and sufficient solvability conditions. The last difference is, of
course, irrelevant.

Thus, in order to compare the results of this paper with those in [4], we make the following
assumption.

Assumption 10. Assume that

• the equilibrium point (G0, D0) = (0, 0) is the regular point of the observability matrix, meaning
that the dimension of the observability space does not drop at this point (is not less than =);

• the state transition map Φ is reversible in the neighbourhood of the point (G0, D0) = (0, 0).

Solvability conditions. The solvability conditions in [4] are given in terms of two sets of vector
fields: A:,;, : = 1, . . . , ?, ; = 1, . . . , d: , and A:,; (D), : = 1, . . . , ?, ; = 2, . . . , d: . The vector fields
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A:,1 are defined from the set of equations below in the neighbourhood of the point (G0, D0) = (0, 0)
under the assumption that the state transition map Φ0 is invertible in this neighbourhood:〈

d(ℎ8 ◦Φ
9−1
0 (G)), A:,1

〉
= X8,:X 9 ,d: ,

where Φ0
0 = Id, Φ1

0(G) = Φ0 = Φ(G, 0) and Φ
A+1
0 (G) = Φ0(Φ

A

0 (G)) for A > 1. Then the vector fields
A:,;, ; = 2, . . . , d: , are computed by transporting A:,1 along Φ0(G) iteratively:

A:,; = Ad
Φ0
A:,;−1 :=

(
mΦ0
mG

A:,;−1

)
Φ

−1
0 (G )

, ; > 1.

The vector fields A:,; (D), however, are found by transporting A:,;−1 along Φ(G, D):

A:,; (D) = Ad
Φ
A:,;−1 :=

(
mΦ

mG
A:,;−1

)
Φ

−1 (G,D)
, ; > 1,

where Φ −1(G, D) is the inverse of Φ(G, D) under the constant D, computed at the point (G, D).
Now, the solution in [4] is stated as follows.

Theorem 11. Under Assumption 10, the state equations (1) are transformable by a state transforma-
tion - = Ψ(G) into the observer form (7) in the neighbourhood of the point (G0, D0) = (0, 0) with
the observability indices (d1, . . . , d?) if and only if

A1 [A8,1, A:,;] = 0 for 8, : = 1, . . . , ? and ; = 1, . . . , d:;

A2 A:,; (D) = A:,; for : = 1, . . . , ? and ; = 2, . . . , d:;

A3 spanO8 = span{O8 ∩ O}, where O = {dH 9 , . . . , dH
〈
d 9−1

〉
9

; 9 = 1, . . . , ?} and
O8 = {dH 9 , . . . , dH〈d8−1〉

9
; 9 = 1, . . . , ?} − {dH〈d8−1〉

8
}.

Note that the definition of O8 in [4] was incorrect, yielding that �3 is always satisfied, and the correct
definition was given in the paper [2] by the same authors.

Recall that under Assumption 10, if I is chosen as I = D and the conditions of Theorem 8 are
satisfied, then under the reversibility assumption, one has that A:,; = Ξ

〈−;+1〉
:

, and so the condition
�1 of Theorem 11 is satisfied. A detailed proof of the equality A:,; = Ξ

〈−;+1〉
:

of the vector fields
is given in [15] for the SISO case. The proof for the MIMO case is similar. Now, because of the
equality A:,; = Ξ

〈−;+1〉
:

and the fact that the Ad
Φ

operator corresponds to the backward shift of a
vector field, one has A:,; (D) = Ad

Φ
A:,;−1 = Ad

Φ
Ξ
〈−;+2〉
:

= Ξ
〈−;+1〉
:

= A:,;. Clearly, the condition
�2 of Theorem 11 is satisfied. It remains to show that the condition (iii) of Theorem 8 yields that
�3 is satisfied. First, note that the condition (iii) of Theorem 8 is equivalent to the condition (8).
If the latter is satisfied, then dH〈;〉

9
∈ spanO for all 9 = 1, . . . , ? and ; ≥ 0. Thus, O8 ⊆ O and the

condition �3 is satisfied.

5. Examples

Example 1. Consider the state equations

G
〈1〉
1 = G3, G

〈1〉
2 = G1 (G4 + 1) , G

〈1〉
3 = D + G2 + G5, G

〈1〉
4 =

D

G3
,

G
〈1〉
5 = DG2 − G1G4 − G1, H1 = G1, H2 = G2.

(33)

The system (33) is not reversible but submersive and taking I = G1 allows one to find the backward
shifts

G
〈−1〉
1 = I〈−1〉 , G

〈−1〉
2 =

G2 + G5
G1G4

, G
〈−1〉
3 = G1,

G
〈−1〉
4 =

G2

I〈−1〉 − 1, G
〈−1〉
5 = G3 − G1G4 −

G2 + G5
G1G4

, D〈−1〉 = G1G4.
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Computing dH1 = dG1, dH〈1〉1 = dG3, dH〈2〉1 = dG2+dG5+dD, dH2 = dG2, dH〈1〉2 = (G4 + 1) dG1+G1dG4
reveals that the rank of the observability matrix (6) is generically equal to = = 5; thus, the system is
generically observable with the observability indices d1 = 3, d2 = 2.

