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Abstract. The class of parallel submanifolds M” in Euclidean spaces E”, character-

ized by õh=o, is extended to the class of M” in Er with sRi=o. A surface M?

in E”, satisfying VRL=O, is proved tobe locally either (i) a M? with flat V 1 or
(Н) a M? in a E*c E™ or in a S4(r) <E* — E™, whose normal curvature ellipses have
the same constant area. Here the additional condition for M? tobe minimal yields:
(i) M? lies minimally in a E®c E®, (ii) M? is a Veronese surface in S*(r)c EScE™
or its open part (minimal in S*(r)).
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1. INTRODUCTION

1.1. Parallel (or symmetric, extrinsically) submanifolds. Let M™ be a

submanifold in a Euclidean space £" ап@ h its second fundamental
form. A series of interesting investigations is made concerning M” in

E" whose h is parallel with respect to the van der Waerden—Bortolotti

connection V=V@V! ie. Vh=o. For example, such a M™ is proved
to have a totally geodesic Gauss image [!] and to be locally (and, if

complete, globally) symmetric [2] with respect to its normal subspaces
in E". The result [?] that every such complete M” is a standardly
imbedded symmetric R-space makes it possible to use the classification

of these spaces [%]. The submanifolds M™ with Vh=o are -called

parallel [*] or, especially if they are complete, symmetric (extrinsical-
\у) [*:°] аl5O the symmetric orbits [¢].

For surfaces the above-mentioned classification means that a parallel
surface M? in E” is an open part of one of such symmetric orbits as plane
E?c E", round cylinder S'(r)XE!'c<E 3 <E*, Clifford surface S!'(r’)X
X82(r"YcE*—E", sphere ss?(г)<Е%—Е", Veronese sgrface V2(F)—
<S4(r)cES <E (F=rV3). The first three have flat V (ie. V and
V< are both flat), a S%(r) has flat V< but nonflat V, a V2(F) has
nonflat V< and nonflat V.

1.2. Semiparallel (or semisymmetric, extrinsically) submanifolds. A sub-
manifold M™ т E», satisfying the integrability condition R-h=o of

the system Vh=o, where R=R®R* is the curvature operator of V, is
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called semiparallel [’], also semisymmetric (extrinsically) [*°].
Geometrically such a M™ can be characterized as a 2nd-order envelope
of parallel submanifolds [!°].

A parallel M™ is obviously semiparallel. The general semiparallel
submanifolds M™ in E* are up to now completely classified and described

only by m=2 (зее [7]) and m==3 (зее [!!]), also by flat V< [!2l3]
(in particular, by m=n—l and m=n—2).

For surfaces this gives that a semiparallel but nonparallel M 2 in E"

is either a M? with flat V (i.e. R==o) or a nontrivial 2nd-order envelope
of E/er%alese surfaces; the existence of the latter by n>s is proved
in 14,1

.

An interesting subclass of semiparallel submanifolds M™ in £"

consists of 2-parallel submanifolds, characterized by V(Vh)=O, i.e. the

third fundamental form Vh is parallel. They are classified completely
by m=2, by m=3, and by flat V< (see ['®7.lß]).

o

Note that semi-2-parallel submanifolds M” in E" with R° Vh=o
are not investigated properly yet, even by low dimensions.

1.3. Submanifolds with a parallel normal curvature tensor. These are

the submanifolds M™ т E* with VR+=o, ie. Rl is parallel with

respect to V. Their class is Inother extension of the class of parallel

submanifolds, because VhA=o yields VR+=o due to the simple tensor

algebraic relation between R+ iand h. All normally flat submanifolds,
characterized by R+=o (i.e. V! is flat), belong obviously to this class.

_

Here also the prefix “semi-” can be added, replacing the system
VRL!=O by its integrability condition R °Rl=O. The submanifolds,
satisfying the last condition, are called the submanifolds with a semi-

parallel normal curvature tensor. All semiparallel submanifolds belong
to this class, because R°h=o implies R° R+=o.

