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Ahstract. An equation of motion of the one-dimensional homogeneous nonlinear visco-

elastic medium is deduced. An inverse problem to determine two kernels from this

equation is formulated. The data of the problem are measured from two independent
experiments of rod oscillation. The inverse problem is reduced to a system of hyper-
bolic and second-kind Volterra equations. The method of finite differences is applied
to this system.
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1. INTRODUCTION

The determination of relaxation kernels of viscoelastic materials is

a problem of both theoretical and practical interest. Often the kernels
are reconstructed from experiments of wave propagation. This leads to
inverse problems for viscoelastic equations of motion [!-*].

Several methods [!"256] are proposed to solve inverse problems
related to linear viscoelastic models. Among them the method of

optimization [V'?] is applicable in nonlinear cases too. The optimal
solution is searched from a given {inite-dimensional space so that
the best accordance with initial data of a problem is attained. In linear
cases the adjoint state functions (see e.g. [!]) are used to reduce the
amount of the computational work. Unfortunately, in nonlinear cases

one cannot use the adjoint state functions and the optimization technique
turns out to be very time-consuming.

In this paper we shall present an essentially quicker method of

solving an inverse problem related to a nonlinear viscoelastic equation
of motion. The method is based on an approximation with finite dif-
ferences. Analogous methods have successfully been applied to inverse

problems of electrodynamics and seismology [7~?].
In Sec. 2, on the basis of ideas presented in ['°], we deduce the

equation of motion of one-dimensional nonlinear homogeneous visco-
elastic medium (2.7). The equation includes two kernels, R, and R,. In
Sec. 3 ме formulate an inverse problem to determine R;, R, from two

independent experiments of the rod oscillation. We shall reduce this
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problem to a system of hyperbolic and second-kind Volterra equations
(Sec. 4), and apply the method of finite differences to the obtained

system (Sec. 5). As a result, the kernels arec determined in discrete
values of their arguments.

The presented method is applicable to the linear model as well. This

case together with a numerical example is analysed in Sec. 6.

2. ONE-DIMENSIONAL EQUATION OF MOTION

FOR NONLINEAR VISCOELASTIC MEDIUM

We consider the initially isotropic and homogeneous medium, a_nd
assume that applied deformations are small but finite. The Lagrangian
strain tensor Ex. has, in the Lagrangian rectangular coordinate system,
the form

2Exl=Ukl+Urx+UmlUnmx, (2.1)

where Ux denotes the displacement vector. All indices in Eq. (2.1) run

over 1,2,3, so the usual summation convention is used. The indices

after comma indicate differentiation with respect to x;. All displacement
vectors, strain and stress tensors are dependent on time { and spatial
coordinate x;. We use the Kirchhoff pseudostress tensor T,;, and propose
that it is the continuous and continuously differentiable functional in point
x; and it can be expanded in a Fréchet series [!']. Constitutive equations
of various accuracy follow [!°]. The first term in the series permits one

to construct the linear constitutive equation of the medium. The second
term permits to take into account the quadratic nonlinearity of the

stress response to strain. The third term extends this response to cubic

nonlinearity, and so on. Further we keep two first terms to this series

under consideration.

Following the ideas presented in [!°], we derive the constitutive

equation of the viscoelastic medium in terms of the instantaneous part
eTlr of Kirchhoff pseudostress tensor T;; and its regular part 7

T (B)=gTl(t)— oTI (). (2.2)

The instantaneous part ¢T,; of Eq. (2.2)

ETis(t) =XMO)õr;Ekrk(t) +2u (0) E, (£) +3vı (0) 5: ,Exx(£)Erz (f) +

+vo(0) [B:,Exı(f)Erı(t)+2Exx(f)En()]+
+3vs (0)Erk (t) Ekslt) (2.3)

coincides exactlv with the constitutive equation of the nonlinear theory
of elasticity ['?]. Here &8,; denotes the Kroneker delta, constants A(0),
1t(0) тау be regarded as Lamé constants and v;(0), х›(0), ап@ v3(0)
as the third-order elastic constants. The regular part of Eq. (2.2) may
be presented in a similar form

T> [DIenl OT

AFı(t, )+Fln 4, п) Ра( т D -+Falt, n 4 0),

Fı(a, B, y)= f {3vi (t—o)BuExx(B) Exe()+
Avl (£— @) [BlExe(B)Exe (v) +2Exx (8) Enr (1)1 +

+3v! (t — a)Eix (B) Exs (v) }da, (2.4)
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Fil(t, ,T n)= .;.; {3vt (¢t—r, — п) 6Ё кк (т) Е. (п) +
00

+v ( —т, t —n) [6oEke () Exe(n) +2Ekk(t)Ers(n) ]+

"-Зу% (—т, #— п) Ек(т) Ек (п) }ат @т |
V 2 (f)=+ (1), j=l,2, 3.

