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Solitary waves, shock waves and conservation laws with the surface tension
effect in the Boussinesq equation
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Abstract. This paper secures solitary waves, shock waves and singular solitary waves for the Boussinesq equation, which is studied
with the inclusion of surface tension. The method of undetermined coefficients has yielded such waves. The Lie symmetry analysis
has introduced a fresh perspective to the model. Conserved densities and corresponding conserved quantities are computed using the
multiplier approach.
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1. INTRODUCTION

There are several models that govern the dynamics of shallow water waves along lake shores and seashores. The
most noticeable is the Korteweg—de Vries (KdV) equation. While innumerable models have been addressed in
this context, none of them has taken into consideration the effect of surface tension. One of the models that
also describes the flow of shallow water waves is the Boussinesq equation (BE). It is only this BE that was
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revisited by Daripa a couple of decades ago to include the effect of surface tension, and thus the sixth-order BE
(6BE) was derived from the first principles [3]. The existence and uniqueness of solutions to the 6BE has been
established [4,5,7,9,10]. Conservation laws for this model have been studied without conserved quantities [8].

The current paper will address several aspects of the 6BE. This model will be studied with a generalized
flavor to derive solutions of solitary waves, shock waves and singular solitary waves for the model. For deriva-
tion of these wave solutions, the method of undetermined coefficients would be implemented. Subsequently,
the Lie symmetry analysis would lead to the reduced ordinary differential equation (ODE), which will result in
the failure of its further analysis because of its complex structure. Finally, the multiplier approach would lead to
the retrieval of conserved quantities, for the general power law as well as for the special case where the power
law parameter is condensed to unity. These would finally compute the conserved quantity based on the derived
solitary wave solution. The detailed analyses will be presented in the remainder of the paper after a succinct
revisitation to the model.

1.1. Governing model
The 6BE in its dimensionless form reads as

gt — kz%cx +c (an)xx + a1Gxe + 2Gxr + b1 G + D2quvoar = 0. (D

Here, the independent variables are x and ¢, which represent spatial and temporal variables, respectively.
Then the dependent variable g(x,7) denotes the wave form. The first two terms represent the wave operator,
with k being the wave number. The nonlinearity coefficient is designated by ¢, with the parameter n being the
general power law parameter, and this parameter gives a generalized flavor to the model. The special case with
n = 1 has been studied on several ocassions with the BE [3—-10]. Next, the coefficients a; and b; for j = 1,2
indicate the coefficients of the fourth- and sixth-order dispersion terms, respectively. The coefficients of b; stem
from the surface tension effect. The fourth-order dispersion terms due to the effects of a; are derived in the
original model from the Navier—Stokes equation, following the first principles. This current model (1) will be
analyzed in detail along with the derivation of solitary waves, shock waves and conservation laws. The details
will be provided in the subsequent sections.

2. WAVE SOLUTIONS

This section implements the method of undetermined coefficients to derive solitary waves, shock waves and
singular solitary waves. The parametric constraints naturally emerge from the solution structure of such waves.
These are also presented and enumerated. The four subsections focus on the derivation of these waves, sup-
ported by the 6BE.

2.1. Solitary waves

This subsection deals with solitary wave solutions to the BE, with the presence of surface tension (1). To
proceed, we first assume the solution in the form

q(x,t) = Asech’[B(x —vt)], (2)
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where A describes the wave amplitude, B represents the inverse width and v is the corresponding wave velocity,
while the parameter p will be determined by proper balance. Thus, substituting the ansatz (2) into the considered
system (1) yields

—p?[k* —v* — p*(ay +av? + p? (b1 + by*)B*)B*|AB* sech?” T+ p(p + 1){k2 —v: =22+ p(2+p))

x[a1 +av’]+ (4+ p(p+2))(4+3p(p+2))[b1 + szQ]BQ)BZ}ABZ sech”*2 7+ p(p+1)(p+2)(p+3)

x[ar+a2v® + (204 3p(p+4)) (b1 +b2*)BY|AB* sech” * 7 — p(p+ 1) (p+2) (p+3)(p+4) (p+5)
x (b1 + bav*)ABS sech”™® T — 2cnp(2np + 1)A*"B? sech™P 2 1 + 4en® p* A" B? sech™ 1 = 0, 3)

where the notation T = B(x —vt) has been adopted. In order to determine the value of the parameter p, we
balance 2np+2 with p+4, or 2np with p+ 2, giving in both cases

