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Abstract. The formalism of superprojectors is used for N==l linearized supergravity.
This formalism is based on the traditional and untraditional superprojectors, A modified

formulation of N==l linearized supergravity is given.
v
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1. INTRODUCTION

In the present paper we demonstrate the using of the formalism [!] of

superprojectors for N==l linearized supergravity. In general, the theory
of N=l supergravity is well known, but here we point out a quite
interesting approach of a version of minimal N=l supergravity. Being
supercovariant and basing on the vector and scalar superfield, such
an approach has some advantages for finding superpropagators.

Minimal N=l supergravity in superfield formulation is given by
Ogievetsky and Sokatchev [?]. It can be considered the theory of real

axial vector-superfield h“(x, 6) generated by the supercurrent Ve(x, @)
which contains superspins 3/2, 0, 0. The supercurrent obeys the conserva-

tion law

QOM(YVD) VV‘—' DQD_DVM-:O. (l)

The equation of motion is

(drdv+3d d*) hy=»V", (2)

where x is the gravitational coupling constant and d"== Diy“y°D. Equa-
tion (2) is invariant under the local gauge transformation

õhu = Dyuy”DDowpy— 2io“Dyupy, (3)

where pvwa(x, 0) inan arbitrary spinor-vector superfield.

2. MODIFIED FORMULATION

Westart from the equation for the massive superfield given by Loide

['] which describes superspins 3/2 and 0. The presence of superspins 0

depends on the choice of parameters @, В, c. In the massless case m=o

and by adding the source superfields we obtain [*]
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where, EY are superspin-projection operators, i.e. superprojectors (see
App.), \}l==й*(х, 0) 15 ап axial vector superfield, фэ==Ф(х, @) 15 а

scalar superfield, x is the gravitational constant, Vi==V"(x, 0) is an axial
source superfield (supercurrent), V2z==V(x, 0) is a scalar source super-
field (see App.).

In the case of the massless superfield the gauge transformations
arise

Wi `_+‚ 1 -Ёl3\}з l’ (5)
Y2 W2-+Ez3WY3

where Ei3, E23 are supercovariant operators and 3 is an arbitrary spinor
superfield. This means that the eguation operator and gauge operators
are related as

2
E3/2__2 Е°

1 3EII anlz Il El 3 l—O
bEgl („'Eg2 ll Ezgl

. (6)

In addition there exist supercovariant operators E3;, Ez2, satisfying the
condition

2
E3/2 —£

po 0 .
E3l, Eszll 11 ЗЕII аЁ

=O. . (7)
l bES, cES, |

From (7) we get the conservation law for source superfields

Езн / +-ЕэгИз==0. (8)

Now we are constructing the operators

5655 E3y, E 3 (9)

We express these operators by the help of untraditional superprojectors
Ev, is*k (see App.). The operators (9), given as a linear combination

of E“, (i7*k), have to involve all superspins that are possible by condi-

tions (6) and (7). The coefficients in the expansions of operators (9)
are restricted by the requirement that these operators could be localized.

Following this requirement we choose the coefficients so that
nonlocalities cancel each other. For gauge operators we may write

01/2 — 11/2

El3=alE%3+a2El]3+asE +CL4 VBE
,

13 13

E23= asEgS +Cls£šš2,
(10)

where a; (i=l, ..., 6) are nonzero coefficients. E%, are superprojec-
tors (see App.). We note that there is a useful relation for superprojec-
tors ['].

E!{k E{j—_—ayy'E!{j (ll)
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(there is no summation by k). It is easy to see, considering (6) and

(11), that Eq. (4) is invariant under gauge transformations (5) on

conditions

ab=—š C,

_3
(2

(11—2 aas.