Equations (2.2), (2.3), and (2.4) represent the modified constitutive

equation of the quasi-linear theory of viscoelasticity. The peculiarity
of this equation is that kernel functions A1(f), wi(¢), and v/ () in е

regular part of it are related to stress and strain in a similar way as

constants A(0), р(0), ап vi (0) are in the instantaneous part. The

difference is in their dependence on time only. This facilitates the

understanding of the physical meaning of numerous kernel functions.
Henceforth we shall consider the one-dimensional case xR, and

use the indices х, ¢ for partial derivatives.
The one-dimensional constitutive equation for the nonlinear visco-

elastic medium may be derived on the basis of Eq. (2.2) by using
the equality U,=U3=o in Eq. (2.1). We simplify this resulting cons-

titutive equation for our purposes by setting functions Fo(1n, £, m),
Fa(x, v, t) and Fa(tr, n, v, n) equal to zero, and redenoting U=U,.
Introducing this constitutive equation into the equation of motion (go
is density) ['?]

[ТI (1+- И) ] ; — 00Uu=0, (2.5)

the one-dimensional nonlinear equation of motion for the nonlinear
viscoelastic medium follows:

(1(0) +2p (0)) Uxx+3[A (0) +2u (0) +2 (vı (0) +v2(0) +

+v3 (0)) ] UxUxx—(0 () +2ul ()) KU xx
—

—[(o + ()-6( (£) у) () Hv} (£))]> (UxUxx)—
—[( () F2ul (£) ) >KUxx]U x—[ (A 1 ()-+2pl ()) >KUx]Uxx=ooU. (2.6)

Here Ж denotes the convolution integral:
t

[@:(x, *)kwa(x, +)] (f)= Öf @1 (х, # —5) @›(х, $) а5.

Equation (2.6) may be presented in the form

Uxx+kl Uxe£+Rl*Uxx+R2* (Uxex) +(Rl* Uxx) Ux"'l"

+F(Rı>kUx) Uxx==o7"U4t,
ko= (A(0) +24u (0))7,

ki=3[l— 2ko(vi (0) +v2(o)+v3(0) ) ],

c~2=koQo,

Rı (t) =—ko[A(f) +2u; (£)],

Ro(t) =—ko[Aı (£) +2pl (£)+6(v! (£) +v} (£) м) ()]. (2.7)

Equation (2.7) describes the motion of the medium with nonlinear
elastic and nonlinear viscous properties. For the real media there may
be cases when it is possible to describe the elastic or viscous behaviour
of the media on the basis of the linear theory. This leads to simpli-
fications in Eq. (2.7). There may be three principle types of simplified
equations of motion:
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1. Linear motion of the viscoelastic medium with linear elastic and
linear viscous properties

Uxx+Rı>k Uxx=C72o4i; (2.8)
2. Nonlinear motion of the viscoelastic medium with nonlinear elastic

and weak linear viscous properties

Uxx+klUxex+Rl*UXX=C—2UÜ; (29)

3. Nonlinear motion of the medium with nonlinear elastic and linear
viscous properties .

Uxx+klUxex+Rl*Uxx+Rl* (Uxex)_+ (Rl*Uxx) Ux+

+ (RliKU+x) Uxx=c2U4l. (2.10)

Equation (2.7) also describes the motion of linear or nonlinear purely
elastic media (R,(f)=Ry(t)=0) and the motion of purely viscous linear
or nonlinear media (A(o)=p (0) =v;(0) =v2(o) =v3(0)=0).

3. SETUP OF THE INVERSE PROBLEM

Let us have a viscoelastic rod located between spatial points x=o,
x=X. Consider two experiments that consist in releasing the pre-
deformed rod and forcing its oscillations at the point x=o. Due to the
equation of motion (2.7), the displacements of the rod Ui, I==1,2, аге

governed by the mixed problems
t

(I+kU (x,0))U! (x,B)—c2U: (x,B)+[R, (t—s)Ui (x,s)ds+
0

f t

Н Г К; (7 —5) ОЛ (х,5) 1, (х, 5) а5- [ Rilt —s) [U7 (x, )UL (x, 5)+
0 0

+U"x (х, $) 05 (, )]4s==o, o<<x<<X, O<l<T, i=l, 2, (3.1)

Ui(x,o)=ai(x), Ui(x,o)o=o, o<x<X,

Uio,t)y=g:(t), o<l<T, Ui(X,t)=o, 0 Т.

Here i is the experiment index. In addition to given initial and boundary
conditions a;, @;, we suppose that the histories of the deformation of the
rod are measured at x=o, i.e. we know

Ui (o,t)=i(t), 0О!Т, f=l, 2. (3.2)

We formulate the following inverse problem: given a;, @i, %i (i=
=l, 2), ki, Hd RO Ral O7 such that the solutions U’ of
the mixed problems (3.1) satisfy (3.2).

Conditions of solvability and uniqueness have been established for

inverse problems that are formulated to more simple nonlinear [!3] as

well as linear [%!*ls] hyperbolic integrodifferential equations. Neverthe-

less, let us assume a priori that the solution of (3.1), (3.2) exists,

К, К, © C[O, Т], (3.3)

and the corresponding solutions of (3.1) satisfy

Uie Cs([o. X]XlO, 7]), (3.4)
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ннеил (5, 8)+[ Ri(t —)UL, (x, I)de>o,
0 (3.5)

(x, £y [O, X]X[o, T], i=l, 2.

