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MASSLESS INTEGER-HELICITY GAUGE FIELDS

Using the formalism of spinprojectors the general theory of massless integer-

helicity gauge fields corresponding to the Pauli-Fierz program is analysed. The general
realizations of helicities 2, 3 and 4 for symmetrical tensor fields are considered.

1. Introduction `

The study of the Lagrangian formulation for arbitrary spin was start-
ed by M. Fierz and W. Pauli [!]. The Pauli-Fierz program implied that
all field equations and subsidiary conditions. should be derived from ап

action principle. C. Fronsdal [?] and J. Fang and C. Fronsdal [3]
obtained the massless Lagrangians for arbitrary helicity, using the

symmetrical tensors A*--"» to describe helicity A=n, and symmetrical
tensor-bispinors ¥ to describe helicity A=n-+l/2. The vierbein

description of massless gauge fields was proposed by C. Aragone and

S. Deser [*], and M. A. Vasiliev [*]. However, in the higher-helicity
case, the proposed wave equations and Lagrangians do not follow the

Pauli-Fierz program, since there exists too many additional restrictions

on fields and gauge parameters.
B. de Wit and D. Z. Freedman [®] used a hierarchy of generalized

Christoffel symbols with simple gauge transformation properties to

demonstrate the systematics of higher-helicity gauge fields. The wave

equations are expressed simply in terms of generalized Christoifel

symbols. Also, the method of de Wit and Freedman works in the case when

the algebraic constraints on fields and gauge parameters are added. The

method which reverses the analysis of B. de Wit and D. Z. Freedman

was discussed in [7°].
The question whether consistent theories exist describing non-trivial

interactions of massless higher-helicity fields among themselves and

with the lower-spin fields, has become one of the principial questions of

the modern field theory. The considerable progress in the description of

some higher-spin interactions has been achieved in ['°~'*]. Due to the

universality OF the gravitational interaction, the guestion of the existence

of a consistent gravitational interaction of massless fields is of great
importance. A cubic interaction of all massless higher-helicity fields was

recently constructed in ['4]. This interaction incorporates gravitational
interactions of massless higher-helicity fields.
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1п the search for consistent interactions of massless gauge fields
correct wave equations and Lagrangians are needed. In this paper we

give a general form of arbitrary-helicity wave equations using— the for-
malism of spin-projection operators in the form given in [!-17]. The
formalism of spin-projectors was previously developed in [!%!'°]. Our

projection operators are connected with the fixed representations of the
Lorentz group and have fixed non-localities which uniguely depend on

the representations used. This fact allows to construct the operators of
needed order without the knowledge of explicit expressions of spin-
projectors and give the general structure of arbitrary-helicity wave

equations. Likewise, it is possible to verify that the higher-helicity wave

equations and Lagrangians must have the proposed structure.
In [2°] it was stated that the construction of spin-projectors becomes

increasingly complicated, and for that reason it is not applicable in the

higher-helicity case. It isin some sense true, but the calculation of spin-
projectors is rather a technical than a principal problem. We think that
the formalism of spin-projectors is necessary in the case of higher-spin
fields too, since it allows to obtain correct general expressions of field

equations, bilinear forms and Lagrangians.

2. Helicity A=n Lagrangian wave equations

The helicity A=n (n>=2) is described by two irreducible Lorentz

fields ¢, апа o which correspond Ю the representations I=(%n, —š—n)
and 2=(—;— (n—2), %(n-—2)) .

The gauge parameter es corresponds

to the irreducible representation 3=(—2l— (n—l), % (n—l) )
The general gauge-invariant wave equation is the following [°']

о(а i) =2 (2.1)

where

n n—2

Py=3lan(s)P,, Px=3axn(s)P;,,
s==o s=o

| (2.2)
n—2 n—2

Pio=3lai2(s)P3,, Pa=3a(s)Ps,
B==o s=o

РЁ‚- аге spin-projectors satisfying PfiP;'l=õjkõss,Pfl. The coefficients

ai[(S) are

n—s—l)
—011(3)=_№—)(—2Ъ—————‚ S—O, ,N,

@22 (5) =—(n—_2:—2)§l_il§)i-l-, §=o,
...,

n—2, (2.3)

G~lelAneto |

2(2п —1) (2п —2) ] ‚
s==o, ...,

п—2.
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Eq. (2.1) is gauge-invariant iff det B,=o (s=o, ..., n—2) [%],
where Bs are the reduced spin-matrices formed from the parameters a, b
апа с, and a;; (s). The coefficients a;; (s) in (2.3) are so chosen that while
demanding

ab=— L,
- (2.4)

n

the conditions det Bs=o are fulfilled.