Analogously to expressions (10) we can write

61/2 — 11/2

Esi=id(BlE*,, +B2E3, +BsESI +V3B4EaI. ),

(13)
Езэ==10(В Е° -ВыЕ?),

where Bı, ..., Pe are nonzero coefficients. Operators EY are for super-
spins 0, 1/2, 1. The operator ig is needed for diminishing nonlocality.
From condition (7) we get a constraint for coefficients

1= b (14)

By using expressions of EY, (see App.), the eguivalent forms of Eı 3 and
Eo 3 are

(E,a)“l‘:—l:——- [ (01 — a 2 — a 3 — a4) DDDY*id"+ (42+0a4) DD (Didy")*+
220

+2(a3 — au) (DO)*0" 4204 D (Dy*)*], (15)

(523)01‚:__1____ [ ((1(5 — (1.5)1_)D (Öiä)“—{—?ae DO Ea] .
270

Similarly we can write for E 3 and Ej

(Esl)va=— — [(Bi — Bo+Bs — Ba) i0 DaDD+
2720

+(В:+-Во) (i@yuD)aDD+(B3-+Ba)2o, (4D)x.— 284 D (yaD)a], — (16)

(Eso)a—— — [(Be — Bs) (i2D)«DD+2Be OI Do].
220

Now we try to concretize the parameters. Depending on the choice of

parameters a, b, two different forms of Eq. (4) are now possible,
respectively a==o; b£o апа а==6==o. Тпе {irst choice gives us a new

form of the equation of motion describing minimal N=l supergravity.
The second one is entirely equivalent to the equation of minimal N=l

supergravity given by Ogievetsky, Eq. (2).

The case of a=o, b=o. In this case we get minimal N=l supergravity
given, at first by the help of two superfields, A*(x, 0) апа Ф(х, 0).
The last one vanishes by fixing the gauge, but as we can see, some

constraints that were used in [*] now follow directly from the theory.
According to the considerations given before for operators Eis, Ess, Ea,
Esp, and for simplicity, we take
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a=—2/3, aı=o2=—o3=—o4, G=o=)3, b=—2/3, Bı=-—ßı=

=—ßı=ß4, Bs=Ps=7V2. The equivalents from these operators are now

(El3) **= (Dy")*, (15°)

(E23)*= D“

and

(Esl) pa=(yuD)a, (16’)

(532)a=Da-

All in all, we can write now superfield equation of motion (4) in an

apparent form -

2o+ (D)2 h — ona —LenooDiysys DI —

31 3 6

—%ЁВіддФ=—и№, (17)
Г 1

а
РО —

> (DD)*®=—xV.

The expressions of operators E%, (see App.) are used here

The invariance transformations are

йн—> h+Dy'y,
(18)

Ф — Ф--Ду,
and the conservation law for source superfields

(yuD)a V¥ — DoV =O. (19)

This differential condition (19) singles out superspins 3/2, 0, 0 and is

equivalent to condition (3). Really, affecting Eq. (19) by the operator
Üy„Dn%—DB(ÜW)“, we have the conservation law only for the super-

current Vı

2ди (Y„D)avu‘_Dal—)DVv:O‚ (20)

which also singles out superspins 3/2, 0, 0. From (19) we get the
restriction for V(x, 8), D (DD)D V=o, by which V contains only
superspins 0. On the other hand, from (19) we have also

2io V'= DDV. (21)

Consequently, the supercurrent V, contains superspins 3/2, 0,0, and
these superspins 0, 0 are connected with the scalar source V. We see

that supercurrent multiplet is givenby the axial vector superfield and
the scalar superfield with the conservation law (19). The conservation
law (19) for currents (V,, V) is a differential condition of lower order
than the condition for the supercurrent V, only.

Fixing the gauge ®’'=o, Egs. (17) acquire the form

32;[‘3+ž (DD) 2] hu ——š OOA} —% e" 1000DiyoVSDR =—xVi, (22)

— % DDidyh*——xV, (23)
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with gauge invariance

h—>h¥ 4Dyt (24)

on condition

Dy=o (25)

that we get from (18). We note that Eq. (23) follows from (22) and is

therefore inessential.
The gauge fixing leads to the well-known version of minimal linear-

ized supergravity (2). At the same time, the gauge transformations

(18) and the differential condition for source (19) derive in the natural

way when using superprojectors. Earlier the gauge transformations in
form (24) have been given by Ferrara and Zumino [*] without ап

algorithm for deriving them. Only the constraint Dy=o was added
to (24).