Inequality (3.5) is necessary for the hyperbolity of Eq. (2.7). Physically
it holds since model (2.7) is valid only in case of small deformations
of the medium:

UL (v 1) | <l, (x,t) [O, X]X][o,T], i=l, 2 (3.6)

(see beginning of Sec. 2 and [!!]).

4. REDUCTION TO A SYSTEM OF HYPERBOLIC AND

VOLTERRA EQUATIONS

4.1. Formulation of main results

Theorem 1. Let (3.3)—(3.5) be satisfied and

det D(f; (U!. (o,f), U?. (0,7))) #O, O<!<T, (4.1.1)

where D is defined by (4.2.5). Denote

—
— —

— [/? — [/1u=U! , wp=Uo, wu=U', w=U,6 u=U,,
(4.1.2)

—[/2
—

[/! —[ /2 ‚FI —
/2ug=U?, w=U~ uw=U>, u=U' , wo=U?_,

Then Egs. (4.3.1), (4.3.5), (4.4.5), (4.5.1), (4.5.4), (4.5.3) are valid

for u:, I<i<lo, Rı, Ro, where the quantities [i;, [, &), Uoi Ui K;

% № dij, eij, Hi Hi, xi, A, Y, €, pi, ©, x are defined by formulae

(4.2.1)— (4.2.11).
The proof consisting in deriving formulae (4.3.1), (4.3.5), (4.4.5),

(4.5.1), (4.5.4), (4.5.3) is located in Subsec. 4.3—4.5 of the paper.
Observe that the preliminary inverse problem (3.1)—(3.2) has been

transformed to a system consisting of Volterra integral equations of the
second kind (4.5.3) for Rı, R 2 and hyperbolic equations (4.3.1) for

u;, I<<i<<lo, together with the initial conditions (4.3.5) and boundary
conditions (4.4.5), (4.5.1), (4.5.4). The Ileit-hand-side boundary
conditions of the first kind (4.5.1) and the third kind (4.5.4) are in an

implicit form.

The assumption (4.1.1) in Theorem 1 is necessary in deriving the

equations of the second kind (4.5.3) for R,, R;. However, condition

(4.1.1) is hard to interpret from the physical point of view. The following
theorem gives a more interpretable particular case.

Theorem 2. Let U'e C2([o,X]X][o,T]) and (3.5) be valid. Assume
that

I+T
ja% (0)|>la (0) |—, |a%(o)[#o, i=l, 2, (413)

where

l$:(t)|=|U: (o,l)|<T<], o<t<T, i=l,2 (4.1.4)



425

(cf. (3.6)). Then there exist n, 6>o such that ii

@' (t)|<d for t>n, (4.1.5)

then (4.1.1) is satisfied.

Consequently, choosing the functions a;, a, in a suitable way (cond.
(4.1.3)), and forcing the perturbations of the rod only in a short time

interval (cond. (4.1.5)), inequality (4.1.1) holds.

The proof of Theorem 2 is located in Subsec. 4.6 of the paper.

4.2. Auxiliary quantities

For arguments x &[O, X], t<[o,T], 5 ©[O, I], оl, 0› ©К,
(21, - .., 210), (Yl, --

-, o) S R'S, we define

fij (21, ..., 210), N EN 3,

g (x, 21, ..., 210), gf (x), I& j<10:

f77=423‚ f88=424‚ f97=25‚ f10,8=26, f99=323, f10,10=324v

i =2z3ys, fe==24ys, [3=2323y7, [4+=324ys,

fs =2z3yo+2sy7, fe=224ylo+26Ys, |
Ё =Згзут, [в==Згвув, [v=2327y9, [lo=32sYlo,

в = @” (х) (I+-21)+-2а7(х)гз--а’, (х) 2т, (4.2.1)
gl —O4 (x) (1-+2o) +2a%(x)244 (1) 2,

g=a (x) (I+zı) +3a'/” (x)zs+3a7 (x)?",

@!, — @' (x) (1+22) +3a’)’ (x) z4+3a} (x) 2s,

g =(@()44 ()07 (x), g = (o] (x) "+, ()a%} (x),

g 2 =327 (x)a!" (x)+a ()0 (x), g}, =34} (x)a}’ (x)+a} (V)i (x),

the functions f;;, fi, g', not included in (4.2.1), are equal to zero,

Uo,i, Ur,i, I<t<lo (422)

иод==@' (Х), ио2==o',(х), иоз==а”(х),
°

иод==а)(х), uor=a\"(x), uos=0a;"(x),

Uo,s — Uo.6= Uo.9= Uo.lo=Ull=о заа л== и 3==o, (4.2.3)
u=c"[(l-+ka‘, (x))a’ (x) +ı (a (x))?],

me=c2[ (14+kia’, (x) )a (x) +ki(a7(x))?],.
uo=c?[ (14kid, (x))a® (x)+3kia7 (x)a7’ (x)],

шудо==©°[ (1--Ёуа’, (х) )а?? (х) +3kia’ (x)a’’ (x)],
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Ki(t; ;0500 (21, ..., 2i)5 (Yl, -,
Yime)), I<<i<lO,

