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Abstract. In this paper, highly dispersive optical solitons are obtained with the perturbed complex Ginzburg—Landau equation,
incorporating the Kerr law of nonlinearity, by the complete discriminant classification approach. A variety of solutions emerge from
this scheme that include solitons, periodic solutions and doubly periodic solutions. The numerical sketches support the analytical
findings.
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1. INTRODUCTION

One of the lesser-known models that is studied in the context of soliton transmission through optical fibers
across intercontinental distances is the complex Ginzburg-Landau equation (CGLE) apart from the fre-
quently studied model, namely the nonlinear Schrédinger equation. The CGLE has been studied in detail
[1-9]. The exact solutions to the perturbed CGLE with Kerr and cubic—quintic—septic law nonlinearities are
obtained using the trial equation method and a complete discriminant system [1]. The exact bright and dark
soliton solutions of the CGLE with parabolic and dual-power law nonlinearities are obtained by the usage
of the solitary wave ansatz [2]. Cubic—quartic optical solitons with the perturbed CGLE, having six forms
of self-phase modulation structures, are retrieved by the aid of the enhanced Kudryashov method [3]. The
highly dispersive bright 1-soliton solution for the perturbed CGLE with three forms of nonlinear refractive
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index structures is recovered by virtue of the semi-inverse variational principle [4]. The conservation law
for the cubic—quartic CGLE with five nonlinear forms is exhibited by the aid of the Lie symmetry [5]. A
spectrum of cubic—quartic optical solitons with the CGLE, having Hamiltonian-type perturbation terms, are
secured by the aid of powerful and prolific integration structures [6]. The first integrals and exact solutions
of the CGLE are found using traveling wave reduction [7]. Numerical solutions of the CGLE are also given
to establish approximate solutions of the model, using a linearized element-free Galerkin method [8]. The
dynamics of dissipative solitons in a fractional CGLE is addressed with the aid of variational approximation
[91.

Very recently, CGLE has gained popularity with the emerging concept of highly dispersive (HD) opti-
cal solitons [10-15], where high-order nonlinear differential equations describing the propagation of pulses
in an optical fiber are studied by using a method for finding HD solitary wave solutions [10]. HD opti-
cal solitons with a nonlinear sixth-order differential equation, having various polynomial nonlinearities, are
handled in [11]. HD optical solitons for the generalized nonlinear eighth-order Schrodinger equation with
the third, fifth, seventh and ninth power of nonlinearity are studied in [12]. HD optical solitons with the per-
turbed nonlinear Schrédinger equation, having dispersion terms of all orders and containing Kudryashov’s
sextic power-law of self-phase modulation, are secured using the trial equation method [13]. Ultrashort light
pulse propagation through an inhomogeneous monomodal optical fiber exhibiting HD effects is addressed in
[14]. Quartic and dipole solitons in an HD optical waveguide with self-steepening nonlinearity and varying
parameters are reported in [15].

The concept of HD solitons was defined a couple of years ago when chromatic dispersion (CD) was
supplemented with additional dispersion effects for its possible low count. These additional dispersive ef-
fects came from inter-modal dispersion (IMD), third-order dispersion (30D), fourth-order dispersion (40D),
fifth-order dispersion (50OD) and sixth-order dispersion (60D). These dispersive terms together with the pre-
existing CD collectively produce HD solitons as modeled by the CGLE. The current paper is a study of this
model in the presence of perturbation terms. The integration methodology is the complete discriminant clas-
sification approach [16-22]. The governing model is first transformed into an ordinary differential equation
(ODE), which is subsequently integrated based on the structural classification of the corresponding discrim-
inant. This yields a variety of soliton solutions to the model in addition to other solutions that are also listed.
The details of the derivation are outlined in the rest of the paper after the model is introduced, followed by
some mathematical preliminaries.

