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The influence of delamination on free vibrations
of composite beams on Pasternak soil
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Abstract. Free vibrations of delaminated beams resting on Pasternak soil are analysed. Differential
stretching and bending—extension coupling are considered in the formulation. The influence of soil
parameters, size and location of the delamination on the frequencies and mode shapes is
investigated. Some numerical examples and comparisons are presented.
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1. INTRODUCTION

Dynamic response of composite laminates has received a great deal of
attention. Composites are very sensitive to the defects and anomalies induced
during their fabrication and exploitation. One of the most common defects in
composite laminates is delamination. The presence of delamination may cause
changes in the vibration characteristics of the structure and can be the most
damaging failure mode of composite materials. A detailed review on this topic
was recently given by Zou et al. ['], and Luo and Hanagud [?]. Free vibrations of
delaminated composite beams were first studied by Ramkumar et a. []. They
proposed to deal with alaminated beam using four Timoshenko beams connected
at the delamination edges. Wang et al.[‘] examined free vibrations of
delaminated beams including the effect of coupling between flexural and
longitudinal motion. The intact and delaminated parts have been treated as
classical beam models. In this model the delaminated layers are assumed to
deform “freely”. Mujumdar and Suryanarayan [°] showed that this assumption is
physically inadmissible because of possible overlapping of delaminated layers
for off-midplane delaminations. They suggested a model where delaminated
layers are “constrained”, having identical transverse deformations. Tracy and
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Pardoen [°] presented a simplified analytical model to predict stiffness degrada-
tion in composite laminates without bending/extensional coupling. The con-
strained models fail to explain the delamination opening modes found in
experiments["]. In order to take into account constraints between upper and
lower delamination parts, Luo and Hanagud [?] proposed the piecewise linear
spring model to simulate the nonlinear interaction between delaminated surfaces.
The nonlinear constraint model for describing the behaviour of delaminated parts
was introduced by Wang and Tong [?]. Brandinelli and Massabo [°] proposed a
linear elastic bridging-mechanism acting along the surfaces of the delamination.
This model is based on the first-order shear deformation theory of laminated
plates.

In most papers the vibrations of beams have been studied in the case where
the beam has a single delamination or multiple delaminations of the same length
through the beam thickness. A sandwich beam with double delaminations is
investigated in [*°]. Free vibrations of beams with two enveloping delaminations
were studied by Shu and Della["]. Multi-delaminated composite beams sub-
jected to the axial compression load are considered in [*?]. Nonlinear vibration of
composite beams with arbitrary delamination is discussed in [**]. The layerwise
theory of composite laminatesis explored in [**4].

Many practical problems related to soil—structure interactions can be modelled
by means of a beam on elagtic foundation. Various types of foundation models
such as Winkler, Pasternak, Vlasov, etc. models have been used in the analysis of
beams on elastic foundation [*]. In the case of the Winkler model it is assumed
that the foundation applies only to a reaction proportional to the beam deflection.
The medium is taken into account as a system composed of infinitely close linear
springs. The interaction between springs is not considered in the Winkler model.
Pasternak [*°] has proposed a physicaly close and mathematically simple two-
parameter foundation model with shear interactions. The first foundation parameter
is the same as in the Winkler model and the second one is the stiffness of the
shearing layer in the Pasternak foundation model. The vibrations of solid beams
resting on elastic foundation have been investigated in a number of papers[*2Y.

It appears that there is no analytical model for delaminated beams resting on
elastic foundation. In the present paper the ideas of [*>*%!] are extended to the case
of delaminated beams resting on Pasternak soil. Two different models are applied.
In the first model the coupling between longitudinal vibration and transverse
bending is taken into account, whereas in the second model the delaminated parts
are constrained having identical transverse displacements. The shear deformation
and rotationa inertiaterms are not included in the present study.

2. FORMULATION OF THE PROBLEM
Consider a beam of length L, resting on Pasternak soil and having an

arbitrary delamination of length L, (Fig. 1). The through-width delamination is
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assumed to be paralléel to the beam axis and to be located arbitrarily in both the
spanwise and thicknesswise directions. The delaminated section is divided into
two sublaminates of thickness h, and h,, respectively. Thus, the beam is divided
into four sections denoted -1V as shown in Fig. 1. Each section is treated as a
classical Bernoulli beam model, provided that L, >> h. For the sake of simplicity
only one delamination zone is considered. The beam with multiple delaminations
can be treated analogoudly.

