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Abstract. An inverse problem related to a one-dimensional linear viscoelastic equation of motion

is transformed to a system ofhyperbolic and second kind Volterra equations. The obtained system is

discretizedby the use of the method of finite differences. The convergence ofthe method is proved.
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1. INTRODUCTION AND PROBLEM FORMULATION

In paper [!] a method based on the technique of finite differences was

applied to an inverse problem for the reconstruction of two relaxation

kernels of one-dimensional quasilinear viscoelastic media. In the present
work we shall prove the convergence of this method in a simpler, linear

case. |
We consider the oscillation of the linear homogeneous viscoelastic rod,

which is governed by the following equation of motion (cf. [']):
t

P — / R(t — B)Ugs(x, B)ds = a*Uy(x,t) + F(z,l),
(1.1)) .

(7,t) € D = [O, X] x [o,7].

Here R is the relaxation kernel, U — displacement, and F' — density of

external forces. We add the initial conditions:

U(.’L',O) = A(IB), Ut(ZU,O) = B(.'II), OST S X’ (12)

and the homogeneous boundary conditions:

U(0,0) = U(X,t) =O, O<?t<T. (1.3)
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Also we introduce the stress—strainrelation at the endpoint z = 0 of the rod:

t

Us @sty = / R(t — s)Ur(o,s)ds = Gt), O<t<rT. (1.4)
0

Here G and U, stand for the stress and the strain, respectively.
Now we formulate the following inverse problem: on the ground of the

given functions F, A, B, G and the scalar a > 0, determine the pair of

unknown functions (£, U) from the conditions (1.1)—(1.4).
The problem (1.1)—(1.4) was theoretically studied in [2]. Assuming the

functions F, A, B, G to be smooth enough and A’(0) to be nonzero, it was

proved that (1.1)—(1.4) admits a unique (local in time) solution which is

locally stable with respect to perturbations of the given data in certain

spaces involving derivatives.

The plan of our paper is as follows. Differentiating the problem
(1.1)—(1.4), we derive a system containing a hyperbolic equation and

Volterra equations of the second kind. Thereupon we apply the method

of finite differences to this system and prove a stability theorem for the

discrete problem. Particularly, the convergence of the method of finite

differences follows from this theorem. Finally, we discuss some questions
related to the ill-posedness and the regularization of the problem under

consideration.

2. DIFFERENTIATED PROBLEM

Theorem 1. L: F € CÖ(D), A,B € CŠ[O,X], G € W*»'(o,T)
and let the problem (1.1)-(1.4) have a solution (R,U) € W'(O,T) x

C*(D). Assume that A'(0) % O 0 and F is vanishing in neighbourhoods of
the endpoints x =O, z = X. Define

u =Urrz, s=Ur(o,),; r=R'. (2.1)

Then the quadruple (u, ¢, R, r) is a solution of thefollowing differentiated
problem:

t

u:z:a:(xa t) — / R(t o s)umx(xa s)ds — azutt(x7 t) + f(LL', t)7
0

(7,t) € D, (2.2)

w(z,o) = a(z), wuz,o) =p), o<z<X, (2.3)

uz(0,1) = us(X,t) =O, O<t<rT, (2.4)

t

p(t) = % [u(O, t) — / R(t — s)u(0, s)ds], el o 1 (2.5)
0
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t

R(t) = / r(s)ds +p, OoO<t<rT, (2.6)
0

1 t

r(t) = 45 [ —9%) + M(t) — kR(t) —/0 pt — S)R(S)d«S] ;

O<t<T. (2.7)

HereA

f= F a= A" ,B =B" g= G!

] (2.8)
ko = A'(0), K 1 = B'(0), p= H—O(G'(O) — K 1).

Proof. Equation (2.2) and initial conditions (2.3) immediately follow from

(1.1) and (1.2). The boundary conditions (1.3) yield Uy(o,t) =

Uu(X,t)=o, 0 < t < T. This equality together with the vanishing
conditions about F' imply that the right-hand side of (1.1) is equal to zero

if £ =oorx = X. Thus, Eq. (1.1) turns out to be a homogeneous Volterra

equation of the second kind with respect to Uz(z.:) if z = O or z = X.

Consequently, we have

Urx(o,t) = Ury(X,t) =O, O<?t<T, (2.9)

which in turn yields Urzxt:(o,t) = Urztt (X,t) = 0. Now we see that Eq.
(1.1) differentiated two times by x has also the vanishing right-hand side

if x = 0 or z = X. Hence, we have homogeneous Volterra equations of

the second kind for the functions U 4 (0, %) andUz(X, t), too. This

implies
Uzzz2(o,t) = Ugzae(X,l) =O, O<?t<T.