1.1. Governing model

The complex Ginzburg-Landau equation with additional dispersion effects is presented as below:

gy +ia1qx + a2qxx + 143Gy + AaGrxxx + A5G 00 + A6Gxxxnx

+ ‘q;q* [06 o (laP)_—B{ (IQIZ)X}Z] +F (laf)a=i|2 (laP"q) +6(1a"") a+old™a].

where a1, az, as, a4, as and ag give IMD, CD, 30D, 40D, 50D and 60D, in sequence. ¢ and 3 come
from nonlinear effects. A, 6 and o stem from the self-steepening effect, self-frequency shift and nonlinear
dispersion, in sequence. x depicts spatial variable, whereas g(x,#) denotes the wave profile. # implies to tem-
poral variable, while m depicts full nonlinearity. The first term also stems from temporal evolution, where

i =+/—1, while F' comes from self-phase modulation. The function F <|q\2) q is a real-valued algebraic
function and is k times continuously differentiable, so that

F <|q|2> qe mP: 1Ck ((=n,n) x (—m,m); RZ) .
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The function F (|q|2> q for the Kerr law of nonlinear form turns out to be

F(1aP) g =bolalq.

where by is the arbitrary constant. The model with the Kerr law of nonlinear form is therefore structured as
below:
ig; +ia1qx + a2qxx + 1A3Gxxx + AaGxxxx + 145G + A6Gxxxnce
1 2012 2\ \? 2 . 6 6 6
+—— |alaP (1aP) —B{(1a") } | +mlala=i[2(lga) +6(Ia) a+olafa]., @
|q| q* XX X X X
where by stems from the Kerr law of nonlinearity and the nonlinear parameter appears with m = 3.

2. MATHEMATICAL START-UP

The starting hypothesis is given by

s=x—vt, qx,1)=g(s)e/ et 3)

Here, g(s) comes from the amplitude component, where s is the wave variable and v is the velocity. Also,
from the phase component, 6y is the phase constant, ® is the wave number and x is the frequency.

Inserting Eq. (3) into Eq. (2) leaves us with the simplest equations

Pig” + Pygg" + Psgg™ +aggg!) +2(00—2B)(g)* + bog" — k(A +6)g* =0 )
and
{72 +66 +0}g%g + (v —ai + 2azk + 3azk? — dask® — Sask* + 6agk®) g )
— (a3 — dask — 10ask® +20agk™) " — (a5 — 6agk) g") = 0,
where
P = —a6k6 —|—a4k4 —|—a5k5 — a3k3 — (12]{2 +ajk— o,
P> = ap + 2004 3azk — 6ask> — 10ask’ + 15ak*
and
P; = a4+ 5ask — 15agk>.
Eq. (5) provides us the velocity
v =a) — 2ack — 3azk® + dask’ + Sask* — 6agk’, (6)
by the aid of the constraints
TA+66+0 =0,
a3 — 4ask — 10ask* + 20agk’ = 0, (7
as = 6agk.
Consider the trial equation
n
(&)=Y cg" (8)
i=0

Substituting Eq. (8) into Eq. (4) and then balancing —k(A + 6 )g® and aggg""’) simplifies Eq. (8) to

(g)? = cag’ +c38° + 28’ +c1g+ <o, )
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where

oo (KOt0) )
720a¢

c3 =0,

— P
2= " 7045’ (10)

2
R TIT

P;

co

1470002 (a — 2B)
and c4, ¢, 1 and cg satisfy the restrictions
by +2(a —2)cq + 182agc3cy + 504agcoc 4 2c4Py = 0,
8cycs +210agcicrcs + 12¢c1¢c4P3 =0,
2(a—2B)cr + a(,cg +3cic4 + 45@66’%6'4 +132agcocacs +crPo + 12¢cocsPs + Py =0, (11

1 1
2(0( — 2[3)01 + C% + 56166‘16'% + 36agcocics + 5C1P2 =0.

Setting

h=(ca)ig, s1=(ca)is, (12)
Eq. (9) comes out as
(hs,)? = h* + dyh* + dyh + dy, (13)

where 1

1
dr) = C2(C4)77, dy =c (04)717 do = co.
Rewrite Eq. (13) as

dh
w30 = [ N0l (14)
where
F(h) = h* + doh* + dyh + dy.