Governing equations for the vibrations of beam sections on the two-parameter
elastic foundation can be deduced by means of Hamilton’s principle [*]:

2 2
j—{ x) LW } K, (9w ——{k()—} —5,(x
X

where w (X) isthe vertical displacement of the ith beam section, D,(x) is the
bending stiffness, o (x) isthe material density, x isthe axial coordinate, and t
isthe time. The quantity A denotes the cross-sectional area, whereas k,(x) and
k,(X) denote the variable coefficients of the Winkler and Pasternak foundations,
respectively. The bending stiffness for homogeneous and isotropic beams is
given as

(D)

D, (%) =E (X)1;(X). 2

The Winkler foundation parameter, denoted by k,, represents the distributed
trandational resistance of the foundation, and the Pasternak parameter Kk,
accounts for the rotational stiffness [*]. In the case of a plane stress problem, E
is Young's modulus, whereas in the case of the plane strain problem, E would
be replaced by an equivalent Young's modulus E = E/(l—vz), where v is
Poisson’sratio. The quantity | denotes the second moment of the cross-sectional
area of the beam segment. In the case of composite laminates, the quantity D
can be calculated using the classical laminate theory [%] in the following way:

B2
D=D, ——, (©)
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Ly
X L > X Ly > X — X,
A A
x h :  beamII hy
J—rbeaml 5 Y : beamlIV
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Winkler springs &,

Fig. 1. A model of abeam on elastic foundation.
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b ~
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k=1
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In Egs (3)«5) D,; denotesthe bending stiffness, A, isthe extensional stiffness,
and B, is the coupling bending/extensional stiffness of the beam section. The
quantity Qll is the coefficient stiffness of the kth laminaof the beam section and
can be calculated with the aid of lamina parameters. In Eqs(5) E;;, E,,, and
Vo, VY, stand for longitudinal and transverse Young's moduli and Poisson’'s
ratio of a single lamina, respectively; & is the lamina orientation angle; z, and
z,_, are the coordinates of the kth lamina with respect to the mid-plane of the
beam section.
For free vibrations the solution can be sought in the form

W (x,t) =W (e’ (6)

where w is the natural frequency and W(x) is the mode shape of the ith beam
sectionand j =+/—1. Equation (1) then yields

d2
e { (X) }KN(X)W o {k (X) } -p () AW, =0. (7)
The solution of (7) for the general case of k,(x) and k,(x) is not available. In
the further study it is assumed that k, =const, k, =const, and g, =const.

It is convenient to rewrite this equation in the form

d'w _ _dW
dx* e dx? +HAAW =0, (8)

where
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The solution of (8) can be expressed as
4 . .
W =3 C F'(x), (10)
k=1
where the functions Fki (X) can be presented as follows:

R (9| (coshyx
Fi(X) sinhy; x

= ,if 62 > A and A, <0, 11
FJ(X) sinhvix
R (9| (coshyx
F, inh y;
200 SNVX] G652 5 4 and 4 >0, (12)

Fg(x) COS 4 X
Floo)  Lsinax

R (9| (cosBxcoshax
F,(X)| _ | cosBxsinha;x
Fi(x)| |sinBxcosha;x
Fi (%) sin Zxsinha; x

Jif 82 <A, (13)

It can be stated that for the most real physical parameters the mathematically
exact statement 8 = A is not achieved. The quantities a;, B, ¥, 4, v, ae
defined as

a=\JA+5,  B=[A-0. y=V2{5+[F -1,
th=N2 O -4 =3, v =23 & ).

For each beam section the governing equations are solved, whereas the unknown
integration constants can be found with the aid of boundary and continuity
conditions between beam sections. Since al equations contain the frequency w,
a solution can be obtained. The type of the solution depends on the beam
geometry, elastic foundation, and delamination size and position.