The gauge transformation of Eq. (2.1) is the following —

Pises
—

Sp=ayO .‚”*“1.1/—2_”_:3_1› L 1 (2.5)
па n

23073

where o is some nonzero coefficient
,

and

n—l n—2

Pis= X an(s)Pyy, Pr= № 0о(5)Py,
s=o 5=,0 (26)

2 [ (nts) (n—s—l) P(n—s) (n+S—[—-l) ]l/ | (123(8): [-—(n——-ž(—r—ljl) ]al3(s)=[——2n———
<

The source constraint Q2J=O 15 given by the operator

—- п — 1 2п — 1
(›23‘=УШ (P3l TV——%—P;„), (27)

where

n-1 A 2

Pyy= 3 ais(s)PS,, Pa= 3 asn(s)Ps,. (2.8)
s=o s==o

Our operators P;; аге so constructed that O Py, OPy, O Py, and

[0 Py, are second-order differential operators, YO Pys, YO Pgs, YO Pasy,
and YOI Psy are first-order differential operators. The gauge invariance

and source constraint follow from the operator identities mQ¢=o and

Oža=o, where (2.1) is denoted by myp=o, the gauge transformation

(2.5) by Bp=oQ¢% and the source constraint by Q*/=O. The derivation
of source constraints from Q#n=o was previously discussed in ['* 17 2],

In our approach we first derive the wave equation, then obtain the

invariant bilinear form consistent with a given equation, and the last

step consists in writing down the corresponding Lagrangian. As we

shall see below, in the massless case the Lagrangian does not determine
the equation uniquely, it must be coupled with the knowledge of invariant
bilinear form.

Eq. (2.1) is consistent with the following invariant bilinear form —

{W:‘IJTA“‘I’I"“E'
L

—+ Лооро==

23

5 ФуАофе Yit pYW ] (2.9)
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wheré

Ац=й — НН (—1)%
21

A22=t"2;2——t'2'2_3+ e+i (—1)"122',

and £. =Рs,.„д____o are noncovariant spin-projectors.

The Lagrangian is obtained after the partial integration of the

following expression —

- -
-

20
22

L=:Piwpi+a (YlPi2+42P2ll) — —;ЁГ о Роо}2, (2.11)

where P;;=0 P;;. Variation of (2.11) with respect 10 the conjugated
r [> a .

wave function ф=(_ф,—s—\р2) gives Eq. (2.1).

From (2.11) it follows that the Lagrangian depends only on one par-

ameter a. The equations corresponding to the same gauge transformation

but of different source constraints and bilinear forms, are obtained from

the same Lagrangian. For that reason the Lagrangian (2.11) is invariant

under the following transformation of parameters —

a—>a, b->xb, c—uc, (2.12)

where x=£o is an arbitrary coefficient. The transformation (2.12) is

eguivalent to the following redefinition of Eg. (2.1). If Eg. (2.1) is

denoted by W=o, then the transformation (2.12) leads to the equation

W+(x— 1)1, W=o, (2.13)

where Iy, is the Lorentz projector which extracts the representation 2.

The other transformation of parameters

b—>b, a—>xa, C->xC, (2.14)

where x5O is an arbitrary coefficient, extracts the subset of equations

corresponding to the same source constraint. This transformation is

equivalent to the following field redefinition > |

у — wp+(x— 1) 2Y. | ° (2.15)

In F. A. Berends et al. ['*] and F. A. Berends and J. C. J. M. van

Reisen ['°], the redefinition of field variables (2.15) is used to obtain

the Lagrangian corresponding to a given wave equation. That procedure
is indeed possible, because the Lagrangian can be obtained from the

equation corresponding to the symmetrical choice of parameters (a=ob)

by the multiplication to conjugated wave function Y= (P, y2) 10 its

simplest form. The field redefinition corresponds to х== Ь/а.