Next, we give the discriminant system [16-22]:

Dy =1,

D, = —dj,

D3 = —2d; +8d,d3 —9d3, (15)

27
Dy = —did5 +4d}ds +36d,d5ds — 32d3d3 — ng‘ + 6443,
E> =9d5 —32d,ds.

By classifying the roots of F (), we arrive at:

(1) D4 > 0&((Dy > 0&D3 < 0)||Dy < 0), then F(h) = [(h—&)> +&3][(h — &)* + €3],
(2) D4 < 0&((D2 <0&Dj3 < 0)”(D2 =0&D;3 < O)HDZ > 0), then F(h) = (h— 81)(h — 82)[<h — 83)2 —‘r&%],
(3) D4 >0, D3 >0, D, > 0, then F(h) = (h— 81)(h—82)(h—83)(h—84),

(4) D4 =0, D3 <0, then F(h) = (h—&)*[(h— &) + €3],

(5)E; =Dy =D3=0,D; >0, then F(h) = (h—¢&)*(h— &),

(6) E2 <0,D4 = D3 =0,D; <0, then F(h) = [(h—&1)* + €3]%,

(7) D4 =0,D3>0,D; >0, then F(h) = (h—¢&)*(h—&)(h— &),

(8) E; >0,D4 = D3 =0,D; >0, then F(h) = (h—&)*(h— &)?,

(9) Dy =0, D3 =0, D, =0, then F(h) = h*,

where g;(i < i< 4) are constants.
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3. THE OPTICAL WAVE PATTERNS

Casel. D4, =0, D; =0, D, =0, then
dh

:t(sl —SO) = ﬁ

In this case, a singular rational pattern comes out as

0 = {<k(k+c)

S

!
720a¢ ) 720a¢

[_ k(A +0) )ﬁs _ SO)]—I } ol (—hator+6)
Case 2. E; >0,D4 =D3 =0, D, > 0, then

dh
s =s0) = / h—e)h—e)

As a result, optical singular and dark soliton patterns read as

k(A+0)\ L
k(ﬂ-i-G) _1 & — € (&1 —&)|( 720 )12 — 50 (_
= h 6 -1 i(—kx+mt+6p)
and k(A+0) 1
_ k(A+o0),_ 1 .&—¢ (&1—&) [( 720;6y )ﬁs o SO] i(—kx+ot+6p)
g3 = {( 7200, )2 5 (tanh 5 —1)+&] e .

Case 3. D4, =0,D3 >0, D, > 0, then

dh
:t(sl—so):/(h_gl) (h_gz)(h—(%).

An optical bright soliton pattern is thus defined as

A _ L
252y (e — &) (&1 — &) J(kcrareay)
) Y

e { (&2 — &5)cosh /(&1 — &2) (&1 — &) (Y3 ) 25— 50)] — (261 — &2 — &3

while a singular periodic pattern is therefore introduced as below:

(MEro)) 5 (6, — &) (€1 — &)

gs = { } i(ka+wt+60)
. 1 :
:E(Ez — 83)51[1[\/—(81 — 82)(81 — 83)((](%(;? )ﬁs — SO)} — (281 — & — 83)

Cased. £, <0,Ds=D3 =0, D, <0, then
dh
(s — :/i.
(s1—50) et el

Hence, a singular periodic pattern evolves as

[ kA+o) 1, . k(A+0)
%_{( 7200 ) lEsinE(T00

1

) S—So) +81]}ei(kx+wt+9°).
Case 5. E, =Dy =D3 =0, D, > 0, then

+(s1 — S0

dh
):/ﬂh—el)%h—ez)'

(16)

a7

(18)

19

(20)

21

(22)

(23)

(24)

(25)

(26)
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As aresult, a rational singular pattern stands as

k(A +0o) 1 4(e1 — &) {(—kor-+wi-+6p)
= — ) 2|g + e 07, 27
K {( R PO LT P =

Case 6. D, = 0, D3 < 0, then

dh
+(s1—s0) = / . (28)
(h—e)y\/(h—e)* +&
Consequently, an exponential pattern sticks out as
+ (81—82)24-83%((1(%(;6))%S—So) a2 a2 02 (e
. (k(/l +0) - ¢ ’ o TV E-a) e (@ -28)
8 =
720a¢ (ei (81—82)2+€32((—%Z?)ﬁﬂ—50) g2 )2 —
(e1—&2)2+€2
% ei(ka+a)t+90) . (29)
Case 7. Dy > 0, D3 >0, Dy > 0, then
dh
+(s1—s0) = / : (30)
V(h—e))(h—&)(h—e5)(h—&)