Since u = Uy, we obtain the boundary conditions (2.4). ;
Differentiating the formula (1.1) with respect to z and setting x egual

to zero, we immediately obtain (2.5). Moreover, computing a derivative

from the expression (1.4) and setting ¢ = 0, we deduce the formula

R(0) = pfor the initial value ofR. Consequently, the formula (2.6) holds as

well. Finally, differentiating the condition (1.4) two times, we immediately
derive Eq. (2.7). Theorem is proved. [l

As we see, the obtained system (2.2)—(2.7) contains the hyperbolic
Eq. (2.2) for u and the Volterra equations of the second kind (2.5),

(2.6), and (2.7) for ¢, R, and r, respectively. Solving the problem (2.2)—
(2.7), we automatically determine the relaxation kernel R together with its
derivative. If an evaluation of the secondcomponent of the solution (R, U)
for (1.1)—(1.4) is also necessary, then we must implement some additional

computations. For instance, U is the solution of the following family of

boundary value problems for ODE:

U:z:a:a:(x,t) = u(x,t), OSX S X7

U(0,) = U(X,t) = Urelo,t)=o; O<t<T — C1

(cf. (1.3), (2.1), (2.9).
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In paper [!] we used a one step lower differentiation to deduce a system
of hyperbolic and second kind Volterra equations from a problem which is

quite similar to (1.1)—(1.4). This system includes an equation for R and not

an equation for the derivative r = R’. But it turns out that it is very difficult

to analyse such systems because even an estimation of U on the basis of

(1.1) brings along the derivative of R. For that reason we have applied the

higher-order differentiation in the present paper and derived an equation for

the derivative r, too.

3. DISCRETIZATION PARAMETERS

AND AUXILIARY RESULTS

Let NV and M be positive integers and

h =

-I 3.1
_N, T_N' ()

We define the following uniform meshes at the intervals [O, X] and [O, T']:

wr = (ti=ih:i=o,...,N
.

. (3.2)
Wr =f(t;j=jT:j=o,...,M).

For values of functions y € (wp, — R) we shall use the simplified notation:

Vi = WTi), TiEWr, <l< N. (3.3)

Lety,z € (wp, — R). We introduce the following discrete operations
being analogues of derivatives:

B,y (Buy); = ÕöWi = w i=0,...,N-1,

02y : (0oy)i =Oy = g—_—}f—/fl i=1,..., N, (3.4)

Ay : (Ayk=Ayi = OrÕryi, i=1,...,N-1.

Moreover, we define the scalar products:
i

(y) Z) = h z Yizi

i=l

N

(o= kY bz, (3.5)
i=l

N

[y,2]:= hD m

=0

and norms:

|y ll2:= vV, y), yl2= V¥, 9],
(3.6)

[y]2:= /by], |9 lleo= max |gi].
j



296

For the operator A an analogue of the Green’s first formula is valid (see [*]):

Ay,2) = -(Õry, Õrz] + ÕrYNZN — Oztio2o- (3.7)

Letnowy € (w; = R) ory € (w, — (wp, — R)). We denote

yj = yti) tj € W ,0 < j<M (3.8)

and define

oy : by) =oy’ =
M |

)
e

|

aSS (3.9)
Sy O) =di -

L ,
-

T
, OLJK<M-1,

Oy : Oy = Oy =
3_/9_—_3/”_“_1

(3.10)

T
, IS;<M.

The operator 0; satisfies the following analogues of the formula for the

differentiation of the product (see [3]):

o 3 >1 j° 2) = yJÕth + ÕtijjH
,

(3.11)

and integration by parts:

—1 2—l

TZyjõtzj = y2z2 — y" — TZÕtyjzj“. (3.12)
j:l] j=ll

If y7, 27 are vectors, i.e. y7,27 € (w, — R), then the formulae (3.11),
(3.12) hold componentwise.

Let us prove four lemmas that are necessary in the sequel.

Lemma 1. Fory € (wr — (wn — R)) the following estimates are

fulfilled:

& | 1 r —- iy Sy’ . |
lõrovilE> > dl3 -T Nd 1, I<s<M, 813

T r

k A/ j

+ max || 0,37 ||z ]+ I B (3.14)
I<j<k

Proof. Since

A . A . 7' x A .
:õ:z:yž - õa:oyž + 'ža:vatyža ]SJ S Na

and

(di +d2)* < 2(d2+d3), VYdi,d €R, (3.15)

we have

D x , ÄR

(Õry!)* < HÕroyi) + %(ö„„atyz)z, I<i<N.
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Summing over i = 1,...
,
N in view of (3.5), (3.6), we deduce (3.13).

Let us prove (3.14). Define

ix(k) : | YVi,(k) ' - ()šržlgN 5

We can rewrite yF in the following form:

l

o=g sk > O H I>ü(k)+l,
i=is(k)+l

ix(k)

yf 2k -hd Õy I T ARy -1,

- i=l+]

y = H l=i(k).

Thus,
N

F <a|+/D 1V | .

i=l

Further, using (3.16), we obtain

N—l N

Bl —l-—-—h k
h Õ k

i=l i=l

1
N-1 k

5

N
.

7 X—hhz .Tzawfw?l + hz |O5 |
e i=l

1
k N-—1

o g

== 783 1o
j=l — i=]

1 N-]1 N

+rrhD | |+h>)|Õevi|
i=] i=l

T
N-1

-
: N

< ——X-hlg;agkhz_; | e | + 118 lle +h;|a„„yé°| .

(3.17)
On the ground of the Cauchy—Bunjakowski inequality we have

12 lz š
h z lzi IS V(lz—ll)h[h Z(Zz)Z:I , ZE(wh—>R), l >li.

i=ll+l I=ll+l

(3.18)
Now (3.14) follows from (3.5), (3.6), (3.17), and (3.18). [
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Lemma 2. Fory € C?[o, X] thefollowing estimate isfulfilled:
x 1

[ xy 12 < AX) A] v [zr2o,x) + 19 17200,%)
+ (| y" llewxy + 19" llepxph}, — 3.19)

where c is a certain constant.