Consequently, Eqs. (17) are a version of minimal supergravity in a

modified formulation.
The Lagrangian in superspace corresponding to Egs. (17) is

| 2 v

’~’=§[h“(s3&"’—§s‘ll) „ЙУЙ (Е )Ф
()

+(D(EgI)"h„+CDE%2(D] х (I*И,--ФИ).
This Lagrangian is invariant under the gauge transformations (18) by
condition (19). It is easy to see that an equivalent form of this Lagran-
gian follows from (26):

1-
— —

2=—l-[— Diy„\f‘Dh"Di\;"ythV—{-—ä Diy'y°Dh"Diyay°Dhyv+
12L 4 4 (27)

+DDh*Dy,DD+DDO®DYYDhy — ÜD(DÜDGJ] +x (h*Vu+DV).

Considering the general Euler—Lagrange equation [°], we can get the

supersymmetric equation of motion. '

The case of a=o, b=o. Here we get a version of minimal supergravity
considered by Ogievetsky and Sokatchev, see (1), only with different

gauge transformations in the form given earlier by Ferrara [*]. Indeed,
according to (12) and (14), aı==ßıi=o. Other coefficients have tobe
chosen by the condition of locality of the operators Eız and Ex3ıl.

For example, »a2=——a3=a4=—]/s[:| and Bı=ßıi=-—ßi=-—2 ]/5 О.
Now we may write the equation of motion

(53/2_3 r

11 3E°„)Äh7v=xVu‚ (28)

with the invariance

h* > hu+ODy*y ——% iOOÖ"DDDY (29)

and the conservation law for the supercurrent

[iO.D.DD+2O (yuD)a] V*=o. (30)

The gauge operator (29) and differential condition (30) for the super-
current are of higher order than in the previous case.
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3. CONFORMAL SUPERGRAVITY

In the case of conformal supergravity [¢], by m=o and the super-
сиггеп{ И, (х, 8), the linearized equation of motion is

= (31)› = @И,DOEY2y, =gV,

where Yı=h"(x, 0), g is the coupling constant, Vi=V"(x, 0). Equation
(31) has gauge invariance

Pll+ E 1393, (32)

where w3(x, 0) is an arbitrary spinor superfield. The conservation law
for the supercurrent is

E 3 V=o, (33)

which singles out superspin 3/2. By the meaning of operators Es, Es
the conditions have to be

E?El3=O (34)

and

EnEV?=O, (35)

Considering (11), we see that conditions (34) and (35) are satisfied if
operators Ei3, Esi, are linear combinations of superprojectors of super-

spins 0, 1/2, 1. The formal expressions of Eıs, E 3 are already given by
(10) and (13). The considerations for the coefficients a;, Bi (i=l, ..., 4)
given before are the same. In this case only conditions (34), (35) do
not give any restrictions for coefficients. Choosing, for example, a;=

=о==—O3= — ==— )/2, В=—Во==— Вз=В,==— }/2, е орегафогs Ё,а
and E3; become explicit forms

(El3) **= (Dy")*, (36)

(E3l) ua= (YuD)a. (37)

In conformal supergravity the order of the equations of motion is too

high. -

4. CONCLUSIONS

Above some expressions of untraditional superprojectors are given,
the application of the formalism of superprojectors for N=l supergravity
is demonstrated. The structure of superspins of operators becomes

apparent.
A modified formulation of N=l linearized supergravity by the help

of the vector and scalar superfields is given. Such an approach has

advantages on quantization.
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APPENDIX. SUPERFIELD PROJECTION OPERATORS

Notations used

1
\

> Y Y} =nuw=diag(+———); v=yY'y°;

1

õuw=s [vwyy]; 0/ox#=o,; D0=0,0% =oyy*;

2123—1; 0° — (C-I)abg,,

where C is a charge conjugate matrix; the covariant derivatives

Dy=o/06% —(1/2) (88)q, D*= (C-I)“Dge, {Da,De}=-—(iBC)ap.