Vilt; 1, +> J4)), I)IZ0, y:(1), ITIT8:

Ki=K;=Ks=K¢=o,

Ki=(oi(l+y,(1))teb, (s))a, =3, 4,

К; == (01 (I+‘Р‚‚‚ () +92Фр, (5)) zi+2ol2i—4Yi—4+o2 (zi—4)*,

i=7, 8, | (4.2.4)
K;= (01 (1-+lpp‘ (1)) +92\pp‘ (5)) zži+rol (Yi-6zi—4+ Zi-sYi-4) +

®

+022;-6Yi-6, (=9, 10,
—

Y=Y=Yss=Y6=V3=Ys=Y7=Ys=o, .

=b Ye=v2 Ya=C, ve=c9% V=V, Y=},

vi=cH, () —k' (yi-e)?, =T, 8,

Yi=C"2qJ';: (£) — RıYyı=eYi-a4, i=9, 10,

(dil)i,j=l,.2=D(t; (y3 y4))=

—( aY (0) (I+wl (2) )+a' (o)ys a'(0)a7(0) › (4.2.5)
ay (0) (14+y2(f) )+a’,(o)ys а’ (0)а7(0)

/°
—

(€i)ij=l2(t; (Y3 ..., ys))=

— ( ay”(0) (1+w1(2)) +2a7(0)y3+a' (0) 47 а’ (0)а’” (0) + (a7(0))* )
a3’(0) (14+¥2(¢))+2a%(0)ys+-a,(o)ys a 3 (0)aY'(0)+(a7(0))*?'

(4.2.6)

Hi(t; s; 01; 2)=a (I+y, ())To2p, (s), i=9, 10,

Hi(t; s; 00 (21, .., 20)5 (Yl, - -+, Y8))=0ı (Yi-42i-2-FZi-aYi-2) +

e, I(diKio— d22Ks)+e, »
(d2lKs — DiiKio)

+Q22i-42i-2 —————__, [=9, 10,
det D

(4.2.7)

'X(t, (yh ** .› !/8)) =C_2\|J;,ll(t)_ klyi—4yi—2+

€. 1
(dızyıo — d22Y9)‘+ep‘_ »

(d2ly9 — d11y10)
‚ _

r det D »
=9, 10,

AHt sOl5 (2 - 205 (g, )) -

PDka
i=l, 2,

(4.2.8)
n _

@эз-о—— @-Ю
.T(t’ (yl’ sy yõ))—

detD ,
l—lr 2,

d3-i, 2611
— d3—i 16i,2 .i ® —_— o= :e(t! (y3’ se sy yS))— . detD

,
l 1) 2'
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Here

3 1

pi=g+(—l) D (4.2.9)

Moreover, define

O(1)=1, I>o, O(1)=0, I<o, (4.2.10)

o = SSSIо,

— (4.2.11)xl =x) = KL=4l =u; =up =x2 =x2 =2 =x2 =l.

4.3. Differentiated equations and initial conditions

Taking the derivatives d,, 0%, 0«0y, 0%, 020; from Egs.- (3.1) in

view of notations (4.1.2), (4.2.1), (4.2.2), (4.2.9), (4.2.10), we come to
the following system of eguations:

[l+klupl (x,t)+ jt'Rl(t — ")”p, (х, т) ах ] (иг)хх(х, ) — с7*(иг)e(x, t) +

Ё

+Л[&( —5) (I+up‘(x,t)+R2(t—s)up‘ (х,$) ] (иг) хх (Х, 5) 45--

10

+L{R};; К; ‚-;‚ F(U(x, t1)) : (U(X,t2))xFfi(U(x, 711), U(X, 72))} ($)+

+ (g) (x; u(x, £)) +-@ (—8)а’ (*) (Wi-2(x, £))x) Rı (£) +

+g° (x)Ro(t), O<x<X, O<i<T, I<i<lo. (4.3.1)

Here

L{R}ı; Ro; w(t,, то) }() == В0 (, t)+°ft Ro(t— s)w(s, s)ds+

+o_; К, (7 — $) [ (1, $)-- (5, /) ] а5. (4.3.2)

Differentiating the initial conditions (3.1), and taking into account

(4.1.2), (4.2.3), we immediately obtain

иі(х› 0)=u0,i(x)1 I<l<loa (ui)t(x) o)'=ul.i(x)v l=l) 2; з› 4, 79 8.
(4.3.3)

Let us set t=o for i=1,2,3,4 in (4.3.1). According to (4.2.1), (4.2.2),
we have

(ti) x»(l+kiw, )— c (mi) n+hi(u; ) | t=o=o,
o<<x<<X, i=l, 2,3, 4. (4.3.4)

The сотрlех (и;)н (х, 0), 1514 1 (4.3.4) 15 едшуаlеп! Ю0 (и;)‹(х,0),
i=s, 6,9, 10 and the functions и;(х, 0), (и;) хх (х, 0) are replaced with
the derivatives of иог (cf. (4.3.3)). According to (4.2.3), Egs. (4.3.4)
become (u;)¢(x,o)=u,:(x), i=s, 6,9, 10, which, together with (4.3.3),
yield

ui(x,o)=upi(x), (u)e(x,o)=ui(x), o=<x<<X, I<i<lo.
(4.3.5)
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4.4. Right-hand-side boundary conditions