Proof. Note that for arbitrary z € C'[o, X] there holds the estimate

N X '

|h Z(zi)z—/ zz(sc)da:'
i=l

9

N Li Ti d
>

= z —[2(s)]*dsdz
=1

ds

N
Ti Ti

= lzz/ / z(s)z'(s)dsdx|
i=] *TPi-1 723

Npi
1

/<ZZ (x; —)2 dzx H z ||L2(o,X)|| z ||C[o,X]
i=] “Pi-l

4X
= T\/E | 2 ||L2(o,X)|| z HC[O,X] : (3.20)

Making use of the well-known relation

A

/
]

"[ Bayi [<|y' @) | +5 1Y llew,x b

and the inequality (3.20), we obtain

,

No :
“ a:zyi ]|2 = {h Z(axyz)z}

i=l

X 3 N

< { / [y'(x)]zd:v} + {hZ[y’(a:i)lz
0

i=l

X i X
- [(wara}h +3 [y" oo b

0

ZX/Y % 1 1
< y [lz2o,x) +7§— Iy’ ||L2(O,T) y" HCZJ'[O,T] hi

vX
+== 9" llcox b (3.21)

Estimating the middle term in (3.21) by means of the elementary formula

1 1 1 1 1
didy = Vdi\/didy <S+ ždldš < gdi+ Zd% + Zd‘;, dy,dy >O,
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we deduce (3.19). U

Lemma 3. (Analogue ofthe Gronwall inequality). Let y, z € (wr — R),

W>o P>o <d_-0i
k—l

y* < dOk-1)oy + 25, o<k <k, (3.22)

j=o

where O is the Heaviside function:

O(s)=1l, s>o, O(s)=0, s<o. (3.23)

Then
I < eid j O<k< 3.24

Orgnjasxky <

& tk)orgnga_%(kz , 1+

5
<

ke, ( )

where C is a certain constant.

Proof. In case d = 0, the assertion is trivial. Let d # 0. From (3.22) we

immediately derive

j—l
—-2dtl, j : -2dt; 2dtimax e <d max |O9G —De r e

O<j<k
= OSJ'Sk[ G—D š

X max e—Zdt'yl] + max zj, o<k<kvo.
o<i<j—l o<j<k

Since

=1 t; 1
G(J — l)e—ZdthZCZdtl < @(] g l)e—Zdtj / eZd-SdS < —,

0
2d

I=o

we have

. D .

max e“ZdtJyJ < — max e_Zdtfly’ + max 27 oO<k< ko.
O<j<k 2 o<j<k o<j<k

Thus j |
max e—Zdtij <2max z', O<k< ko,

O<j<k O<j<k

and due to the estimate

e~29 max y’ < max P y'
O<j<k O<j<k

we obtain (3.24). [

Lemma 4. If B
;

k
B 2GV gLt I<k«

|
<k<M

;
(3.25)

where y¥, 2%,€% > 0 and €5l > €% then

2

(max y + max zj) <4E* I<k<M. (3.26)
I<j<k I<j<k
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Proof. Due to (3.25) we have

@O St S A I<k<M,

and

y" < /Er, VN QGRS I<k<M. (3.27)

Since £ is monotonically increasing, from (3.27) we derive

k < v/ek k < /etk, I<k<M. 3.28jk —

<% e e

&
Isks

(3.28)

Summing the inequalities (3.28) and squaring, we get (3.26). [

4. DIFFERENCE SCHEME

Let us return to the system (2.2)—(2.7). We suppose that instead of the

exact data«,3, f, g, p,ko, k 1 We know certain approximations @ ~ a,

B=pß, f=f, grg, p=p, Ky~ Ky, K 1 = kl. According to the

notation (3.3), (3.8), we write

fij = f( Ti)t) a =a(T'i)a B. B(z:) gJ’ = 95). (4 1)

We discretize the problem (2.2)—(2.7) making use of the method of finite

differences. We replace the derivatives by the formulae (3.4), (3.10) and

the integrals by the quadrangle rule. Assuming that Ky # 0, we obtain the

following system:

Avž — 'rž:Oj—lAvž = azätõt'vž +f~ij,
=1

I<i<N-1, I<j<M-1, — (4.2)

v= & Fd= B;) O<i<N, (4.3)

Dgvd = Bovdy =OO LS G M, (4.4)

,1.
J .

P = ;Z—[vé -G- I)Tzcy—'vž,], O<j<M, — (45)
=1

. j—l

QF=6G-1)r) ¢+p o<j<M, (4.6)
=0

j

qj=kio[—gj+¢j—kl@j—@U—l)Tzwj—lQl]7 o_<_.7.<_.M
o

(4.7)
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In the forthcoming sections we will show that the solution of (4.2)—(4.7)

vl 7,Q%,¢7, o<i< N, o<j< M approximates the solution of

(2.2)+2.7) in the nodes/(x;, t;) :

o] mu@ity), Pxot), x Rt), ¢=)

The difference scheme (4.2)—(4.7) is uniquely solvable because it is

explicit. Indeed, from (4.3), (4.5)—(4.7) we easily derive formulae for the

first two levels of 7 :

1
v=& O<i<N; w=;

a

QO=,s. qO=L —§o+i&o—g‘,lfi'
>

I?õ() a 2 )
~ 1

v=@ +7O;, o<i<N; 9'=—(l—7pg;
a

-

1
- -Q' = pral’s g'= ,—.„„—o[—9l +0 — (&g + 70)Q'].

Suppose that we have computed the solution up to the level j —1, I.e. we

know

vž,OSiSN, v O 0 g', where 1=0,...,j-1.