3. Symmetrical realization of a gauge field

The integer-helicity A=n 15 usually described by the symmetrical

tensor field A*#.. The field A*-#. corresponds 10 the representation

(’;‘” ;")9(% (n—2), -š— (n—2))©(% (л —4), —2l— (п—4))ев o
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1
‚..@ (0, 0) (ог (—2-, ——š—)) The gauge invariant Eg. (2.1) uses only

two first representations — 1 and 2. The components of A®#. that

correspond to the lower representations (—;—(n—‘i), —š—(n—4)) r
...,(0,0) (or (%, —%— )) are free. Therefore Eq. (2.1) for A*--#. has

a form

Р аРр 0\ /4y
O (bPQ[ CP22 0 (’ф2 =О‚ (31)

о 0 0//

where the field ¢, corresponds to all lower representations. Since the

lower representations are free, Eq. (3.1) admits an extra gauge in-
variance 6y =lvya.

Concerning the additional restrictions, such as the doubletraceless-

ness hf%,ts#a=o (n=>=4), it should be mentioned that these restrictions

are not needed. The existence of additional restrictions means that the

equation for hA:-#. has not the needed structure (3.1) and contains oper-
ators Py, and Pg, which connect lower representations. The wave

equation for A*-#. has, in that case, the structure

Py, aPy 0 W 1
Ol bPsy сР»э @Роа P 2 ==(. (32)

0 0 еРаа[\ фа

Eq. (3.2) is gauge invariant with respect to the gauge transformation
(2.7), yet it has no consistent bilinear form or Lagrangian. In order to

have the consistent bilinear form the term dPynp, must be excluded. The

extra gauge invariance 6y=ly, needs the elimination of ePaaps. There-

fore the equation with additional restrictions does not have the right
structure and should be modified.

The massless theories proposed so far do not have the needed struc-
ture (3.1). From the well-known theories, the one given in [?] согге-

sponds to d=o, e%=o. Now, there exists a correct Lagrangian theory, but
with lower spins. The theory given in [®] corresponds to d<o, es=o. There

will be no Lagrangians if we start directly from Eq. (3.2). In both cases

the additional restriction hA°o,ts-#=o is needed to eliminate superfluous
representations in (3.2).

Similar considerations are applicable in the case of gauge parameter
ghe-#a too. The раире рагате{ег е corresponds to the repre-

:

1 1 )( l 1 )sentation (2 (n—l),
5

(n—1)) P
5 (n—3),-—2—(n 3) }®...

Т 1...EB(-—ž—, —2) (or (0,0)). If the gauge transformation is presented

in the correct form (2.5), only the first representation (—;—(n—l),
—š—(n—l)) will be used and there will be no need for additional

restrictions. In theories used so far the gauge transformation has a form

Õhks-Ka=DOheh-M, where efpte-tn=o (n=>=3). The latter restriction

means that the gauge transformation does not have the right form (2.5).
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4. Vierbein realization of a gauge field

In the vierbein case [?], the tensor field AwY»¥ is used. The vierbein

field is symmetrical in indices vs,
...,

v, and it заНеПев Инч оO.
The gauge transformation is SR Yr-Va==OMev-%s, where the gauge par-

ameter satisfies ez;'--—v-n-=73=o.
In the higher-helicity case a vierbein realization is more economical

since a vierbein field corresponds to the representation (—;—n, —š—n) D

&Э( !
(n—2) —l—(n—2))€B(—l—n ! (n—2))€B(—l—(n—2) —Ln)

2 ° 2 2 ’° 2 2
°

2
`

The helicity A=n is described with the help of two representations —

1 and 2. The corresponding equation has a general structure (3.1),

where 1, corresponds to the representation (—š—n, —š— (n—2) ) D

Gš(-;—(n—.?), —š—n) Therefore, the vierbein realization of helicity

A=n is equivalent to the symmetrical one.

It should be mentioned that the correct form (3.1) does not follow

directly from the usually demanded gauge transformation õhtivr-YW=

— gwevi-va, If the components corresponding to wa are not eliminated,

the lower spins are present. In [*] it is demonstrated that . allows a

set of gauge-invariant wave equations describing A==o.

In the following sections we consider the equations for helicities 2, 3

and 4 in the symmetrical realization and we illustrate the general cons-

iderations given in previous sections.

5. Helicity 2

The massive spin 2 case in a form presented here was analysed in

['6]. The massless A=2 equation can be obtained from the massive one

bš4s)etting m=o and demanding that the parameters a, b and c satisiy
(2.4).