Let us set x=X in Едs. (3.1). We obtain

vi (x
[ВЕ аНО Х)ВЕs)Vx (X,5)

>

°% > I+k:Ui (X,t)+ f Rilt—r)Ui (X,l)dr
0

XU (X,s)ds=c2U(X,1), O<l<T, i=l,2 (4.4.1)

Since Ui(X, t)=o апа (3.3)—(3.5) hold, the relations (4.4.1) are

homogeneous Volterra equations of the second kind with bounded
kernels. Therefore,

U!i(X,t)=o, O<l<rT, i=l,2. (4.4.2)

_ Differentiating Eqs. (3.1) twice by x, we get Volterra equations for

Ut
..

(X,t) as well. These equations are also homogeneous because

U, (X,t)=o (ci. (4.4.2)). Thus,

Ui „
(X,t)=o, O<t<7T, i=l, 2. (4.4.3)

The boundary conditions U/(X,t)=o, o<<t<T, i=l, 2 together with

(4.4.2), (4.4.3) imply

Uit (Х’ t)= lex (X, t)= Užtxt (X‚ t) =U‘;cxxx (X’ t) =Оя

o<<t<T, i=l, 2. (4.4.4)

Boundary conditions (4.4.4) rewritten in notation (4.1.2), (4.2.11) are

®L (i) (X, )+x2ui(X,)=O, O<IZ<T, I<<i<<lo. (4.4.5)

4.5. Left-hand-side boundary conditions and equations for R,, R,

Let us derive the following formulae on the boundary x=o:

u (0, ) +
t

+j' K,—(t;s;R.(t—s);th(t—s); (Мо ..., Ui)
х

0

I+k„ppl () + fR,(t-—'r)lpp‘ (т)а
0

х
0,5); (ш,

t,
ui-4)(0,1))

ds—-

-I+kib,)+[Rit—t)y, (r)dr
ity (wl, +, Hi-4) (0,

^=`у_(_.__(і‘__’_“_s№+уі(;)‚ o<l<T, I<i<SB,

I+ky,)+JR(t—l)y, (r)dr
0

i

(4.5.1)

dp,.l(f; (us, U4) (0, £)) Rı (£) +dp, 2Ro(t)=

=—(o,o ( () +/Rit—t)y, ()dr)—
0

1

t

—ofK,-(t; Sy Ri(s); Re(s); (s
.., wi) (0,8 —5); (uy,

..., ui—) (0, t))ds--
Fvills (w,

..o, wing) (0,2)), O<IZ<T, I==9, 10. (4.5.2)
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In cases i=l, 2,5, 6 formula (4.5.1) follows simply from (3.2)
and (4.2.4). Formulae (4.5.1) or i=3, 4,7, 8 and (4.5.2)
are inferred from the Eqs. (3.1) and their first-order derivatives
at x=o. We must only replace the functions U’, U', U‘, with

us, Us, Uz, us, e, o and the functions U’ (o,¢), Ui (o,¢), Ui (o,¢),

Ui,(o,t) with suitable derivatives of g; ;. After that we can use

notation (4.2.4).
Due to (4.1.1), we can transform the system of Volterra equations

of the third kind (4.5.2) imto the system of equations of the second kind:

Ri(t) =

,

= (—l)"[f АА 5; В, (5); В(5); (шь
-..,

Что) (0,7— - -.

(

- d3-—p 3—i

‚.. о) (0, ))ds—Y (—1) 6 () (0,0)) 1Ы(О
<

+/Rilt—v)%, ()dr)ui(o,)— Yot (m — о)()
'

o<t<T, i=l, 2. (4.5.3)

Now let us compute the derivative 0,0; of (3.1), set x=o апа

eliminate R,, R, standing outside integrals by means of (4.5.3). There-

upon let us replace the derivatives of U? with the functions (&i)x, i=

=9, 10, u;, I<<i<<lo or, if possible, with derivatives of ¢;, ;. Then, in

view of (4.2.6)—(4.2.8), we obtain

() «(0,7) - (I+krp, (1)+ oftRi(t—l)y, (v)dv)+2(ki(0, ) +

+!_Rl(t — t)ui-6(0, t)drt) -u;(0, #) - .1209‚ (——l)i(l+k‚\ppl (Э +

+ SRID,dre ( -- ) 0.0) woo+

+‘()f'fif<t; s; Rı (f— 5); В:(—5)) () £O, s)ds+

+ [ Hilt;s; Rilt—s); Ra(t—s); (, + -, 1010) (0,5); (s, -, tg) (o,))ds=
: n 2 u (0,0), ODISZT, i=9, 10. (4.5.4)