Owing to this information the expression (4.2) with j replaced by j— ] turns

out to be an explicit formula for the values 'vf, 1 <i < N — 1. Moreover,

from (4.4) we obtain vj, v}, too. Using the computed quantities v},
I<l<j, @, o<l<j—llandg, o<l<j—l,from(4.s)and
(4.6) we get 17 and Q7. Finally, using ¢, 0 <l< j,and Q%, 1 <1 <3,
from (2.7) we determine ¢?. Thus, the level j :

RN V, °

is completed as well.

5. STABILITY ESTIMATE

In this section we shall deduce a stability estimate for solutions of
schemes of the type (4.2)-(4.7). Let

kliž7ka,kVš, ngak,YO) kYI, OSZSNa OSJSM7 k=l72
(5.1)

be certain prescribed quantities. Suppose that the functions

szj,kaakPjakPj, OSZSNa OSJSM7 k=l72
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satisfy the following systemwith k = 1,2:
3

AGuw])— 7Y kPIIAMKwi) = a2o:d(kw)) + kiii ,

=1

I<i<N-1, I<j<M-11, (5.2)

.1.
j , ,

kx) = ä[kwä—eu—l)fzkzw-' -kwž,] +rkVj, o<j<M,
=1

(5.3)
g _

kPi = OG-lr>p+ks, O<J<M, (5.4)

=0

k% kP =kx — KY k PI

j .
.

- OG-WrdkkP +kid, O<J<M. — (5.5)
=1

Theorem 2. Let us denote the differences of the data and the solutions of
(5.2)—(5.5) asfollows:

uZ=zuZ—luZ, V{=2V{—lVlj, 0=207—TN, 715271—l7

w] = qw!— !, xX=x*X-Ix, P=,P*-,P,

=Lp, O<i<N, O<j<M, 1=1,2,3.
(5.6)

If the steps T and h satisfy the inequality

a a

T<|—=—o'|h, where o<o<—, 5.7(i) 2
OD

and 7y #O, then for thefunctions wž ,
X!, P3, p 3 thefollowing estimate

holds:

j
+

S oni
+

Dy

o, 11 w7 |loo n, | Gew? |2 1, | Ozw? 12

+ I+ Pl| + ;oššžšwlx | oššžšwl | Og.ggwlp’l
S CO(X7 Ta Blaß27a7Ua 270, 171)E' (58)

Here
M-1

By =o, |47 3 1AGwL St € blRl
j=l

+ 30 + ]n,|n I+,.mx,11 (5.9)

M-1

By = max |»P*|+7s° |l46P5],
OLJ<M

r
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E =llw* oo + || Õrw' » + [d:w']
+ 351 õeud [+ B

M-1
_

| M-1

+7 5 d:0 |+lddwk [} +7Y 1 b
j=l j=l

3 »
J+;o£;ž„|% |+]wol+]l%] (5.10)

and cy is a certain constant.

Proof. Subtracting the systems (5.2)—(5.5) with ¥ = 2 and k = 3,

respectively, we obtain

J

Awi — TZ »Pi'Muwi
=1

A
.

-

J -
= a*d:dtwl + l + TZPJ—'A(lwž),

=1

I<i<N-1, —l<j<M-1, (5.11)

1
j

| . _ 2x = [wä — O(j — 1)7'; 2P— w6

j . -
—eg—I)TZPH- 1'w(l)] ol O<j<M, (5.12)

=

j—l |
Pi =OG-lr>p'+, O<j<M, (5.13)

=0

LB | . iil
¢ =—[XJ 2PI —gy PI-OG-lrd x 2P!

270
1

j- . .
-OG- rd ™t P - +ug], o<j<M.(5.14)

=1

The rest of the proof will consist of three parts: (1) making use of the

method of discrete energy estimates (cf. [*]) for Eq. (5.11), we derive an

estimate for wg in terms P7, E; (2) from (5.12), (5.14) we infer estimates

for x4, p in terms w], P 7 and from(5.13) an estimate forPJ in termsp/ ,E;
(3) combining the obtained results and applying Lemma 3, we derive an
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estimate for p’ in terms E, which in turn enables to prove the statement

(5.8).

(1) Let us introduce the following discrete energy norms:

JE = max || Bw’ ||, + max || Ozwil, I<k<M. (5.15)
I<j<k I<l

We are going to derive an estimate for J*. To this end we multiply Eq.
(5.11) by the quantity 9; ow;, compute the scalar product (, ) (cf. (3.5),
(3.9)), and sum over 7 from 1 to k —1, where 2 < k < M. Let us perform
the mentioned operations separately for each addend in (5.11).

At first, on the ground of the formula (3.7) we have

k—l

T Z(ij, dpow’)
j=l

k—l k—l . . - .
= —7T Z(Õ„„wj, 0,0,ow’] + TZ(õtowfVÕ„;wšv — Opow]0 w)),

J=l J=l

2<k<M. (5.16)

Since

jooi
-.

jja — Thd i
Y; atoyi = - (<>yz) — —(õtyi) )

2 4

with y = Õrw from (5.16) we obtain

oL
T Z:(AwJ Opow?)

j=l

1
k—l

A
: 7_2 -

:

= — 57‘25}(” B_TO’U)J ]lš —? ” Õtõ,„wJ ]lš)
k—l . . . .

+ TZ(Õtowšvömwšv — Opow)0zw}),
j=l

2<k<M.