1.4. Surfaces with parallel R.. The submanifolds M™ in E” of the new

classes, introduced above, have not been investigated in general yet. The
aim of this paper is to start with surfaces, i.e. with the case m=2.

Below all surfaces with VR+=o are classified and described, also all
minimal surfaces among them are found out.

Theorem А. А surface M? in E™ has the parallel normal curvature

tensor R (i.e. VRl=O) if and only if every its open connected part
is either

(i) a surface with flat V+ (i.e. R+=o), or

(ii) a surface т а Е*<Е® ог т а S*(r)c ESc E" whose normal
curvature ellipses have the same area k=const.

Here the normal curvature ellipse of a surface M? т E" or S"(r) at

a point x & M? is the locus of end points of the normal curvature vectors

h(X, X) applied from x for all XeT.M? [Xll=l, ie. is {z|xz=
=h(X, X)}.

The parallel surfaces are here included in (i), except the Veronese
surfaces V2(F), which belong to subclass (ii), because the normal
curvature ellipses of a V2?(F) are congruent circles of the area 72

Moreover, a V2(F) is a minimal surface of S*(r), F==rV3, ie. every
such circle is centred at x & V2(F) in spherical geometry.

The problem is whether there are any other minimal surfaces among
the surfaces of Theorem A. The following theorem gives an answer to it.
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Theorem B. The only minimal surface of Theorem A are the
minimalh M c EBcE" (type (i)) and the Veronese surfaces V2(F)c
cSt(r)cB> Er, F=73 (type (ii)).

Remark 1. By means of the formulae below (Section 2.2.) it is easy
to establish that every surface M?* in E"” has a semiparallel normal
curvature tensor, i.e. R°R+==o is satisfied identically for the surfaces.

Remark. 2. The fact that the only minimal surface in a 4-dimensional
space form with normal curvature ellipses of constant area k is a

V2(ry3) т S*(r), k==r”?, was established in ['*] more than thirty years
ago. Since [!°] is not easily available mow, this fact is proved again
in the course of the proof of Theorem B.

Remark 3. For semiparallel surfaces in S"(r) with nonflat V-+ the

following assertion is proved in [?*2']: such a surface is minimal if and

only if it is a Veronese surface in a S*(r)< S*(r). In the proof a result
of [?] is used that aa minimal surface with the Gaussian curvature
1

.

§r—2 in S*(r) is a Veronese surface in S*(r); for n=4 this result 15

deduced already in ['] by more general assumptions (only constancy
of the Gaussian curvature is needed).

2. APPARATUS

2.1. Adapted orthonormal frame bundle. Let M” be a submanifold in

E". The bundle O(E") о! ог{попогта! {гтатез {х; еl, -..,
e*} (where a

рош х © Е" and its radius vector with respect to ıan origin o€ E” are

identified) with derivation formulae

dx=¢eo!, de,=e,u)j , coj +»u)‘] =0

(independent of 0) and structure equations
do!= —=’ /\ ® ®® | j, dv(l)‘; о’

K

(obtained from the previous ones by exterior differentiation, where
1, J, K etc. run {l, ..., n}) can be reduced to the adapted bundle

O(Mm, E*) taking xeM™, e, T,M™; i, j etc. run {l, ...,
m}. Then

е, © Т!М"; a, p ete. run {m+l, ..., n} and ©*=o hold. Hence

o A o*=o and thus о% =h°;‚.mf‚ h‘}‘‚. =h‘;‘i, where й: (X, Y)—

-—> eahO;jX"Yf for X=e;X!, Y=e;Yi is the second fundamental form. The

next differential prolongation gives 6h?}.=h°i‘l,kmk, h?jk=h°fkj‘ where

Vha :=dh*,—h*@*— h%wt+hB 0% are the components of Vh, and

further

h‘?ik /\ *== — —V ha O— ha O +
i N S} h?k gmß ›

where

...