(14)
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3. FREE MODEL

In the following analysis the nondimensional quantities
W=¥gi4mA (15)
will be introduced.
In the split region, in addition to the deflection, the governing equations for
the longitudinal equilibrium are written as follows [*]:
du o

dé+?%=Qi=za (16)

where ¢ =E /p and u; denote the longitudinal displacement of the ith beam
section. The genera solution of (16) may be written in the following form:

u =G sin(i)xj+Hi cos[ﬁ)x}. (17)
G G

The 20 coefficients C,, G, and H,, (i,k=1...,4, m=2,3) are determined
with the aid of the boundary and continuity conditions. If the beam is clamped at
x=x (Fig. 1), then W, =0 and W, =0; if simply supported, then W, =0 and
W'=0; if free, then W'=0 and W,"=0. The analogous boundary conditions can
be established at x=x,. The continuity conditions for deflection, slope, shear
force, bending moment, and longitudinal displacement at x = x, are:

\M* :W* , \/\é-* :W* ,
\Mﬂ - W*l , \Mﬂ :W’ ,
Dl\AllirI" - D2W2‘l" + Ds\A/:;" ’

. (18)
DW," =DW," +DyW; +eEAu;,
E AU, =EAL,
U, =u; —eW, ,

where e is the distance between neutral planes of the upper and lower parts of
the split region. The quantities A, and A, denote the cross-sectional areas of
delaminated beam sections. Similar continuity conditions can be written at
X=X;. A nontrivial solution for the coefficients exists only when the
determinant of the coefficient matrix vanishes. The frequencies and mode shapes
can be calculated as eigenvalue and eigenvector solutions, respectively.
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4. CONSTRAINED MODEL

In order to preclude the nonphysical vibration modes, the deflections of
segments 11 and 111 can be forced to vibrate together (w, =w;). In this model the
governing eguations are

9w 0w *w . .

—— -k, —>-+kW +pA—"=0 (i =1 and i =4). 19

i aX4 paxz kW | lolA atg ( ) ( )
For the second and third parts we have

W2 aw2
pa2

The generalized solution for W~ (i =1,2,4) in the case of the “constrained
model” is identical to (10)—(13). The number of unknown constants Ck is now
12, which can be determined by four boundary conditions and eight continuity
conditions (four at x=x, and four a x=x;). The continuity conditions at
X=X, for deflections, slopes, and shear forces can be written as

\/\é-* :W*’ \/\éﬂ :W*I ,

e, +(0,, +0,A) L0 =0, (20)

(D + D3) atg

(21)
DW" = (D, +DW; .
The continuity condition for bending moments can be presented as
1 1
My =M, +M3 =~ Py(y =h,) +-P(hy ~hy) (22)

where M, =-DW". The axia forces P, and P, can be established from the
compatibility between the stretching/shortening of the delaminated layers and
axial equilibrium [7]:

RL, h B
EA A Az 2(V\é %) =W, (%)), 23)
P, +P, =0.

Similarly, we can derive the continuity conditionsat x = X,.

5.NUMERICAL RESULTS

It is convenient to define the following nondimensional quantities:

Q2=&L3w2 KN kWLO k" :kF’_LO (24)

E, El, " El
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The following cases are considered:
1. Homogeneous beam without delamination on elastic foundation

A comparison with the results given in [**?] is shown in Table 1, where the
first three nondimensiona natural frequencies (Q) of a homogeneous clamped—
clamped beam are given as functions of the two soil parameters. It should be
not§925that kp =k, 7%, h/L,=1/120 and the frequency parameter V/Q is used
in[“*7].
2. Clamped—clamped delaminated beam without foundation

Comparisons with the results given in [*****] are presented in Table 2, where
the first three nondimensional natural frequencies (Q) are given as functions of
the delamination length. The single symmetric midplane delamination is applied
here. Here k; =k, =0 and h /L,=1/120.

Tables 1 and 2 show good agreement between the present model and the
analytical [**], numerical [***], and FEM ["] results.
3. Delaminated composite beam without foundation

The third verification is performed on a T300/934 graphite/epoxy cantilever
beam with a [0°/90°], stacking sequence, which was studied in[?>""]. The
dimensions of the 8-ply beam are 127 x 12.7 x 1.016 mm°. The material
properties for the lamina are: E;; =134GPa, E,, =10.3GPa, G, =5GPa,
v, =0.33, and p=1.4x10% kg/m®. The delaminations are either at the midspan
or a h,/h =0.25 and the lengths are 25.4, 50.8, 76.2, and 101.6 mm. The
primary frequencies are shown in Table3. The first row corresponds to the
midplane delamination and the second row corresponds to the delamination at the
position h,/h =0.25. Good agreement was obtained between the frequencies
predicted by the present method and the experimental and analytical results by
Shen and Grady [] and analytical results by Shu and Della [*'], and Luo and
Hanagud [?]. The values of delamination length strongly influence the values of
frequencies.