In this case, two double periodic patterns shape up as

2V (E—&)(&—€&) k(A+o) L
o = (k(ﬂ,—f-G))f% & (€& — &)sn”( 2 (( 720ag )25 —50),m) — €1(&2 — &) ei(,kaergo)’
720as (61— e4)sn2(VAZENEZE) (KAL0) ) dy o) m) — (e — £4)
(€29)
KA+0) 1 es(er — 83)sn2( (81—83)(82—84) ((k%a;fﬁf) )les —s0),m) —&3(& — &) (—kxt-1-+-60)
q10= ( 720a ) ’ (e1—83)(e2—€4) / k(A 1 ¢ "
° (82— £)sm2 (VTS () 25 = so)m) — (€2~ &)
(32)
where
2 (B —&) (6 —8)
(&1 —&)(&—&)
Case 8. Dy < 0&((D; < 0&D3 < 0)||(D, = 0&D3 < 0)||D; > 0), then
dh
:|:(S1 —So) = / . (33)
V=) (h—e)[(h— )2 +¢]]
A double periodic pattern is thus introduced as below:
2 V280 (81—8) k(A+o)\ L
qi = (k(A +0) -5 gren( 2eie (C 720as )25~ 50),€) + & oi(—lr+or+6y) (34)
72045 esen’( ﬁ%?.fr&) (552 a5 — s0), ) + &4
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where

1 1
g = 5(81 +&)e— 5(81 — )&,

1 1
6=-(e+&)&— 5(81 -8)8&,

2
I3
& 281—83—i,
(5]
& =€ — & —&ey, (35)
. &+ (81— &)(e2—8&)
84(81—82) ’
ey =E+VE2 11,
1
62: .
1+e2

Case 9. D, > 0&((D2 > 0&Dj3 < 0) HD2 < O), then

dh

+(s1—50) = / . (36)
VI—e2+e3((h— &)+ €]]
A double periodic pattern is therefore recovered as
2 2 202 2
eysn( AL (K120 b 5p), )
e/ (2 +e) (e +ed) k(A+0)\ L
KA to), o \ Teen(PTEEEEE (g b ). e)
712= 1 ( 720ag¢ ) £11/(€2+€2)(2e2+€2) k(A+0) A 37
O)\ =
83S1”l( 2 3 832:_8}1 3¢ ((_ T20ag )12S—S0),6)
&4/ (e24¢€2) (2 e +€7) k(A+o)y L
teasn(— g = (- g, VB —s0)se) )
Xei(*k}H‘(HH»Qo)’
where
& = €183+ &&4,
& = €184 — & 83,
&4
&E=—-&6&——,
€]
& =& — &3,
p_(-a)te e (38)
28284
el ZE—i—\/Ez—],
2
e7—1
e= L 5
€

4. PHYSICAL REALIZATIONS OF SOLUTIONS

The physical realization under specific parameters is obtained, and the 3D diagrams of the solution intensity
I = |gi]* = g4} are shown in this section.
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Example 1. Singular solutions

Whenv=so=60y=w=as=1,06d=4,1 =5, k=10, one arrives at

g1 = {(é)—fz(l _ (%)llz(x_t))—l}ei(—10x+t+1)'

SettingV:82:S0:90:(0:616:1,81:2,83:3’G:4’A‘:5,k:IOPrOVidesuSWith

_ (5) ™ Qi 10xt1+1)
* {sin[(%)l(x—t)—l]}

Takingv=¢ =s0=60p=w=as=1,& =2,0=4,1 =5, k= 10 paves way to

00| —

Sh=

1

g6 = {(%)112 [2tan(2(%) B(x—1)—1)+ 1]}ei(10x+t+1)'