1 .
Ol:=do! —otA 0 =——2"Rli,kz о* A o

1

ОВ :== ой —m‘;/\wg=—-2-Rg‚kl о* Л @'
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are the curvature 2-forms of V and V!, respectively. Here QI =

=v(o°‘.‘/\m’a, Qg“=m;/\ mfii, thus

Rii,kl =2 (”"Ёь Ь‘;‘! —іЪ'Ё‘! h?’k )»

R%z‚u = E(aal

these are the components of the curvature tensors R and В+ of V and

V+, respectively. The identity between two expressions of QF gives by

exterior differentiation §Rg(,,kl N\ of A o'=o, where

V

— —
RB

—
RS p — RB pVRa.kl ng,kl +R2,u°)ž Ry,ktw:n Ra‚pt‘”k Ra‚kpml (1)

are the components of VRL. Since V works as a differential operator,
it is obvious that VA=O yields VRl=O (see Section 1.3.). By exterior

differentiation these systems yield their integrability conditions, res-

pectively, R-h=o and R-R!'=o, where the left sides are component-
wise correspondingly

ha O +h% Oö — hb O% =0

and

RE RENN—Ri 2° =O. (2)

Due to the expression of R®„, the first yields the second, ie. every

semiparallel submanifold M™ in E" satisfies R- Rl=o.

2.2. The case of a surface; the canonical frame field. Let further m=2.

The derivation formulae are now

dx__'e„ і
— j=e@', dei=ejo' + E, i ej(l)i hij(l)',

where h‚',-=eah°l.‘]. and i, j etc. run {l, 2). After the transformation

e’l\=e‚ cos p+e» sing,' e'2 =—, sing-+e, cos Ф,

one has

ol=0! cosp —w? sing, w?’=on! sing+w? cosg)

and thus

H' =hıi cos*p+2h,2 sin @ cos g+h2z sin? g,

Kz = (haz— hul)sin @ cos -+hl2(cos?@— sin? ),

ht=h sin'p— 2hı2 sin @ cos p+h22 cos? . -

Hence the vectors

1 1

A-='ž (hu —h22), В== й), H=§ (hll+h22)

transform according to the formulae
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A’=A cos 29+8 sin29, B’=—Asin2¢+Bcos2p, H’=H,
which show that H is an invariant vector (the mean curvature vector)
and the span{A, B} is an invariant 2-dimensional subspace of TiM2,

The normal curvature ellipse (see Section 1.4.) of M? at x lies on

a 2-plane trough w with xw=H and with the 2-direction span{A, B},
provided that A} B; here w is the centre of this ellipse. To see it one must
take X=e, cosa+te;sina and calculate hA(X, X); the vectors A and B
are the conjugate radius vectors of two points of this ellipse.

A simple calculation shows that

1
(A’, B’)=§ (B 2 — A?)sin 49+(A, B)cos 4¢,

1 1

5(8,2 — A"?) =+ (B?— A?)cos 49+-(A, B)sin 4¢.

Hence the pair of conditions (A, B}>=B?!— A?=o is invariant and char-
acterizes the case when the normal curvature ellipse is a circle.

Otherwise there exists a @o so that (A’, B’>=o and thus A’ and B’
are in principal directions of the ellipse. Let this transformation be
done already so that in the following let (A, B)==0. Note that by

(р=% the roles of A and B can be interchanged.

In general A{# B, A 2 B? on an open part of M 2 At every point хо!
this part the frame can be partly canonizedin TiM?, so that A=aes,

B=be4, H=(l€3+ße4+'YBs‚ a>b>o. Then

m‘:.f= (а--а)о!, — @% == (а — а)@?,

i =ßo!-+bo0?, o%=bo!-+ßBo?,

o} =yo!, 0% =yo? (3)

o=02=0; ¢, o екс. run {6, ...,
n}. (4)

The curvature 2-forms of this part are

—Q! =Q% = (a?4-b2— HY) o' A 0?, —Q =Qf =—2abo' AO%
all other 2/, Q® are zero.