Superfield projection operators, i.e. superprojectors Ev

1. Scalar superfield.
Superspins Y=o, 0, 1/2 are singled out by

1 Q F

p ——— [(DD)?+2io,Diyy;D],-
(A.l)

L
V oROlE 1+

а
(DD)

Неге +, — correspond. to different chirality of an operator

2. Spinor superfield.
Superspins Y=l, 1/2, 1/2, 0.

3[ 1
— ] 1

=

e —— 2 ____,др. v
5D v SD’El=7]l+ а (DD) вр

УО

Eli/2= — —BLE-I- { (DD)24-2iovDiy*y®D], (A.2)

в— 142(sp)']+0DivD.
4 40 80

3. Vector superfield.
Four superspins, 3/2, 1,1, 1/2, correspond to Poincare spin 1, which

are extracted by

2[ 1
= ]( д*д), ) 1.

—3/2\х
—

—
— D)? K o | —

SN О° g SD,”Yı =g GO\ W- 60
° РР

:

L
5

N : a»a„)(ElI ) Ä——"g-l_—_]—' [(DD)2i2zöva YSD] (nÄ_—Ü__- ,
(АЗ)

1[ 1
= ]( д*д), ) 1 ,1/2 Хо==— —— 2

—— — % p g SD(’ 51+ 30
(DD)* Nnx = +6 ° 2000° Diy°ySD,

and superspins 0,0, 1/2 correspond to Poincare spin 0
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(El"fl)?»—[l | 4Ё] (Ш))?] [šh ,

(А.4)
1

— д*д),0 W—- 2 f aaWa sD
.

We mark yYı=h*(x,o), фэ=ЕФ (х, 0), pa=Da(x,9). The operator EY,
(i=k) is a nontraditional superspin projector, which singles out the

s_uperspln_Y from the superfield M.(x, 8) and transforms it 10 the super-
field D;, i.e. ®;=EY @, The traditional superprojectors we may mark

аз well EY.
The superprojectors satisiy the relations [!]

E EV =öyyEY, (A.5)

(no summation by j).

For example, the superprojectors of superspins Y=o, 1/2, 1 for super
fields i, P2, Y3a are

I+ 1
-

(ES,)=g iO4DD, (ES,)u=—s=s~iouDD,

eyt 0y ]( 12) = +—4_б_ (D )
,

УО

(Bı=— [ 14+— (00)?|al,
ya 40

(A.6

1 ÖMO, \ —.

(B (n — Z )D,
2730 |

1 o,oy\ —.(Elg/f)u_—"——::(fluv‘——s——)DWVYsD§
2 Y3O

1
—

(2,)е=— —— 50(09)®, (EY,)a=———— DuDD,

Koa 2 20 2720
(A.7)

1
— —

—

(Е‘2/‚_,‚2)°‘=————__—— (Dig)*DD, (Eä/22)a=—l_—- DDD,,
2 20 220

1
(B ,)wa=——— ig»DDD> - 1—

—
, (ЕЁ )ш

—— VD
D

220
‘ oo 0

O

1
-

(E! )**=——— DD (Dic*d,)*,
2 720

e

(Е —

1 ( o,oy —

31)0“* __2]/2_|:| Т]щ›—""Ё_ (v*D)aDD;
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01/2 1
(ЕIЗ )a“'—'—-———_j— Ü“D—Diäu,

2720

01/2 1 -— дд
(Е , )ме== — —

—ZDD (Y'D)a,
3

2jo U

s |
-

(А.9)

(E, )M= ——— (Dic**d.)*DD,
2 Y6O

ı 1/2 1 0,0
(B va mua— 2%)BD(3
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LINEARISEERITUD N=l SUPERGRAVITATSIOONIST

Paul SUURVARIK

N=l lineariseeritud supergravitatsiooni saamiseks on kasutatud

superprojektorite formalismi. See formalism pöhineb traditsioonilistel ja
mittetraditsioonilistel superprojektoritel. On saadud N=l lineariseeritud

supergravitatsiooni modifitseeritud formuleering.

O ЛИНЕАРИЗОВАННОЙ N=l СУПЕРГРАВИТАЦИИ

ITayn CYYPBAPHK

Формализм суперпроекторов использован для получения М==l линеа-

ризованной супергравитации. Этот формализм базируется на традицион-
ных и нетрадиционных суперпроекторах. Получена модифицированная
формулировка для М==l линеаризованной супергравитации.
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