Ifv=g=s0=6=0=as=1,6=2,0=4,A=5, k=10, one extracts

] ei(710x+t+1)_
P-4

WhCnV:E3:So:90:(D:a6:1,82:2,81:3,6:4,125’](:lo’weacquire

H
N

q7={0ﬁﬁp+ R

o}
—~~
—~

00| —
~—
—
©l
—~
=

[

~
~—
|
—_

i(—10xt1+1)

Fig. 1. g5/ Fig. 2. |¢s|*

13

(39

(40)

(41

(42)

43)
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Example 2. Optical solitons

Settingv=g =s50=0)=w=as=1, & =2,0 =4, A =5, k=10 recovers the singular and dark solitons

. 1 71712 1 th_(%)ﬁ(x_t) (—10x+2+1) 44
72 =4 (g) =[50 > ‘] (44
and N
)l —(g)PG=0)+1 S| i Ciommsn
9= {(g) E [itanh 5 + 5] e - (45)

Takingv=g =s0=60=w=as=1,& =2, =3,06 =4, A =5, k=10 presents the bright soliton

oo|—

= 4z) " Li(—105+1+1)
& {cosh[\/i((%) (x—t)—1)] -3 } : (46)

Figures 3 and 4 exhibit the 3D diagrams of |g3|? and |g4/>.

m"“

Example 3. Elliptic function double periodic solutions

Ifv=eg=50=0=0=as=1,6&=2,6=3,6g=0=4,A =5, k=10, one secures

1
{1 *Jf9sn2<<é>u<x-—r>—-1f%3>—-8 i t0wsr41)
go=14(5) " ' = e : (47)
8 Ba((H)n(xr—1)—1,%) -
1
_1ﬁw%wwmn%4 S 10xe41)
qio = (8) 21\ L NG “48)
sn?((g)2(x—1)=1,%) -
Whenv:84=s0=90=a)=aﬁ=1,83=2,82=3,81—0—4,l=5sk:10,weretﬂe"e
1 18 = 3v/10)en? (105 ()2 (x—1) — 1),/ 02V10) _6-3\/10 |
o (_)7%( 10)cn?(10%((g) 2 (x —1) = 1),4/ %) - G105 40)

S VIR (105() B (r—1) — 1),y 00 — 1 - VIO

Fig. 3. g3/
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10 t

X

Fig. 5. [qo| Fig. 6. g0/

Settingv=&, =& =50=0=0=as=1,& =€ =2,06 =4, =5, k=10 derives

(9+\/§)sn2(Y((%)ﬁ(x_t) 1), 6\/25—10)
Ay A S VB =) = 1), o)
qr =4 (g5)
8 ; =
7+ﬂsn2(Y((%)ﬁ(x_t) 1), 6\/25 10y
\ +cn2(Y((%)ﬁ(x_t) 1), 6?710)
Xei(—l()x-‘rt—l—l)’ (50)
where
_ 2/60161 1095
T 29+7V5

Figures 5 and 6 visualize the 3D diagrams of |go|? and |g10|°.

S. CONCLUSIONS

The current paper derives and enlists HD soliton solutions to the CGLE that is studied in the context of
soliton transmission through optical fibers across intercontinental distances. The model is considered with
the Kerr law of nonlinearity and a few Hamiltonian-type perturbation terms. HD solitons are derived by
the complete discriminant classification approach. Such solitons are employed when CD is supplemented
with additional dispersion effects due to the low count of CD. In addition to soliton solutions, a different
variety of solutions naturally emerged based on the structure and sign of the discriminant. This led to a wide
spectrum of solutions that include solitons, periodic solutions and doubly periodic solutions. The numerical
sketches support the analytical findings.

The derived soliton solutions are going to lay a strong footing for further studies with the model. An
immediate study would involve computing the conservation laws that would lead to the study of quasi-
stationary soliton solutions in the presence of weak perturbations, which would be both of Hamiltonian
as well as non-Hamiltonian type. Also, additional form(s) of self-phase modulation sources have not been
examined yet. This is, thus, an open problem and will be later investigated. The results are yet to be released
and are currently awaited. This would subsequently lead to a very interesting structure of the results that
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would give a plethora of physical insight into the governing model. Moreover, the model will be later further
extended with the effects of birefringent fibers and DWDM systems that would give a truly broader and novel
perspective on HD solitons [1].
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