2

RETEE @

P

where trivially n # 1/2. Then, setting the coefficients of the linearly independent functions sechT T to zero
for j=2,4n,8n—2, and 12n —4, one obtains for the amplitude

1
2\ 1
A (2n+1) (b1 + bak?) 5)
2¢chy
as long as
cby (b +bok*) >0 (6)
is satisfied, and for the wave velocity
b
=y (7)
subject to the constraint
b1by <O0. ®)

This shows that solitary waves for the 6BE will exist provided that the two sixth-order dispersion terms bear
opposite signs.
Similarly, in view of (7), the inverse width proves to be

_ 2
B |2n—1| b1 + bk )
2 aiby —arby

(b1 +bok*) (a1 — axby) > 0 (10)

provided that

remains valid. Another immediate observation yields

1
—. 11
n>2 (11)
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Fig. 1. Profile of a solitary wave (12) withn=1,b; =1,by = -2, k=1,c=1,a; =1and a; = 1.

Thus, nonlinearity of the power law implicates the existence of solitary waves as long as the restriction on
n remains valid.
Therefore, the solitary wave solution to the 6BE, with surface tension, (1) is given by

q(x,1) = Asechm1 [B(x — vt)], (12)

where the corresponding amplitude, inverse width and velocity are given in (5), (9) and (7), respectively. The
solution will exist whenever all the conditions (6), (10) and (8) are satisfied. Figure 1 depicts the surface plot
of a solitary wave.

2.2. Shock waves

In this section we explore shock wave solutions supported by the system (1). The initial hypothesis to be
considered in this situation is

q(x,t) = Atanh” [B(x — vt)], (13)

where, as for solitary waves, A represents the amplitude, B the inverse width, v is the wave velocity, and p a
parameter to be determined. The substitution of (13) into (1) yields in simplified form
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p(p=1)(p—2)(p—3)(p—4)(p—5) (b1 +b2v*)AB tanh?” ° T+ p(p—1)(p — 2)(p — 3)[a1 +a2v* —2(20+3p
x(p—4))(by +b2v*)B*]AB* tanh? ~* 7 — p(p — 1){k2 —V?+[42+ p(p—2)) (a1 +an?) — (136 +5p
< (p—2)(23+3p(p—2)))(by +b2v2)32]32}A32 tanh? 2 r+2p2{k2 V4 [(5+3p) (a1 +ap?) —2(28
+5p2(7+ p2)) (b1 +b2v2)Bz]B2}Athanhl"L'—p(er 1){k2 V2 + 42+ p(p+2)) (a1 +an?) — (136
+5p(p+2)(2343p(p+2))) (b +b2v2)BZ]BZ}ABZtanhP+%+ p(p+1)(p+2)(p+3)[ar +av* —2(20
+3p(p+4)) (b1 +b2v*)B*JAB* tanh?** T+ p(p+1)(p+2)(p+3)(p+4)(p+5) (b1 + b2v*) AB® tanh?*° 7

— 8cn’ p?A¥" B? tanh®"? T+ 2cnp(2np — 1)A?"B* tanh®P 2 © + 2cnp(2np + 1) A>"B? tanh>? 2 1 =0,  (14)

where the argument was redefined as
T = B(x—wr) (15)

for simplicity. A proper balance allows us to equate the exponents 2np = p+2 leading to (4). Notice that the
same value for the parameter p can be obtained by pairing 2np —2 = p with p or 2np+2 with p+4. Thus,
from the stand-alone elements tanh”°t

p=1 (16)
which therefore implies that
3
-2 17
n=z (17)

after equating (4) and (16). Such a value a of n slightly simplifies the system under study (1) to

qir — kqux +c (q3)xx + a1qxexx + 02qxar + D1 Ganeex + b2Guenar = 0. (18)