Using here the formula (3.12), we have

k—l
, . 1 %

ANA
™Y (A, dpoud) =—

5 [ drow*l] +% || Õ:drw* 12 +l5,
j=

2<k<M, (5.17)
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where

lAe T A

k 192 142 kb
I] =ž( ” amow ]|2 —Z' || 3t3ww ]|2 + õmwNÖwN

—ÕL WF OWi — ÕrWN OW + rWy OW

k_l - - -
-

—7Y _(ow} 8,0,wly — ow]" 0,0,w)). (5.18)

j=l

On the ground of the assumption (5.7) we have

l < a
5

]

h 7 A "

Thus

2

| (B0wh)? — %—(ata„„wg)Z =| 8,w8,w! |
1 0 0 0 1 0

A W: — W: W;: — W; w; — W;

<az O 1 1
+

1 7—l
+

i—]l i—ll

1L0005,0

<|Buf|
(5 -

gok il )— il
el ARGLSI

) (5.19)
T h

Taking into account (3.14), (5.10), (5.15), (5.19), from (5.18) we infer the

following estimate:

N

|IF | < ai@,o)h) | Ow) |(|Bl | + | Bpw]_; ])
I=l

jlo A k

+s 07 o (10,0} +| Bl|+l Do)|
k—l

I -
-

+ | ÕrwY | +TZ(! d:dxwy | + | dW I))
j=l

<c(X,T)EJI* + c(X,T,a,O)E*, 2< k< M. (520

Let us perform the same operations with respect to the second addend in
(5.11). Denoting

k—l j

=ly 15 2PiUMw'dow), 2<k<M, (5.21)

j=l =1
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and using the formulas (3.7), (3.12), we obtain

k—l j -
N A

.
A

. -
IF = TzTz »P3—!'d:l—(drw', r9w'] + ö„;wšvowfv — Õzw(l)owä]

j=l =1

k—l |
- . 2

= 7Z{P[—(Bmwl, Ozow®] + O why owk; — ömw(l)ow('f]
j=l

— »P° [—(Õ„;wl, dyow'] + Õf„wšvowšv — Õzw(l)owž)]
k

— Y HPi D-(õrw', r ow'] +rW WK — õzwž)owä]]
j=l+l

According to the ineguality of Cauchy-Bunjakowski, the formulas (3.14),

(5.9), (5.10), (5.15) and the relationow' = Ž(w +lw—!), we can estimate

as follows:

k-2

Iž |< 432 P d:O6P°21<{2,max 1 o )1}
k—l

5

j
3

js, 1 õsui la 13 1 B+go la

k—l
g

| I
X TZ(I OrWx | +| rW | )}

j=i

k—l j
<c(X,T, B») (TZJJ +E) J* + cs(B»)E",

j=l

2<k<M. (5.22)

For the addend a2d;B;w? in (5.11) we obtain

k—l

a’r Z(Õtõt'wj, dow*)
j=l

j 2 kol, |
= —Z—Tzöt(ll Oy’ |l3)

j=l

6o k 12
a*

0 112
= ?llõtw 12 —Ellat’w »» 2<k<M.

Thus

k—l 9

027 5 80, dou’) = % llÕw* 2 +lk, 2<k<M, (5.23)

j=l
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where

e
2

E* (5.24)

Finally, for the quantity

k—l j

IF = TZ(„J' + TZPj—lA(l'wl), õtowj), 2<k<M, (5.25)

j=l l=l

we derive the estimate

k—l j

¥ ISTZ(H j a +7 50 | PU AGud llz)
j=l I=l

1.
.

X 5 | w +lwW7°) |a

<c(T, B1)<E + max | PŽ]| )Jk. (5.26)
O<Lj<k

Summing up, from Eq. (5.11) in view of (5.17), (5.21), (5.23), and

(5.25) we obtain

1 42 il a NA

> | Ozow® 15 —

7 | 020,w" 113 T | Opw® |l3

=8e 2k M,

and due to (5.20), (5.22), (5.24), (5.26) we have

l“szZ**kzaz*kz
> | Ozow® I|s —

T | 0:0,w" 1| % | Osw™ |l5

k—l - .
< o(X,T, 81, B») (TZJJ + max | PŠI +E) J*

oo
O<j<k

+c(X,T,B»,a,o)E*, 2<k<M. (5.27)

Making use of the inequality

72 || Bpo,w* I|2
N-1

() AA .

= Tzh z(Õxõt'w,žc)z + Tzh(Õtõa;'wš;v)z + Tzh(Õtö„;wš)Z
=2

7'2
N-1

- i

< hD> 200wy + Gl )
=2

+ 2h[(opwr)? + (Dpwk)2+ (Bpwk)? + (Bpwh—l)?]
2

,

< 4F | Osw® ||? +4hE>
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and the formulae (3.13), (5.7), we can estimate the left-hand side of (5.27)
from below:

lä kz"'z**kzaz*kz
> lõeow* 13 —

— 1 8,000% 13 +
5 1l By I

>lÕk2 T° d.B.w*l/2 a? A ko2
_ZII zW ]|z—-—4—H z w“ 15 +s||õt'w I3

1 A A

> 211 BwF1 +o(V2a— o) |Bt | —hE®. (5.28)

Thus (5.27), (5.28) yield

I oow® 13+ | Dpw® |3
k-1

< j P 3 |+E|J*
2 C9(X7T7BIaBZ7a7O-)(TšJ +Oršš.aškl |+ )J

+ CIO(X> T 7 827 a, U)Eza (529)

where 2 < k < M. Let us derive an analogue of (5.29) for £ = 1, too.