In an exceptional case, when A #B, A?==B?, and so a=b>o, the normal
curvature ellipse is a circle and the frame cannot be canonized in this

way, but the above equations still hold.

Another exceptional case, when A || B and thus B=o, leads to b==o.
Then the normal curvature ellipse degenerates, in general if AO, into
a segment and e, ez become free. If HA, the frame can be partly
canonized further, so that y=o; if H| A 0 and thus =O, the frame
vectors in TIM, except es, remain free. Theparticular case, when

A=B=o, leads to a=b=o, the ellipse degenerates into a point, and
if H+o by H=uaes;, it can be made В==у==o; # Беге Н==o, еп @==s==
a=B=y=o.

These considerations show that the above equations hold for ıa

surface M? in E* in all possible cases.

Now it is easy to prove the assertion in Remark 1. Onehas to take
(2) by all values of indices а, В, & ], to make the substitutions from
the expressions of 2/ and QP to control that the results are identities.
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3. PROOF OF THEOREM A

Let a surface M? in E” have the parallel normal curvature tensor

R-, i.e. VR+=o or, componentwise, VRg„.k =O. Since all Rg„.]. are

zero, except maybe

Rš.l2 =—Ri,l2 =—2ab,
this condition due to (1) yields

d(ab) =O, abo:=abot=o; 3, n etc. run {5, ..., n}

Thus either

(i) b=o, or

(Н) ab=k=const.>o, of=of=o.

Conversely, (i) or (ii) yields VR+==o.
If (i) holds on an open part, then V< is flat on this part.
Let the conditions of (ii) hold on some open part. Then after exterior

differentation Egs. (3) give dy A o'=dy/A ®? thus y==const., but

Egs. (4) give т the same way vo!Ao? =yo?A of=o.
Let y=o on an open part. Then of=ow%=o and this part lies in

8 E 4 C En.
Let y5-0 on some open part. Then w%=O, hence this part lies in a

ESc E*. On the other hand, for z==x-+vy~les it follows that dz=

=dx+vy!(—ydx)=O. Thus the point z with this radius vector in E®

is fixed :and the considered part lies in a sphere S*(r) around this point
with the radius r=vy~!. The condition ab=-const. of (ii) means geo-
metrically that the normal curvature ellipses have a constant area.

Conversely, for a surface in E* or S*(r), whose normal curvature

cllipses have the same constant area, conditions (ii) are satisfied, thus
RL is parallel. 0O

4. PROOF OF THEOREM B

Let a surface M? of Theorem A be minimal, i.e. H=o.

И (i) holds on an open part, then one can make y=o on this

part and minimality means that a=p=o. Thus 0 =ae!, o}=—ao?
0¥ =o%=o, where ¢, ¢ etc. run {4, ..., n}. After exterior dii-

ferentiation one obtains

da \ o'+2ao? A\ 02=0, —2aO?A o'+da \ 0?=0,

ao! AO9=O, —aw’®A 0?=0.

If a=o on an open part, this part is an open domain of a plane E? — Ел.
Otherwise on the open part with a 0 one has 0% =0 and this part is

a minimal surface in a E® < E™.

In the case (ii) let M? be minimal in a S*(r)c E5=E". Then
(I=ß=o and

k k
03 =ao!, ©}=—an? of=—o? @% ==— @!,! 2 ! o oa 2a
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msl =yo', o=yo* (y=const.), 0 =@? =O,

5 —w° = 0° =OP? =0:0, =O7, =of =of 0;

the case of minimal M? of (ii) in a E* is ineluded here with y=o. The
equations of the first row yield after exterior differentiation

kda/\m‘—l—(?amzl—-—a—-w“s)/\mz=o,

___(2 .k 4)— 1а 2ав) —

— @', Л о!--аа A\ о?==o,

1
а°

da \ o ——(Qam"’l——k—m“a)/\mzzo,
aa(Qamzl——k—(o“a)/\ о! -4а Л\ о*==o;

the other equations give identities. Thus

[ tao3 —(212 VE A ıле4801 — —ä-+7;- Ло;| Л o*=o, | 400i— ?—l——E— Л@%|Л o'=o.