Then, substituting (16) and (17) into (14), and setting the coefficients of the linearly independent functions
tanh/ T for j=1,3,5,7 to zero yields the same expression for the velocity as in (7) and the amplitude-width
relation

A= \/_ (b1+b2k2)+8(alb2_azb1)32

19
3Cb2 ( )
whenever
cby { (b1 +bak?) +8 (a1by — azby) B>} < 0. (20)
In addition, the remaining two identities lead to
by + byk?
B— _ b Dokm 1)

2(612[91 — albz) ’

constrained by
(b1 +b2k?) (axby —a1bs) > 0. (22)
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q(x, t)

Fig. 2. Profile of a shock wave (25) with by = 1,0 = -2, k=1,c=1,a; =—1landay = 1.

Thus, in view of (21), the amplitude (19) can be fully written in terms of the model parameter as

by + byk?
A= _ (b1 +b2k%) (23)
c
as long as
c(by +bak?) < 0. 24)
Therefore, the shock wave solution to the slightly reduced system (18) is given by
q(x,t) = Atanh[B(x — vr)], (25)

where the amplitude is discussed in (23), the inverse width is given in (21), and as for solitary waves, the
velocity is described in (7). The solvability conditions for the obtained shock waves are (8), (20), (22) and (24).
Such conditions guarantee the existence of the shock wave solution. Figure 2 indicates the surface plot of a
shock wave.

2.3. Singular solitary waves (type-I)

In this section we discuss the first type of singular solitary waves, namely the nonlinear waves described by the
ansatz

q(x,t) = Acsch?[B(x —vt)], (26)
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where, as in the previous two cases, A, B and v describe the amplitude, inverse width and wave velocity,
respectively. The unknown parameter p will be determined by proper balance. Thus, the task is now to discover
the parameters p, A, B and v so that, when substituting into (26), the resulting expression satisfies the BE (1).
To proceed, we first substitute (26) into (1), disintegrating the latter into

—p? [k —v* — p*(ay + apv* + p*(by + byv?)B*)BYJAB? csch” T — p(p + 1){k2 —v?—(2(24+p(2+p))

x[ar+av?]+ (44 p(p+2))(4+3p(p+2))[b1 + bzvz]Bz)Bz}ABzcsch”+2 t+p(p+1)(p+2)

x(p+3)[a1 +av* + (20+3p(p+4)) (b +by?)B*|AB* csch’ ™ 14+ p(p+ 1) (p+2)(p+3)(p+4)
x (p+35) (b1 +byv*)AB® csch” ™0 T+ 2cnp(2np + 1)A?"B? csch®P 2 1 4 den® p?A*" B csch®P 1 =0 (27)
after simplification. Once again, the notation T = B(x—vt) has been adopted only for simplicity. With the aid
of the balancing principle one can equate

2np+2=p+4 or 2np=p+2, (28)

which allows us to retrieve (4). Now, substituting the obtained value for the parameter p into (27) and setting
the coefficients of the linearly independent functions cschiT T to zero for j=2,4n,8n—2, and 12n —4, one
gets the velocity as in (7) and the parameter

1
2\ -1
A [ @nt1)(br+52k) 29)
2¢cby

as long as
chy(2n+1) (b1 +bak*) < 0. (30)

Similarly, the inverse width proved to be as in (9) after considering (7). Therefore, the singular solitary
type-I wave solution to the BE with the presence of surface tension (1) is given by

q(x,1) = Acschm1 [B(x — vt)], 31)
where the corresponding amplitude A, the inverse width B and the wave velocity v are given in (29), (9) and (7),
respectively. For the resulting solution to exist, the contraints (8), (10) and (30) have to be satisfied.
2.4. Singular solitary waves (type-II)