Table 1. Thefirst three natural frequencies of the beam on elastic foundation

Foundation parameter | Present | Chenetd.[*] | DeRosa a;nd
K ‘ K, Maurizi [#]
0.0 0.0 22.3733 22.3861 22.3729
61.6649 61.6743 61.6853
120.9032 120.7977 120.9120
0.0 1.0 25.0887 24.9380 24.9400
65.2412 65.2492 65.2541
125.0640 124.7689 124.8583
100.0 0.0 24.6090 245174 24.5025
62.4716 62.4795 62.4732
121.3324 123.1212 121.0140
100.0 1.0 27.0997 26.8676 26.8531
66.0026 66.0108 65.9994
125.4781 125.1669 125.2609
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Table 2. Thefirst three natural frequencies of the beam with a midplane delamination

Delamination | Present | Shuand Ddla['] | Wangetal.[%] Lee[Y]
length Ly/Lo
0.0 22.37 22.37 22.39 22.36
61.67 61.67 61.67 61.61
120.90 120.90 121.91 120.68
0.1 22.37 22.37 22.37 22.36
60.81 60.81 60.76 60.74
120.83 120.83 120.81 120.62
0.2 22.35 22.36 22.35 22.35
56.00 56.00 55.97 55.95
118.87 118.87 118.76 118.69
0.3 22.24 22.24 22.23 22.23
49.00 49.00 49.00 48.97
109.16 109.16 109.04 109.03
0.4 21.83 21.83 21.83 21.82
43.89 43.89 43.87 43.86
93.59 93.59 93.57 93.51
0.5 20.89 20.89 20.88 20.88
41.52 41.52 41.45 41.50
82.30 82.29 82.29 82.23
0.6 19.29 19.30 19.29 19.28
41.04 41.04 40.93 41.01
77.69 77.69 77.64 77.64
0.7 17.23 17.23 17.23 17.22
40.82 40.82 40.72 40.80
77.18 77.18 77.05 77.12
0.8 15.05 15.05 15.05 15.05
39.06 39.07 39.01 39.04
75.43 75.43 75.33 75.39
0.9 13.00 13.00 13.00 12.99
35.39 35.39 35.38 35.38
69.19 69.19 69.17 69.16

Table 3. Primary frequencies for a symmetric model without foundation

Delamination | Present, | Reference["], | Reference[], | Reference[?,

length, mm Hz Hz Hz Hz
0.0 82.02 81.88 82.04 81.86
82.02 81.88 82.04 81.86
25.4 80.92 80.47 80.13 81.84
81.86 81.53 81.46 82.02
50.8 76.03 75.36 75.29 76.81
80.66 80.13 79.93 80.79
76.2 66.84 66.14 66.94 67.64
77.72 77.03 76.71 77.82
101.6 56.26 55.67 57.24 56.95
73.07 72.28 71.66 73.15
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4. Homogeneous delaminated clamped—clamped beam on Pasternak soil

Table 4 tabulates the first two natural frequencies (Q;,Q,) as functions of
foundation coefficients and delamination length. The beam consists of one
symmetric midplane delamination zone of variable length. The first and second
rows correspond to the first and second natural frequencies, respectively.

The influence of foundation parameters and delamination length on the first
and second mode shapes is presented in Figs2-5. In the case of symmetric
delamination the differences between computed frequencies of the free and
constrained models are insignificant. These differences become important in the
case of long nonsymmetric delaminations.

Variation of the primary and secondary frequencies due to the delamination
thicknesswise locations is presented in Table 5. Note that the frequencies of both
models are aimost equal when the delamination is near midplane, whereas the
frequencies calculated by applying free model are smaller when the delamination
location shifts towards the beam surface. This fact can be explained by
overlapping of the delaminated layers in free model [7].