So

4ka’e? = (k*+at) o}

This, by exterior differentiation, gives
. 3

da N (Qam"; ———Z— о ) = [yzaz——š (k?+a*) ](ol A o?

where, recall, y and k are some constants.
On the other hand, the exterior equations above yield due to Cartan

lemma

da=a;o'+ao?,

3
a

2aco"’l — о% == — а;0 +a,o?,

hence

3
03 +O3 +5 (k?+a*) =yo

If y=o, this is a contradiction with a>o, thus т E* such a M®

does not exist.

In S*(r), r=y7' there must be

v2a? _ё_
5

(k?-pa*) >0

2

Неге in the case “=" one has y2=š(:—2+a2), a;=a,==o, thus

3

2am'~;——:—-m§=o. But on the other hand, from the two first exterior
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: k а3 k
equations above 2aw! —— wtl=o, hence (—— — ])o*=o. Н о* ==o

la3k a
3 3

оп ап open part, the exterior differentiation gives a contradiction
2kw!Ao*=o. So it must be a’=k, thus о%==@, y=a¥3. These

relations _characterize the Veronese surface V(F)< S*(r), F=r}3=
= а != )А.

It remains to show that the case of “>" leads to a contradiction. This

is the case of a2l +a? >0 or, equivalently, a=<const.

1

3 2

Denoting [v2a2——2-(k2+a“)] =h(a), onehas

a,=h(a)cosa, ay=h(a)sina.

a
If to substitute this into the expressions of da and 2amf——?m;=
=§II;E (k?— a*)w% and then to differentiate exteriorily, the results are

(doa+o2) A (—o! sina+w? cos a) =O,

1 k?+3a*

=h(a) [_iif:%a)_ 0! A\ 0? —(da+o?)A (o' cos a+e? sin a) ]
and yield

da+w? =p(a) (—o'! sin a+o? cos a),

where

1 k?+3a* dh(a)
p(a)z—'ah(a) [h2(a)

k? —а*
+(іг2——а‘)]—- da

Now the exterior differentiation gives

В —а__V2+a2‚+?=—2—(£)— h(a)— p*(a),

but this is not an identity and thus is a contradiction to a=<const. O
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PARALLEELSE NORMAALKÕVERUSE TENSORIGA PINNAD

ОlO LUMISTE

On töestatud, et kui pind M? eukleidilises ruumis E” rahuldab tin-

gimust VRL=O, Киз В! оп normaalköveruse tensor ja V on van der

Waerdeni—Bortolotti seostus, siis kas (i) R+=o või (ii) pinna M? nor-

maalkoveruse ellipsid on konstantse pindalaga ning M?c E*c E* voi

M 2 =S*(r) © ESc E». On leitud kdik minimaalpinnad selliste pindade
seas. Klassikalistele minimaalpindadele М? < ЕЗ < E* lisanduvad vaid

Veronese pinnad V?(F)c< S*(r)c E>< E" (kui sfaari S*(r) minimaal-

pinnad; F=r V3).

ПОВЕРХНОСТИ С ПАРАЛЛЕЛЬНЫМ ТЕНЗОРОМ НОРМАЛЬНОЙ

КРИВИЗНЫ

Юло ЛУМИСТЕ

Доказано, что если поверхность М? в евклидовом пространстве £"

удовлетворяет условию УК+==o, где К! есть тензор нормальной кри-

BH3HbI H V есть связность ван дер Bapaena—DboprtonorTH, то либо

()Rl=o, либо (1)М?® обладает эллипсами нормальной кривизны
постоянной площади и лежит или в Е*< Е", или в 5%(;) <Е°< Er.

Найдены все минимальные M? среди таких поверхностей. К класси-

ческим минимальным TNOBepXHOCTAM M2cE3cE"” прибавляются лишь

поверхности BepoHnese V2(F)=S*(r) cEScE™ (последние как минималь-

ные в 54(г); #==г)3). |
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