The last type of wave to be considered in this work is the second type of singular solitary waves, whose ansatz
is given by

q(x,t) = Acoth”[B(x —vt)], (32)

where the parameters A, B, v and the exponent p have the same meaning as for the three wave forms discussed
in the previous three subsections. For convenience, we adopt again the notation 7 = B(x —vt). Now, the
substitution of (32) into (1) gives
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p(p=1)(p=2)(p=3)(p—4)(p—5) (b1 +b2*)AB coth” ® T+ p(p —1)(p —2)(p— 3)[a1 +a2v* —2(20+3p
x(p—4))(b1 +bav?*)B*JAB* coth”* 7 — p(p — 1){k2 — VvV +[4(2+p(p—2))(ar +a*) — (136 +5p(p —2)
x(23+3p(p—2))) (b +b2v2)32}BZ}A32comP*2r+2p2{k2 — V2 [(543p%)(ar +axv?) —2(28 +5p*
x (74 p*)) (b1 +b2v2)32]32}A32cothPr—p(p+ 1){k2 242+ p(p+2))(ar +an?) — (136 + 5p
x(p+2)(23+3p(p+2))) (b +bzvz)BZ]Bz}ABzcoth”z’H—p(p—i— 1)(p+2)(p+3)[ar +an* —2(20+3p

X (p+4)) (b1 +bv?)BYJAB* coth? ™ 1+ p(p+1)(p+2)(p+3)(p+4) (p+5) (b + byv?)AB coth? 0 ¢
— 8cn’ p? AP B? tanh®"? T + 2cnp(2np — 1) A" B? coth®P =2t + 2cnp(2np + 1) A*"B? coth®P 2 1 =0 (33)

after simplification. A proper balance yields again the value of p given in (4), while the stand-alone elements
tanh?*¢ ¢ yield (16). Comparing both resulting values of p leads to (17). Substituting (16) and (17) into
(33) results in identical results as for shock waves, namely (18)—(24) along with corresponding constraints.
Therefore, the type-II singular solitary wave solution for the system (18) has the form

q(x,t) = Acoth[B(x —vr)], (34)

where the corresponding amplitude, inverse width and velocity, along with corresponding solvability condi-
tions, are the same as for the shock waves discussed above.

3.LIE SYMMETRY ANALYSIS

The Lie symmetry analysis is one of the most powerful mathematical tools to handle a nonlinear differential
equation from its integrability standpoint [1,2,11]. This methodology has been successfully implemented in
several models [12-14]. In this section, we try to construct symmetries, symmetry reductions and group invari-
ant solutions to the BE in the presence of surface tension (1) via the classical Lie method [11-13]. For this, let
us consider the Lie group of point transformations as

q" =q+en(x,t,q)+0(€?),
x* = x4+ €E(x,t,q) + O(£?), (35)
t* =t+et(x,t,q) +O(€?),

which leaves the equation (1) invariant. The method for determining the symmetry group of (1) consists in
finding the infinitesimals 1, & and 7, which are functions of x,7,q. Assuming that the system is invariant under
the transformations (35), we get the following relations from the first-order coefficients &:

" =% +c(2n) (20— 1)(2q:¢”" 20"+ (2n = 2)ng™q) + 2nc(g? I + (20— 1)Ng*" 2 gx)

+a] nxxxx +a2nxxtt +bl nxxxxxx _|_b2nxxxxtt — O’ (36)
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where n*, N, ', o e it gre extended (prolonged) infinitesimals acting on an enlarged space
that includes all derivatives of the dependent variables gy, Gxx, Grr, Grxexs Quxtty Gxvexer A0A Grxxse- The infinitesi-
mals are determined from the invariance conditions (36) by setting the coefficients of different differentials
equal to zero. We obtain a large number of partial differential equations (PDEs) in 1, and 7 that need to be
satisfied. After long and tedious calculations, the general solution to this large system provides us with the
following forms for the infinitesimal elements 1, & and 7:

§:C177:C2777207 (37)

where C| and C; are arbitrary constants and the above symmetries reduce the equation (1) to an ODE using the
characteristic equation

d dt d
S (38)
¢ T M
Using the symmetries obtained in (37), we get the similarity variables and the traveling wave transformation
as
q(x7t):F(C)7 C:B(X_VI)7 (39)
which enables us to reach solitons similar to those obtained by assuming the ansatzes (2), (13), (26) and (32).
However, in one more case, when n = %, we get some different symmetries, which have been mentioned as
E=Ci, 1=0, N =C3q+Cy, (40)

where C1,C,,C3,Cy are arbitrary constants. Using the symmetries obtained above and the characteristic equa-
tion (38), we obtain the following similarity variables and transformation:

q(xvt):etF(C)v C:x_Wta (41)

where w is the velocity of the traveling wave. On substituting (41) into the equation (1), we get the reduced
ODE, in this case as

F(§) =2wF' () + (W = K + ¢ +a2) F"(§) = 2a;wF" (§) + (a2w® + a1 + b2 F™ (§) — 2wha F ({)

+(b1 +w?b)F'(§) = 0. (42)

Due to the complexity of the reduced ODE above, we are able to recover the only trivial solution of the
equation.