Table 4. Thefirst two natural frequencies for the clamped—clamped delaminated beam

Delamination K, =0, k,, =1000, | k; =100.0,
length La/Lo kp, =10 k, =00 kp, =10
0.0 25.09 24,61 27.10
65.24 62.47 66.00
0.1 25.70 25.01 28.01
64.67 61.64 65.45
0.2 26.37 25.45 29.00
61.68 57.00 62.58
0.3 26.83 25.73 29.75
57.41 50.37 58.55
0.4 26.97 25.68 30.14
54.10 45.67 55.51
05 26.63 25.09 30.02
52.44 43.60 54,07
0.6 25.76 23.88 29.34
52.06 43.29 53.83
0.7 24.42 22.28 28.21
51.95 4317 53.81
0.8 22.75 20.65 26.78
50.69 41.54 52.62
0.9 20.89 19.21 25.23
4752 38.11 49,58
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Fig. 2. The first mode shape for a beam without delamination: solid line k:v =100.0, k_ = 1.0;
dashed line k,, =k, =0.

Fig. 3. The first mode shape for a beam
kp =1.0; dashedline k, =k, =0.
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Fig. 4. The second mode shape for a beam without delamination: solid line k:v =100.0, Ep =10
dashed line k,, =k, =0.

0 0.2 0.4 0.6 0.8 X 1.0

Fig. 5. The second mode shape for a beam with delamination L,/L, = 0.9: solid line k:v =100.0,
kp, =1.0; dashedline k,, =k, =0.

In Fig. 6 the two nondimensional frequencies are given as function of the first
foundation parameter for kp, =2.0. In Fig. 7 the two nondimensional frequencies
are given as function of the second foundation parameter for k;, =100.0. In both
cases the beam has the symmetric midplane delamination L, /L, = 0.6.
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Table 5. Nondimensional first frequencies of clamped—clamped beams with nonsymmetric
delamination: k,, =4, k, =0, Lo/Lo=08,Ly/Lo=0.1

h2/hl Ql QZ
Freemodel | Constrained model | Freemodel | Constrained model
0.50 15.14 15.10 39.10 39.08
0.40 13.40 15.73 35.64 40.66
0.30 10.49 17.29 28.21 44.66
0.20 7.42 19.16 19.33 49.90
0.15 6.03 20.07 14.73 52.74
QI,Z
I
60 8
50 + 1
40 ¢ 1
30 —/’n/"n/

0 20 40 60 80 ky

Fig. 6. The lowest two natural frequencies of a clamped-clamped beam versus the first foundation
parameter; L,/Ly = 0.6, hy/Ly = 1/120.

QI,Z T T T T

S5+

45 t

35+

25 |
0 4 8 12 16 kp

Fig. 7. The lowest two natural frequencies of a clamped—clamped beam versus the second
foundation parameter; L,/Lo = 0.6, hy/Ly = 1/120.
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6. CONCLUSIONS

Two analytical models for vibrations of delaminated beams resting on two-
parameter elastic foundation were developed. The methods were employed for
analysis of free vibrations of homogeneous and composite beams with general
boundary conditions. The influence of the delamination size and location on the
first frequencies as well as mode shapes were investigated. The first frequencies
of the beam with elastic foundation are relatively higher than the frequencies of
the delaminated beam without foundation. The calculated frequencies based on
the present models agree well with the published analytical and numerical data.

ACKNOWLEDGEMENT

Financial support of the Estonian Science Foundation under grant No. 6697 is
gratefully acknowledged.

REFERENCES

1. Zou, Y., Tong, L. and Steven, G. P. Vibration-based model-dependent damage(delamination)
identification and health monitoring for composite structures — a review. J. Sound Vib.,
2000, 230, 357-378.

2. Luo, H. and Hanagud, S. Dynamics of delaminated beams. Int. J. Solids Struct., 2000, 37,
1501-1519.

3. Ramkumar, R. L., Kulkarni, S. V. and Pipes, R. B. Free vibration frequencies of a delaminated
beam. In 34th Annual Technical Conference Reinforced Plastics’Composite Ingtitute. The
Society of the Plastics Industry, 1979, 1-5.

4.Wang, J. T. S, Liu, Y. Y. and Gibby, J. A. Vibrations of split beams. J. Sound Vib., 1982, 84,
491-502.

5. Mujumdar, P. M. and Suryanarayan, S. Flexura vibrations of beams with delaminations. J.
Sound Vib., 1988, 125, 441-461.