Since

(dy +dy+d3)* < 3d2+d2+d3), Vdi,dy,ds €R,

due to (5.7) we obtain

| 8w13 + [] dew |l3

(v’ 012
- (22 )+ o B

i=l

NlO2O 0 2 1 0 2
W: — W: W; - Wi.l wi.— W,

< 3h2[<_g> +(___> +(—___) ]
i=l

h h h

+ || dew” |
N

<ns[(2-o) [(tst)tt"
j=l

X/ž T T

0 0 N 2
i (E”z_]?wz_—l> }"’ | B:w® |5< en(a, O)E*. (5.30)

The estimates (5.29), (5.30) imply

ll Õ:Bwk ]lš + ” ät'wk Hš _<__ CIZ(X7 T 7 Bla B2aa, 0-)

k—l

X (@(k — 2)'rš J 3 + Or—<rl]asxk | P 7 | +E>¥

+ CI3(X7 Ta B27a’U)E27 ]<k < M.
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According to Lemma 4 and the formula (5.15) we get

k—l

(Jk)2 S 614(X, T 7 Blv 827 a, U) (@(k — 2)7- zJJ
j=l

+ max |P?| +E> J* + cl 5 (X,T, B»,a,)E?,
O<j<k

I<k<M. (5.31)

Solving the quadratic inequality (5.31) with respect to J*, we derive the

formula:

v |
J* < ei(X,T, By, B,a,O) (@(k —2)7r )J + max |P7| +E),

=
o<j<k

1 <k < M.

Making use of Lemma 3, we obtain the inequality

J* < en(X,T, By, 8y,a,0)( max | P/ | +E),
o<j<k

I<k <M, (5.32)

which in view of (5.15) represents an estimate of wž in terms PY and E.

Moreover, Lemma ] together with (5.32) implies

max || w ||eo< cI3(X, T,BI, By, a,0)( max |P7 | +E),o<j<k o<j<k

o<k< M. (5.33)

(2) Let us go on by estimating Eqgs. (5.12)—(5.14). We immediately
obtain

. 1 .
) ; l l1< | lud 140 G -DT max || 5P| max | wf)

j—l [ l j+ O )TOS%X—IIP l]ršl;lšjl 10 |]+|4 |,

o<j<M, (5.34)

)l |
P< OG-WrY |p'|+]w] O<j<M, — (5.35)

=0
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3 ] . . ,p’lé—[lx’|+|%|-|2P’|+|ml-IP’I| 2%|
+0O0(j — DT

! P!G-DT max 1x | max 2P|
+9(5—l)T max | Ix’| maxz| P |

o<l<j—l I<l<j

li lel+l2]], o<j<M. — (5.36

In view of (5.9), (5.10), from (5.34)—(5.36) we derive

&| < j E
Olšlyašk l X | =

CI9(T) 817 BZ,a)(Ogašk |wO ! + )7

o<k<M, (5.37)

k—l

PI| < —1 'l+E, o<k< 5.max,|P3]<k )TšlpJH , O<k<M, — (5.38)

|p* | £

(T, By, 83, 27, I’)’l)[olsnjfl§<,c | |
+ max |P°|+E], o<k<M. (5.39)

O<j<k

The latter inequality due to (5.37) yields

ko< eiBY B J
p* | <

(T, By, By, 20, 171)[Orsnjasxklwo|
+ max |P! |+E], o<k<M. (5.40)

o<j<k

(3) Finishing our proof we use the estimate (5.33) for wä and (5.38) for

PY in (5.40). We get

k—l

p* | < en(T, B, By, a,O, 270, J’Yl)(@(k -D d 19| +E)
j=o

O<k<M.

Thus, due to Lemma 3

1< E. 5.41Oštšä/f | P | <"e(T5 B 1 By,a,0,2%, 1) (5.41)

Now the statement of Theorem2 follows from the estimates (5.41), (5.38),
(8:137) and (5.88):(5.32 U
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6. CONVERGENCE AND REGULARIZATION

On the ground of the formulae (3.3) and (3.8) we can write:

R=f(ot), ü=olt), h=x), 9°=gtt),
(6.1)

wj =ulmit), P=dt), P=Rt), I*=r(t).
|

Due to (2.2)—(2.7) and (4.1), the functions v/, ¢7, R 7, r 7 satisfy the

following system:

J

Aul — TZRj—lAuž = a20,0,u + fI + €,
=1

I<i<N-1, I<j<M-1, (6.2)

w=o dwW=f;+G, O<i<N, (6.3)

O,ul =nl
dru

lzUy =M, Õ'Ufšv=] jA s I<3j <<j<M, (6.4)

sSy v o - |
¥=[ -og- DrSR ol O<J<M, (65)

l=]

j—l

R=OG-Dr) r'+p+9), O<j<M, (6.6)
=0

. 1 . . . D i

ri = _[..ga + ¢ — KR -6 - I)TZW"R’] v,
Ko

1
K 0

o<j<M, (6.7)

where

j
Uy -Ny ge ]

€ =Aul — uze(zi,t;) — 7 ž R R
[=l

tj
Ä

:
+ / R(t; — s)urx(Ti, s)ds + azutt(a;i,tj) — a23tatug |

(6.8)
0

G = dtud — u(zi, 0), (6.9)

na = d) — uslo,tj), = aa - ulXt), — (6.10)