4. CONSERVATION LAWS

We present some preliminaries on conservation laws, which will be used in the following analyses.

For an rth-order system of PDEs of n independent variables and m dependent variables u = (uy,uz, ... ,uy),
viz., E“(§,u,u(]), e ,u(r)) = 0, where u,uy,...,u; denote the collections of all first- , second- , etc., order
derivatives of u, and with the total differentiation operator with respect to x' given by D; = % + u?aa? +
uf‘ja‘%? + ..., we define the conservation law to be the closed form D,, T*' +D,,T* 4 ... = 0 on the solutions of
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the system of PDEs. We may resort to the multiplier approach based on the well-known result that the Euler—
Lagrange operator annihilates the total divergence [1]. That is, if there exists nontrivial differential functions
Q" called a ‘multiplier’, such that

Q“(g,u,u(l) .. .)E“(;,u,u(l), .. .,u(,)) :DXITX1 —i-DxZTx2 +..., (43)

for some (conserved) vector (7*1,7*2,...), then

0
EQ(&uau(l)'-‘)E(Ka”’”(l)a'”v”(r)) :O, (44)

where % is the Euler operator. This equation can be used to construct the QOs, and some procedure may then

be applied to derive the respective conserved flows. We note that the conserved vectors may be expressed,
alternatively, as differential ‘forms’ [2].
The conservation laws are divided into two subsections based on arbitrary n and when n = 1.

4.1. Case-I (arbitrary n)
The multiplier approach leads to four nontrivial multipliers for the general case on n, viz.,
QA:17 QB:x7 QC:ta QD:)“- (45)

None of these include momentum or energy conservation. In some cases below, we only present the densi-
ties 7":

A. 0=1:

Tlt = _%bZQxxxxt - %GZQxxt — 4

I = _%bZQXxxtt — b1 Gxexx — %Cqu,m — a1+ kZQX - ncqn—] qx-
B. O=x:

Ti = — 3b2XGxena + 1502Gx0n — 502XGxu + 3A2qxa2 — X4y,

Iy = —nxcqxq"’l +cq" — %blx%cxxtt — D1 X + %quxxtt

+b1Gxe — %QZX%CU — A1XGxxx + éClZ‘bt +a1qxx +Xk2%c - kz‘]' (46)

C. O=t:

T3t = _%bZtQXxxxt + %bZ%Cxx - %CthQxxt + %GZ%CX —1tq;+q,
Tigx = _%bﬂqxxxtt — b1t G+ listQxxxt - %aﬂ%ctt —a1tGxxx + %aZth + tkqu - nCtCqunil .

D. O=uxt:
1 4 1 1 2 1
Ti = —3b2Xt Grave + 15028 Gt + 75D2Xqix — 302X G — {502Gn + 3021 Gt
1 1
+ 52X xx — X1q; — 302Gx 1.
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4.2. Case-Il (n=1)

For n = 1, we obtain infinitely many conservation laws, which include higher-order laws that originate from
higher-order multipliers. Here, energy (£) and linear momentum (M) are conserved:
a. O, = g, (linear momentum):

Tlt = _liobZCIxxxxt%c + %bZCIxxxtCIxx + TlobZCIxxxCle - ébquxx%cxt - %aquxt%c + %aZC]xt%cx