Next, find the vector fields Ξ1 =
∑5

@=1 b1@m/mG@ and Ξ2 =
∑5

@=1 b2@m/mG@ , where the functions
b1@, b2@ should be determined from (10). For : = 1, the set of equations (10) results in

〈dH1,Ξ1〉 = 0,
〈
dH〈1〉1 ,Ξ1

〉
= 0,

〈
dH〈2〉1 ,Ξ1

〉
= 1, 〈dH2,Ξ1〉 = 0,

〈
dH〈1〉2 ,Ξ1

〉
= 0,

yielding the unique solution

Ξ1 =
m

mG5
.

However, for : = 2, the set of equations (10) results in four equations

〈dH1,Ξ2〉 = 0,
〈
dH〈1〉1 ,Ξ2

〉
= 0, 〈dH2,Ξ2〉 = 0,

〈
dH〈1〉2 ,Ξ2

〉
= 1,

while involving five unknown functions. Therefore, its solution Ξ2 is not unique and depends on the
unknown function b25:

Ξ2 =
1
G1

m

mG4
+ b25

m

mG5
.

The next task is to find b25(G) from the conditions (i)–(iii) of Theorem 8 that have to be satisfied.
Consider, for instance,

[Ξ1,Ξ2] =
(
0, 0, 0, 0,

mb25
mG5

)T
.

Equalizing the last coordinate of the above Lie bracket to zero gives a partial differential equation,
whose solution is b25 = � (G1, G2, G3, G4), with � being an arbitrary function of its arguments. For
the sake of simplicity, we take � ≡ 0; thus, b25 = b

〈−1〉
25 = 0, leading to the updated vector field

Ξ2 =
1
G1

m

mG4
.

In order to check the condition (i), the following projections of the backward shifts of Ξ1 and Ξ2 are
required:

Ξ
〈−1〉c
1 =

m

mG3
, Ξ

〈−2〉c
1 =

m

mG1
− G4
G1

m

mG4
, Ξ

〈−1〉c
2 =

m

mG2
− m

mG5
.

All Lie brackets in (i) equal zero; thus, the condition (i) is satisfied. The condition (ii) is also fulfilled
since the coefficients of Ξ1, Ξ〈−1〉c

1 , Ξ〈−2〉c
1 , Ξ2, Ξ〈−1〉c

2 depend only on the variable G. The condition
(iii) reduces to the requirement that

〈
dH〈2〉2 ,Ξ1

〉
= 0, which is valid since dH〈2〉2 = dG3.

Next, construct the state coordinates as the canonical parameters of the vector fields Ξ1, Ξ〈−1〉c
1 ,

Ξ
〈−2〉c
1 , Ξ2 and Ξ

〈−1〉c
2 by (21). Defining matrices

% :=

©­­­­­«
dΨ1,1
dΨ1,2
dΨ1,3
dΨ2,1
dΨ2,2

ª®®®®®¬
and " :=

(
Ξ
〈−2〉c
1 Ξ

〈−1〉c
1 Ξ1 Ξ

〈−1〉c
2 Ξ2

)
=

©­­­­­«
1 0 0 0 0
0 0 0 1 0
0 1 0 0 0

− G4
G1

0 0 0 1
G1

0 0 1 −1 0

ª®®®®®¬
allows one to write (21) as a matrix equation %" = �5, with �5 being the identity matrix. The matrix
% can be found as the inverse of " ,

% = "−1 =

©­­­­­«
1 0 0 0 0
0 0 1 0 0
0 1 0 0 1
0 1 0 0 0
G4 0 0 G1 0

ª®®®®®¬
,
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the rows of which define the exact 1-forms (since the vector fields in " commute), the integration of
which yields the new state coordinates -1,1 = G1, -1,2 = G3, -1,3 = G2 + G5, -2,1 = G2, -2,2 = G1G4.
In these coordinates, the state equations (33) take the observer form (7):

-
〈1〉
1,1 = -1,2, -

〈1〉
1,2 = D + -1,3, -

〈1〉
1,3 = DH2, -

〈1〉
2,1 = -2,2 + H1, -

〈1〉
2,2 = D,

H1 = -1,1, H2 = -2,1.