4.6. Proof of Theorem 2

Since U‘, U‘ are continuous, i (o)=a’ (0), U’ (O, 0)==а” (0),

i==l, 2, we have

a’ (0) (1-+2a’, (0)) —]a”(0) +a (0) |cı (n) <a(0) (1-+1p:(f) ) +

+a’ (0) U (0, £) <a“(0) (I+2oa’, (0)) +|a” (0) +a‘, (0) [ı (n),
o<!<n, i=11,?2, (4.6.1)

where

cı (n)—o if n—o. (4.6.2)
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On the other hand, Egs. (3.1) at x==o yield

UL, (0,1)+ ] G(t, )U, (0, s)ds—-

с ()
- O<U<T, i=l2

I+ky,()+[Ri(E—=T)9, (I)dr
°

(4.6.3)

Here G‘ are some bounded functions. Applying the Gronwall’s lemma

to (4.6.3), estimating and making use of (3.5), (4.1.5), we obtain

t

(UL (0, 8) | <cslo(1) |+ea[ |97 (v) |[dr<ca(n+B), n<l<T,
0

(4.6.4)

co=c3=cy=const. Now it follows from (4.6.4), (4.1.4) that

(I—T)[a7(o) |—ca(n+9)|a] (0)| <|a? (0) (14+:(¢))+

+-а’, (0) 05 (0, #)|<= (1--Г) а’(0) | - (п-+-6) |а’; (0)|,
n<t<T, i=], 2. (4.6.5)

Choosing n, 6 small enough, estimates (4.1.3), (4.6.1), (4.6.2), (4.6.5)
imply (4.1.1).

5. DIFFERENCE SCHEME

Let us discretize problem (4.3.1), (4.3.5), (4.4.5), (4.5.1), (4.5.4),
(4.5.3), making use of finite differences. We shall use the uniform mesh

{(mh,nt):o<m<<M, o<n<<N}, v=TN-!, h=XM"! (5.1)

and the notation '

V Zui(mh,nı), rZRılnt), O<m<M, o<<n<N. (52)

The derivatives will be approximated by the following formulae
i і .

(ui)xx(mh, nr) =
_Mm‚r{—v_‚'„_„‚_

h?
;

()(i, )5 S — 2ma ma |
t

;

(u:)x(mh, nt)NM ; |
(5.3)

2h
; (“i)x(O,nr)zm ;

h
in (4.5.4);

i i i i

(ui)x(Mh, nt) z_.lm"_-_h_v.fi'___lfi_ in (4_4_5); (Ці):(т’і‚ 0) ~
Um, 1 —т—

Um,o

For integrals we shall use the rectangular rule:

[ Hs)ds~t 3 (). (5.4)
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Moreover, let us introduce the following functionals being discrete

analogues of (4.3.2):

In WE > R:Ln{Q}‚ ; Q%‚ ›Фн Й, оп)==

=kW+t 30% |wutt30l (Wntwn), nz=l (5.5)
=1 =1

Substituting approximations (5.2)—(5.4) into the initial conditions

(4.3.5) and Eqgs. (4.5.3), we immediately derive formulae for Vs а,
rt, ri:

G’ 1

Vg = W(Mh), vi, =vi, +tuUl.(Mh), OSM<M, I<i<lo,

(5.6)
10

d3—p i, . у—A{H{Z O; ( )Х
j=9

X(I+kp, (0))vh—Y2u(o; (vh;>+ % ))]‚ i=l,2, (5.7)

ri (—l) Att rrti (ohr r 00 (o), e, ©5 )) =

10
d| . SR

--› 3 H{ Z };0, , 06, X
j=9

х(l+ (№+тг)),(5) ) 00, —YPe(vs (05,5 ..o, , ))]‚ i=l, 2.

|(5.8
Let us define

SE ED o o<m<M, I<i<lo (5.9)
mn mn fe=l R— m

and

Ai
_

n+l

sнн =ll+kivi((nt+l]))+rri (i), i=ll, 2.— (5.10)
{==l

Letus fix t==nt, x=mh in Eqs. (4.3.1) and f==nrt in conditions (4.4.5),
(4.5.1), (4.5.4), (4.5.3). By means of approximations (5.2)—(5.4) in view
о! (5.5), (5.9), (5.10), we obtain the following discrete analogues:

i ; ;
2 . .

vm,n—i—l — C2[2vmn — Um,n—l +S€7lmТ (U т+l,п— 2vlmn +Ulm—l,n ) +

*^, . ,
+

h2 lz; (rln—l (I+v%n )+ri—l U’;'l” ) (vlm+l,l — 2všnl +vlm—-1,l )+Т2Х

10 vi —v/
m+l,7, m—l,l,

XLn {’lz‚ УГ Еііі‹ит‚д)—5 T
j=l

(0, 0 )I<, b}(2t (b o)+
vi-? — Ui——2

+o(i— B)a’_, (mh) —fi‘—%—’"—"—— )r; +l2g? (mh)r? ]
<т М, 1110, (5.11)
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vi — —

M ‚n+l
=

xl

"

Thx?» vi
M—l,n+ l, 1< i< 10 (5IR)