47
_%bZQZQXxxx - %aZQZQxxx - %%qx =+ %bZQ‘Ixxxxxt + %QZQQMM =+ %qq,\ct-

b. Q) = q; (energy):

thl: _%b2qlt%cxxxt + %bZC]xlxxt%ct + %bZI%thxxz_ %bZCI)Zcxt - %IGZQZC]XXI - {?bZQxIIQMx
+gazq)2a + meQtht%cx t 342919 — thz - ﬁbZ%Cxxttq;c — e2qxttqx — §b2q‘bcxxxtt (48)
_%QZQ%OM =+ %kzq%cx - %alq%cxx - %bqu,vxxxxx - %Cq%cx-

An example of a higher-order density is
C. Oc = Grur:

t 1 1 1 1 1
T3 = ﬁbZQXt%cxxxxt + %bZQX%cxxxxtt + 6Cdxqxxx — @bZQIQXxxxxxt + gb] GxYxxxxxxx

1 1 1 172 1 1.2
- 6bl%qu;cxxxxx + @bZQXxxCIxxtt + 592 xt Gxxxt — gk GxGxxx T 39Gxxt — 6CGxx

172 .2 1 1 2 1 1 1 1
""‘64]( Dxx — 69xx 4t 1_ 10y — 3919t T g9x Gt ‘il galcbc‘Ixxxxl_ ﬁaz%qlxxxxt (49)

1 2
_ﬁbl%cxxxtq;cxt — 1292 xxGxxtr — ﬁbZ‘Ixx%cxxxtt + Ek 99xxx — 609 xxx — g A1Ygxxqxxx
1 1 2 2 1 1

- EbZQXxeXxxtt - gbIQQxxxxxxxx + ﬁbqum — 419G xxxxxx + T2 @299 xxxxtt -

5. CONSERVED QUANTITIES

The conserved densities derived in the previous section lead to the conserved quantities based on the solitary
wave given by (12). The next two subsections are based on the two cases for arbitrary n and n = 1, respectively.
The results of this section are reported for the first time. The previously reported work on conservation laws
was rendered incomplete since it never computed conserved quantities from the densities, not to mention the
general power law of nonlinearity [8].

5.1. Case-I (arbitrary n)
The conserved quantities, upon using the solitary wave solution given by (12) are, respectively, given as

I = / Tidx =0, (50)

= [ mds= [ adr= g : 51)
- - [ (57 +3)
n= [ = [ an=g g3 (52)
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and
o oo 1—vAT () (L
14:/ T;dxz/ (1 = vi)gdx = 1= (2"—11) (12). (53)
- - B I (anl + 2)
For 14 to be a conserved quantity, it is necessary to have
dly
— =0 54
7 Y (54
which prompts
v=20. (55)

Thus, this conserved quantity is valid for a stationary solitary wave and is given by

_AT(E)r () 6

I

5.2.Case-Il (n=1)

For n = 1, the solitary wave solution given by (12) is reduced to
q(x,t) = Asech®[B(x — vt)]. (57)

Thus, the conservation laws are given by

2

o . A2B
=M= / Tldx = % / (Tbaq2 e + 10a2q%, + 10g%) dx = v525 (560 -+ 1600a> B +224b,B*),  (58)

L=E = /w Tydx = %/m {(15b1 = 200V*) G, + 1500V @2+ 15 (¢* = V2 — k) q; } dx

2
- ??7153 [4B* (15b) — 2b2v?) +300a2v°B? 4 105 (c —* — k2)] (59)

and

> 32A’B°
L= /_m Tidx = 355 [39 (14b2v* — 15b1) B* +55 (a1 — 3axv?) B2 =275 (2c + 20 + 4% —v)] . (60)

6. CONCLUSIONS

The current work has recovered solitary waves, shock waves and singular solitary waves for shallow water
waves, with the inclusion of the surface tension effect along with conservation laws. Thus, with the fundamental
results a deluge of opportunities has emerged for the model. A future agenda is to study the model numerically
by implementing the Laplace Adomian decomposition approach or the variational iteration approach. Addi-
tional integration schemes will be implemented for the 6BE to provide fresher perspectives [14,15]. In addition,
the soliton perturbation theory would be applied to obtain the adiabatic parameter dynamics of solitary waves.
The effect of randomness also needs to be triggered so that the 6BE can be studied with additive as well as
multiplicative noise with the aid of Ito and/or Stratonovich calculus. These are only the tip of the iceberg!
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