. 1 tj o
W= - (/o R(t; — s)u(0, s)ds — O(j — I)TZRJ_Iuf,), (6.11)

121
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t; j 1
9 = / r(s)ds - OG - Hr Y 1, (6.12)

0 I=o

. š t

920G -Dry ¢ - / plt; — s)R(s)ds. (6.13)
-

0

Lemma 5. Let u € C3(D), ¢, R € C'[o,T]. Then

|€ | < ca(T, Bu, BR)(A+7), |G |< cas(Bu)T, (6.14)

|7 | < c6(Bu)h, |k | < cr(Bu)h, (6.15)

| 0 | < cas(Bu)(h+7), |Oy | < coo(Bu)h+7), (6.16)

lfl{ | < ¢3O(T, Buy Brya), | 95| < en(T, Br)r,
(617)

| 93 | < (T, By BR)T,
where

By =l ullcsmy, Br=lßllecnrp Bg =l ¢ o,y - (6.18)

Proof. 1t is well known that

|Bt — Y (Ti) |< % | ¥zz llcox B if ye€C?o,X], (6.19)

|Bt~ 9o @) |<s [l s llowxr b if 3 € C%O, Xl, (620)

|A~ Ua@) |<s|| oz llowxi b iy € GO, Xl, (621)

|O7=t 1< 3 v llopn 7 i yeCOTI, (622)

|3O — yutt) |< 5 o lewm it yeCPO,TI, (623)

and

tj J

|/ y(s)ds — O(j — I)szl|
0 I=l

T , 1
< s|| Yt ”C[O,T] rif Ve C[o,7]. (6.24)
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The assertions (6.14), (6.15), and (6.17) simply follow from (6.19)—(6.24)
and the relation » = R'. Let us prove (6.16). In view of (6.10) we have

. . 1
f"* ftin

d:a =d:druy — lus(o,ts)] =— / / [Uzt(B, 5)
hT 0 t;

— Urt(o, t;)]dšds + urt(o, tj) — O[ux(o, t;)].

Since

'd
ua:t(37 š) — u:z:t(O7 tj) = / E‘gumt(sfa tj +(š — tj)f)df

0

1

= / [SUrtz(SE, t +(8 — t;)E)
0

+(5 — ti )usu(SE, ; +(5 — t;)E)]dE

ando <s< h, o<3s—t; <7, we obtain the inequality

; 1

| em | < || tzat llow) h+ || üsee lley 7 +
3 || tete low) 7

which due to (6.18) yields the first estimate in (6.16). The second estimate
in (6.16) can be proved in a similar manner. The proof is complete. ]

Next we are going to compare the solutions of the systems (6.2)—(6.7)
and (4.2)—(4.7) by means of Theorem 2 and Lemma 5. The relations (6.2),
(6.5)—(6.7) and (4.2), (4.5)—(4.7) take the form (5.2)—(5.5) if we denote

wi =uh jwl=v), /=0 x= ,

P=R, »P=o, p= p=
lllš = fij"'ežv Zliž = fij’ IV{ = 79{’ ZVf =O, (6.25)

wj =p+9% ) =ps, 1 DUI1M) =-,

1% = Ko, 2% = Ko, 171 = Kl, 271 = Ki-

In accordance with the definitions (5.6), (6.25), the initial and boundary
conditions (4.3), (4.4), (6.3), (6.4), we have

0 & 0
~

j
—

]
w; = o=@, Oww; = fßi— B+, Ozwy =l,

S

oni
—n ;oo FA j

—

95
õ:z:'wN = x =fz —fi T6, W= Ül?

(6 26)
j

—
sd d

-

sd pa
—

=

j

vy =p-p+Ü), Ww4w=9'—-9°+93, Y = ko—Ko,
Y =K,l—lšl.

Now due to (6.25), (6.26) we see that Theorem 2 andLemma 5 imply the

following theorem:

Theorem 3. Let u € C3*(D), 6,R € C'[o,7], ko # O and let the

inequality (5.7) be valid for T and h. Then the difference of solutions of
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(6.2)—(6.7) and (4.2)—(4.7) can be estimated as follows:

g +
).

(u? —vOgg„llu v |loo lggwllat(u v’) |2

+ Sti-vI + p 55

@%’3\4“ Az(v —v 1 Og„älw Y? |
oš-äl ° | Ogälr ¢ |

< õO(Xa T 7 B”lntbaBR:BO:aao, RO) H])[H o~ ”oo

+ | 00l=@l2 +[[B=Bla +7 > I7= F |I2
j=

+|p—p|+ J— G| +|ko —Flp—p| ošl-ž)žulg 9°|+|ko — ko|

+|l-hi|+h+ T}, (6.27)

where

M-1

Bo = mx,X]+2) 11|
<i<

-

M-—1

=
J J 2Ogäléžl”šlql, (6.28)

the quantities 8,,, By, Br are defined by (6.18) and ¢ isa certain constant.

Theorem 3 says that the convergence of the solution (v, %, @, q) of

the difference scheme (4.2)—(4.7) to the exact solution of the problem
(2.2)—(2.7) in nodes (x;, t;) takes place under the following conditions:

(1) (äa 187 .f 7 :õv .Õa FÜO) ,šl) converges to (Oä, /87 f 7 P, 9, Ko, K 1) in norms

indicated on the right-hand side of (6.27),
(2) h and 7 tend to zero in the coordinated manner (5.7),
(3) the quantity By that depends on the approximate solution remains

bounded in the process of approximation.
The condition (3) is necessary because B is included in the coefficient

Co in (6.27). To get rid of the restriction (3), we must estimate B in terms

a, B, f,p, g, ko kl. This is a quite complicated task since the problem (4.2)—
(4.7) is nonlinear. However, the method of weighted norms of Bielecki type
(see [*]) may help here, because the nonlinearities in (4.2)—(4.7) have the

form of discrete convolutions.