S‚(‚)‘‚n+l ”Ё›‚пн +

+1K:((n+1)7t; (aDe 7ir Unı st оян )› (о})‚‚…‚
n

ее 4))= —KFGIr anı (Ve
=1

e) (O s s v‘(;:+,)+v.~((n+l)1:; (Davo Q

I<<i<B, (5.13)

‚ |
н

Зн б онн—

—[2h(kvs6. +I7HE+Ir OHEn (n+ D 7 г) ] Х
I==1

Х0 ЙЁ (—1) Bоа 0(( (3ат )Y

— йаН,((п--1)т; (n4+l)7; r});r%; (v{)Ml, R v}fflH );

(v}‚"l+l Y
e "%,n+l )) =

=han7Hs((n+l)r;a( a
=1

("'о‚„н vt и%‚пн ))+

—{—тЁl Hi((n+Drler AA (vi,—vy,)+

+tHi((n+l)t; (1+1)t п) о)1—
—Й ((п--1)т; (0а о) б )), =9, 10, (5.14)

r—OAI3 OEGB(U, tt ою)
(vlo,n+l’ МЫ o‹6),п+l )) =

= (——l):‘[l‚-2’ Ai((n+l)t; hi ri rži (U s - Vg )3
I=l

(vlo,n+l з от 0%,п+1 )) —

ž dß——p!, 3—i

— —P) m —
. (3 4 jo —

—

( l)l{
det D

}((n+1)1:, (vo,n+l’vo,n+l))sg',n+l le,n-H
]=

— Т9( (п-Н1) ; (oар уе› vf„„))], i=l, 2. (5.15)

The approximate solution (5.2) can be found from expressions
(5.6)—(5.15). The explicit formulae (5.6), (5.7) and the system of the

second order (5.8) yield the first two levels of the solution:

vl
~ OS<m<M, IsSisllo, ri, i=l, 2 (I=l, 2).

Having found n levels:

vl, OS<m<M, xla c 1,2 (I=l, ..., n),
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we compute the sums S!, šž),n+l by (5.9), (5.10). Thereupon we find

Vi 1110 for m=l, ..., M making use of the explicit formulae

(5.11), (5.12). The boundary values ба I<XiKB are computed
solving Egs. (5.13) in the order of increasing i. Finally, solving the

svstems of the second order (5.14), (5.15), we find v%‚n+l’ v‘g‘„l,
П ~ which completes the level n+l:

m +‚n+l) Ošm 2<M
,

1<
\

i
,

i
n+l°

i__ 1
,

Equations (5.13) and the systems of the second order (5.8), (5.14),
(5.15) are linear. Moreover, systems (5.8), (5.14), (5.15) have domi-

nating principle diagonals if T and h are sufficiently small (cf. (3.5),
(5.10)).

Note that even if the solution of the differentiated inverse problem
depends continuously on functions (4.2.1)—(4.2.8), and if the presented
numerical algorithm converges, the full procedure of solving the inverse

problem contains an ill-posed stage of computing the derivatives of

ai, Pi Pi in (4.2.1)— (4.2.8).

6. THE CASE OF LINEAR EQUATION

We can deduce the difference algorithms of solving inverse problems
for the equations of motion (2.8) —(2.10) as well. Since only one kernel
is tobe determined in (2.8)—(2.10), it suffices to carry out one experi-
ment described in Sec. 3.

Let us consider the following problem: Determine Rıl(f), oO<t<T
such that the solution U of

Uxx(x, t)+ftßl(t—s)Uxx(x, sYds=c"2Uu(x,t)+F(x, 1),
° 0

o<<x<<X, o<i<T, (6.1)

U(x,o)=a(x), U:(x,0)=0 o<<x<X,

U(0, t) =@(f), U(X,t)=o, o<<l<T

satisfies the condition

UO,)=vyp(t), o<<t<T. (6.2)

In comparison with the linear equation of motion (2.8), Eq. (6.1)
contains the absolute term F. This is necessary for simplifying a

construction of a numerical example below.

We assume that F(X, ¢)=o, the solution of (6.1), (6.2) exists,
В, ©С, /е= С° апа

а” (0) 0. (6.3)

Condition (6.3) is an analogue of (4.1.1) in Theorem 1.

Denote u=U,x:. We have

ихх (х, ) -{-oft Ri(t—s)ux»(x, s) ds — c2uu(x, t) =Fxxi(x,t)— ai" (x)R(t),

o<<x<<X, o<i<T, (6.4)

u(x,o)=o, u:(x,o)=c?(a® (x)— Fxx(x, 0)), (6.5)



434

t
Н 0 /n

[ux(O‚ t)——%T(((—)—))—v u(0, £) ]+ _/Кl(і—s) [их(О‚ s)——%‚—‚T(O%)« и(0, 5) ]ds:
0

=()= Fua(o,)— S 1е()— Fo(0, 1)),

07Т, (6.6)

и(Х,#)==o, O</<rT, (6.7)

t

1 0R

Rl(t)+—(7,—zö)—s/‘u(o,t—s)Rl(s)ds=
1

=—a„—(o) [F:(o,¢)+c 29" (t)—u(o,B)], o<<i<T. (6.8)