6. Tracy, J. J. and Pardoen, G. C. Effect of delamination on the natural frequencies of composite
laminates. J. Compos. Mater ., 1989, 23, 1200-1215.

7. Shen, M. H. H. and Grady, J. E. Free vibrations of delaminated beams. AIAA J., 1992, 30,
1361-1370.

8. Wang, J. and Tong, L. A study of the vibration of delaminated beams using a nonlinear anti-
interpenetration constraint model. Compos. Struct., 2002, 57, 483-488.

9. Brandindlli, L. and Massabo, R. Free vibrations of delaminated beam-type structures with crack
bridging. Compos. Struct., 2003, 61, 129-142.

10. Shu, D. Vibration of sandwich beams with double delaminations. Compos. Sci. Technol., 1995,
54, 101-109.

11. Shu, D. and Délla, C. N. Vibrations of multiple delaminated beams. Compos. Struct., 2004, 64,
467-477.

12. Lee, S, Park, T. and Voyiadjis, G. Z. Free vibration analysis of axially compressed laminated
composite beam-columns with multiple delaminations. Composites Part B, 2002, 33, 605—
617.

13. Luo, S.N., Ming, F. Y. and Yuan, C. Z. Non-linear vibration of composite beams with an
arbitrary delamination. J. Sound Vib., 2004, 271, 535-545.

233



14. Lee, J. Free vibration analysis of delaminated composite beams. Comput. Sruct., 2000, 74,
121-129.

15. Vlasov, V. Z. and Leontiev, N. N. Beams, Plates and Shells on Elastic Foundation. Fizmatgiz,
Moscow, 1960.

16. Pasternak, P. L. On a New Method of Analysis of an Elastic Foundation by Means of Two
Foundation Constants. Gosudarstvennoe | zdatel'stvo Literatury po Stroitel’stvu i Arkhitek-
ture, Moscow, 1954.

17. Coskun, I. and Engin, H. Non-linear vibrations of a beam on an elastic foundation. J. Sound
Vib., 1999, 223, 335-354.

18. Chen, C. N. Vibration of prismatic beam on an elastic foundation by the differential quadrature
element method. Comput. Sruct., 2000, 77, 1-9.

19. Karami, G., Malekzadeh, P. and Shahpari, S. A. A DQEM for vibration of shear deformable
nonuniform beams with general boundary conditions. Eng. Struct., 2003, 25, 1169-1178.

20. Eisenberger, M. Vibration frequencies for beams on variable one- and two-parameter elastic
foundations. J. Sound Vib., 1994, 176, 577-584.

21. Elishakoff, I. Some unexpected results in vibration of non-homogeneous beams on elastic
foundation. ChaosO Solitons Fractals, 2001, 12, 2177-2218.

22. Alemdar, B. N. and Gulkan, P. Beams on generalized foundations: supplementary element
matrices. Eng. Struct., 1997, 19, 910-920.

23. Reddy, J. N. and Miravete, A. Practical Analysis of Composite Laminates. CRC, Boca Raton,
1995.

24. Chen, W. Q., LU, C. F. and Bian, Z. G. A mixed method for bending and free vibration of
beams resting on a Pasternak elastic foundation. Appl. Math. Model ., 2004, 28, 877-890.

25. De Rosa, M. A. and Maurizi, M. J. The influence of concentrated masses and Pasternak soil on
the free vibrations of Euler beams — exact solution. J. Sound Vib., 1998, 212, 573-581.

26. Jones, R. M. A. Mechanics of Composite Materials. Taylor and Francis Inc., Philadelphia,
1999.

Delaminatsiooni mojust Pasternaki alusel asuvate
komposiitmaterjalist talade vonkumisele

Helle Hein

On vaadeldud homogeensete ja komposiitmaterjalist kihiliste talade vonku-
mist delaminatsiooni korral. T66 eesmargiks on vélja toétada anal tdtiline mudel
delaminatsiooniga talade vénkumise uurimiseks juhul, kui tala asetseb kahe-
parameetrilisel elastsel alusel. On esitatud kaks mudelit, saadud vorrandisistee-
mid on lahendatud numbriliselt. On anallilsitud elastse aluse ja delaminatsiooni
maju vonkumise resonantssagedustel e.
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