Finally we describe the entire procedure of solving the inverse problem
(1.1)—(1.4). Suppose that instead of the exact data A, B, F, G we know

certain approximations A, B, I, G. Let the error of the data be 4, i.e.

| A=A |la<é, ||B-B|p<d, |F-F|r<é, ||G-Gle<é
(6.29)
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in some norms || - ||, - ||, ]| - [p || - |l -

The first stage of solving
the inverse problem is linear but ill-posed. We have to compute the

approximations &, 3, f, p, g, ko ki for the quantities «, 3, f, p, g, Ko, K 1
on the basis of the formulae (2.8). To this end we apply some regularized
methods for evaluating the derivatives of the functions A, B, F, G.

Suppose thatthe errors of the obtained approximations satisfy the following
estimates:

| &=l < mi@), [[B=Bl2< mö,
M-—1

Fi pi ~j n
T ,ZI: £ =F s m@®, max |5 -¢’|< mi@), (630

|B2 L(O |ko-Kko|<mi(), |ki-ki|<S )

@—&)|t = m [-)" [cp,xl< m (6.31)

where m, m, are some continuous functions, m(0) = m,(0) = 0, and ms

is independent of 6. It follows from Lemma 2 and (6.31) that

| 0(& —@) J]2 < const (/ma(0) + h) (6.32)

if my(9) is small.

The second stage of solving (1.1)—(1.4) is nonlinear but well-posed.
From the scheme (4.2)-(4.7) we evaluate the mesh functions vž -

üzit), P x olt), x Rtj), P x =R, O<i<N,
0 < 3 < M. According to Theorem3 and (6.30), (6.32), we have

max || w— v ||oo + max || õi(u — v |b
o<j<M I<j<M

Tl + g
+o | Ox(u" — v3) ] T |167 -Y |

o | N e,1
< const (m(8) + v/ma(0) + h + 7).

(6.33)
We point out that the estimate (6.33) holds provided the approximation of
the function a is good enough, i.e. (6.31) is satisfied. Otherwise the stage
of solving the system (4.2)—(4.7) is also ill-posed. For instance, if (6.30)
holds but (6.31) not, then

D -

] Õ
0@-)]< 4VX |G- rlloo 7 < 4\/)_("“7()

and we must set the step h depending on 4.

The second stage provides the values for the relaxation kernel R and its

derivative. To determine the second component U of the solution (R, U),
we must additionally solve the problem (2.10).
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Remark. We can apply the method of finite differences to multidimensional

analogues of the problem (1.1)—(1.4) as well. Only in this case the error

analysis needs higher energy estimates, i.e. estimates with differences of

higher order than in the expression of Jk
(see (5.15)). This is due to the

breakdown of Lemma 1 for the first differences in the multidimensional

case.
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ÜHEMÕÕTMELISE VISKOELASTSEKESKKONNA
LIIKUMISVÕRRANDIGA SEOTUD PÖÖRDÜLESANDE

LAHENDAMISEST DIFERENTSMEETODIL

Jaan JANNO

Uhemdodtmelise lineaarse viskoelastse keskkonna liikumisvorrandiga
seotud poordiilesanne on taandatud hiiperboolset ja Volterra teist liiki

vorrandeid sisaldavale siisteemile. Saadud siisteemi on diskretiseeritud

diferentsmeetodiga. On tdestatud meetodi koonduvus.
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	Fig. 2. Photoemission spectra of the nitrogen-doped CVD diamond film, excited at 514 nm with an intensity of 120 mW/cm*. a, as-deposited film; b, sample irradiated with neutrons at a dose of 10!Š n/cm*; c, sample after neutron irradiation and subseguent annealing at 800°C for 1/2 hour. Arrows ] and 2 indicate the positions of Raman scattering lines of graphitic carbon.
	Fig. 1. a, the resistance as a function of 1/T for La,CuQ,, 5 after annealing at 7, = 250 K. Dashed and solid lines are fits to (1) and (2), respectively. b and c are relative deviations of the data from the best-fit line.
	Fig. 2. The normalized resistance as a function of T, at various temperatures.
	Fig. 3. The temperature dependence of resistance measured after annealing at T,. To display the annealing effect, all dependences are normalized to the one shown with a solid line in Fig. la. The fittings to (2) with additional assumption (i) are shown with solid lines.
	Fig. 4. The fitting parameters A, B, and C as a function of 7. (O), (V) and (O), (A) denote the results of the fit with assumptions (i) and (ii), respectively.
	Fig. 1. Average photon path-lengths as functions of the order of scattering for almost normal reflection against optically finite atmospheres.
	Fig. 2. Same as in Fig. 1 for transmitted radiation.
	Fig. 3. Relative differences in the average path-lengths for emergent radiation at T = 0 for isotropically and Rayleigh scattering atmospheres as functions of the order of scattering.
	Fig. 4. Same as in Fig. 3 for transmitted radiation.
	Fig. 5. Same as in Fig. 3 for different angles of incidence and reflection.
	Fig. 6. Same as in Fig. 5 for transmitted radiation.
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