Indeed, Eg. (6.4) and the former initial condition in (6.5) are obtained

by differentiating Eq. (6.1) and the condition U(x, 0) =O. Taking the
second derivative by x from (6.1), setting f=o and replacing
Икххх (х, o)=a'’(x), we obtain the latter condition in (6.5). Since

UX, t)=F(X, t)=o, Eq. (6.1) at x=X is a homogeneous Volterra

equation of the second kind for U,:(X, t). Hence, U.x(X, t)=o. But this

implies Uy (X, t)=O, and (6.7) follows. The relation (6.8) can be
derived, differentiating Eq. (6.1) by ¢, setting x=o and replacing U, (0, ¢)
with ¢”/(¢). Finally, taking the derivative 0.0; from (6.1), setting
x==o, replacing Охнн (0, #) МИБ у”(1), and eliminating R, standing
out of integrals by means of (6.8), we come to (6.6).

We have reduced the inverse problem (6.1), (6.2) to a system
consisting of the mixed problem (6.4)—(6.7) for u and the Volterra

equation (6.8) for R;.
Using the uniform mesh (5.1), the notation

Umn~ u(mh, nt), o<m<<M, o<<n<N,

ra~Ri(nt), o<<n<N, (6.9)

and the approximations (5.3), (5.4), we can deduce the following
explicit difference scheme for (6.4)—(6.8):

Umo=o, оты== Ото--тС? (а'® (mh)— Fx(mh, 0)),
o<m<M, (6.10)

ro=71(5)~ [F, (0, 0) +c-29'”(0) — доо], (6.11)

п(о) e
(RO ер(— ы (612

a”(O)
00

a”(O)
t(\U, T P Т)— 011, (. )

—

c242

Um‘,]+l —2Um_l — oт,і—l+Т (Um+l,; — 2Umj+Vm-1,5) +
J

13+'_t‚2—2 Vjl (vm+l,l — 2Uml+vm—_-l‚l)_ Tz[Fxxt (тіъ, ]T)"‘rlaiv (mh) ] »

I=l

I<m<M—l, |=l, (6.13)

ому+l==o, j=l, (6.14)
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” (0 —1
/

UO‚i+l=[(l+f;T((o7)‘ h) (I—|—Tl’o)] [Tš fj_H_l(U„— Vot —

77 0
— 107 hoa )-+ +t 014 — h ((( +(()+

7 OHgr al ”G+ F, G+ool]. j>l 619

j
-1

. fj+l=(l+“;,7%o—)' Uoo) '[—?;%*;švo,ih—zf'z'l'
]

H7 FHO +] )+0" +D )—w) ]> =1 (6.16)

Example. Let us take c=l, T=X=l,

R(t)=e-t, U(x, t)=—3% (x— 1)4(t—1)3, (6.17)

and compute the functions a, ¢, ¢, F from the relations (6.1), (6.2):
1а-ар (x—l)% o=z (t— D)% фер ()

F=l E UT (x—l)2X
3 6 3

XI ye (6.18)

We have a problem (6.1), (6.2), (6.18) with the known exact solution

(6.17). After solving this problem by means of the method (6.10)—(6.16),
we are able to estimate the error of the method.

The results of computation are presented in Table where RER stands
for the relative error of R.

The results show that the method has presumably the first order of

accuracy.
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M ‘ N l t I RER

50 25 0.5 —0.09
50 25 1.0 0.24

100 50 0.5 —0.04
100 50 1.0 0.13
200 100 0.5 —0.02
200. 100 1.0 0.07
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DIFERENTSMEETOD MITTELINEAARSE VISKOELASTSE VARDA

VONKUMISEGA SEOTUD POORDULESANDE LAHENDAMISEL

Jaan JANNO, Arvi RAVASOO

On tuletatud ühemõõtmelise homogeense mittelineaarse viskoelastse
keskkonna liikumisvõrrand ja püstitatud pöördülesanne kahe tuuma-
funktsiooni määramiseks sellest võrrandist. Ülesande algandmed on

saadud kahest võnkuva vardaga tehtud eraldi eksperimendist. Pöörd-
ülesanne on taandatud hüperboolsete ja Volterra teist liiki võrrandite
süsteemile. Saadud süsteemi lahendamiseks on rakendatud diferents-
meetodit.

МЕТОД КОНЕЧНЫХ РАЗНОСТЕЙ, ИСПОЛЬЗУЕМЫЙ ДЛЯ

РЕШЕНИЯ ОБРАТНОЙ ЗАДАЧИ, СВЯЗАННОЙ С КОЛЕБАНИЯМИ
НЕЛИНЕЙНОГО ВЯЗКОУПРУГОГО СТЕРЖНЯ

Яан ЯННО, Арви РАВАСОО

Выводится уравнение движения одномерной нелинейной однородной
вязкоупругой среды, на основе которой формулируется обратная задача

определения двух ядер. Начальные данные задачи получены из двух
независимых экспериментов, проведенных с колеблющимся стержнем.
Обратная задача сводится к системе, состоящей из гиперболических
уравнений и уравнений Вольтерра второго рода. Для решения получен-
ной системы применяется метод конечных разностей.
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