The purpose of the example below is to demonstrate that in the MIMO case, unlike the SISO
case, the conditions (i) and (ii) of Theorem 8 are not sufficient to transform the state equations (1)
into the observer form (7). The reason is that in the case where d: > d8 in (10), it is not enough
to take 9 = 1, . . . ,min(d8, d:); (10) must also hold for 9 = d8 + 1, . . . , d: to guarantee H8 = -8,1,
8 = 1, . . . , ?.
Example 2. Consider the state equations

G
〈1〉
1 = G1 + G2, G

〈1〉
2 = G1D + G2, G

〈1〉
3 = G3D

2 + G2, H1 = G1, H2 = G3 (34)

that define the backward shifts

G
〈−1〉
1 =

G2 − G1

D〈−1〉 − 1
, G

〈−1〉
2 =

G1D
〈−1〉 − G2

D〈−1〉 − 1
, G

〈−1〉
3 =

(G3 − G1)D〈−1〉 − G3 + G2

(D〈−1〉 − 1) (D〈−1〉)2 .

Compute the total differentials dH〈 9−1〉
8

, 8, 9 = 1, 2, obtaining dH1 = dG1, dH〈1〉1 = dG1+dG2, dH2 = dG3,
dH〈1〉2 = dG2 + D2dG3 + 2G3DdD. So, the system (34) is observable with the observability indices
d1 = 2, d2 = 1.

Compute the vector fields Ξ1 and Ξ2 according to (10). First, find Ξ1 from 〈dH1,Ξ1〉 ≡ 0,
〈dH〈1〉1 ,Ξ1〉 ≡ 1, 〈dH2,Ξ1〉 ≡ 0, which yields

Ξ1 =
m

mG2
.

The equations to compute Ξ2 =
∑3

@=1 b@m/mG@ now consist of two equations 〈dH1,Ξ2〉 = b1 = 0,
〈dH2,Ξ2〉 = b3 = 1, whereas the number of unknown functions is three, resulting in

Ξ2 = b2(G)
m

mG2
+ m

mG3
,

where the unknown function b2 is a function of the argument G only by the condition (ii) of Theorem 8.
Compute also

Ξ
〈−1〉c
1 =

3∑
@=1

〈
dG 〈−1〉

@ ,Ξ1

〉 m

mG@
=

m

mG1
+ m

mG2
+ m

mG3
.

Define b2 so that the condition (i) is satisfied, meaning that all three vector fields commute:

[Ξ1,Ξ2] =
mb2
mG2

m

mG2
≡ 0,

[
Ξ1,Ξ

〈−1〉c
1

]
≡ 0,

[
Ξ2,Ξ

〈−1〉c
1

]
= −

(
mb2
mG1

+ mb2
mG2

+ mb2
mG3

)
m

mG2
≡ 0. (35)

From (35), it immediately follows that all Lie brackets identically equal zero only if b2 is an arbitrary
function of the argument G1 − G3. For simplicity, take b2 = 0, which results in Ξ2 = m/mG3.

Define the new coordinates - = Ψ(G) by (21) as the canonical parameters of Ξ〈−1〉c
1 , Ξ1 and Ξ2:

-1,1 = G1, -1,2 = G2 − G1, -2,1 = G3 − G1. The inverse transformation is G1 = -1,1, G2 = -1,1 + -1,2,

G3 = -1,1 + -2,1. In the new coordinates, the state equations read

-
〈1〉
1,1 = -1,2 + 2H1, -

〈1〉
1,2 = H1(D − 1), -

〈1〉
2,1 = H2D

2 − H1. (36)

The equations (36) are similar to the observer form (7), except that now -2,1 ≠ H2, but -2,1 = H2− H1.
The reason lies in the following. The validity of (iii) for 8 = 9 = 2 is not guaranteed since〈

dH〈1〉2 ,Ξ1

〉
=

〈
dG2 + D2dG3 + 2G3DdD,

m

mG2

〉
= 1 . 0.
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6. Conclusion

The paper studied the problem of transforming, by the state transformation, the multi-input multi-
output discrete-time nonlinear state equations into the classical observer form. The necessary and
sufficient solvability conditions were given that generalize those from [15,16] for the single-output
case. The extension was not straightforward; quite the opposite, it was a challenging task in many
extension steps. First, it was not obvious how to generalize (from the single-output case) the equations
that define the vector fields Ξ: , : = 1, . . . , ?, in terms of which the main theorem is formulated.
Second, and more important, is the fact that, in general, the vector fields Ξ: are not uniquely defined,
unlike in the single-output case. The only exception is when all the observability indices are equal.
Thus, even if a particular set of the vector fields Ξ: (fixed solution) fails to satisfy the conditions of
Theorem 8, there may still exist another solution that fulfils the conditions. The method to construct
the required state transformation was also given. The obtained conditions address a larger class
of systems than the earlier conditions. The comparison with the earlier results was also done. An
interesting research perspective is to extend the results of this paper to the case where, instead of the
state transformation, a parametrized state transformation that depends on a few known past input
values, called the parameters, is used.
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