The репега! gauge invariant equation for A*Y is the following —

D hi — õnõphev — Ophon+ (——l— - 7“_— )MOyt
2 73

[lb l
+ (-—-——-т )п"”дрдот“ — — (—:-3—,+ab — f%b-) nw O hee=o. (5.1)

2° 13 R 2y3

Choosing a=l72 we obtain, from (2.5), the following gauge transform-

ation

õhuv=d*e*+oYe" — %-( I+%/'Ё") #*дре? (5.2)

and from (2.7) the source constraint

1 3au]uv___Q_( I_}_.;/7) vk,=O. (5.3)
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The invariant bilinear form is

huhW=h* ‚‚…__l_( —-9—)аУ
2

1
5

htkuhYy, (5.4)

giving the following Lagrangian

L=—00+, ophi 20PN+ g 0 ghov+- (7‘%— — —;—) (Oph¥,oohoo4

O@RTg) e (-Ё+а2-2 )PR, hYy. (5.5)
2 V 4 V 3 |

Eg. (5.1) admits the covariant gauge

g—

- (1 =22 )vh,=O, (5.6)
4 V 3

Depending on the choice of either a and b, we obtain the particular
examples.

1. The linearised Einstein equation used in supergravity [*] corre-

sponds to a=b=—}3/2

[0 h#Y — GRAphe¥ — Ovdphek +oBo*hey+n"YOpdhe* —nY O/ hep=o. (5.7)

The given Eq. (5.7) has the simplest gauge transformation and source

constraint . : K .

õhtv=O*e*+O%er, 0, Jwv=o, ; (5.8)

(5.6) gives the de Donder gauge

9,y —_%-дти„=о. (5.9)

2. In the relativistic theory of gravitation [?6?7], the equation

corresponding to a=b=y3/2 is used — I

С » — GRAhoY —OOphok — —%-nuv Oh%=o. — — (5.10)

The gauge transformation and source constraint are the following

Shwv=oMeV4-oVeh — n*YÕpeP, O — —š—OI==o. (5.11)

Eq. (5.10) has the simplest gauge

duhwv=o. (5.12)

This particular equation must be used in the covariant theory of
closed bose strings [?] where the field A*v satisfying d,A*v=o is needed.
Here the condition duh*¥=o does not follow from an equation but on the
choice of covariant gauge. '

This Section we conclude with two remarks:
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(1). In the symmetrical case (a=b), we have the simplest conju-

gated wave function hyy= h*y, @ the nonsymmetrical case Йуу ==

=п+…——‘l4—(l—а/I›)п+р……. For that reason one must be careful in

considering the massless limit of massive spin-2 wave equations. The
single-particle spin-2 equation corresponds to a nonsymmetrical choice

of paramete]rs, ав а and b must satisfy, in addition to (2.4), ab=

=—l/4 ['¢].
(2). In [f] the following A=2 equation was proposed

O Ay — дидй®® — 3¥opheH+-3navhe,=O. (5.13)

Eq. (5.13) corresponds to the choice of parameters a=—Y3/2, b=Y3/2.

Eq. (5.13) has the gauge transformation (5.8) and source constraint

(5.11). The linearised Einsteir Eq. (5.7), corresponding 10 the same

gauge transformation as (5.13), isobtained from (5.13) via the transform-

ation (2.15) where x=—l

Wuv——;-nuv\vop=o. (5.14)

6. Helicity 3
-

The massless A=3 case is analysed similarly 10 the A=2 case. The

new moment is that the gauge parameter e*v is usually constrained 10

efp,=o, but here we give the gauge transformation in the form (2.5),
and for that reason the constraint e?;=0 is not needed.

The general gauge-invariant equation for ht is the following [?°] —

O Awbatts — 37 OMOphPH:Ms(-l_ — —a__—) 37 moMhnP
3 5

{1 b .
+(+=) znna,aemont

3 - B

b b 2X
(6.1)

+ (Ё:—— -—) e
6Y5 4 9

i (’g:l:-'g'-_a—b—'i'-'l——) 2 д”'п"‘“'дрирап.:()› |
35 20 18

where 3 denotes the sum of terms symmetrical in free indices ш, 2, pa.

‘The general gauge transformation is

1 5
- r(|— % )Z oMmMaagPp, (6.2)

and the general source constraint is

R,O'šs'( I+—2%)s—„) i— ':3' ‹1i"šl'ž' )'n"z"'õpl°°a=o- (6.3)
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The invariant bilinear form

’;u:u;ush"'”z“'= h+u.u;u3h“'u3"'+%( 1 — ""Ё') /I+д‚°ріl"-°„ (64)

leads to the Lagrangian

L=_aph+ul uzuaõpДи,наи,-|- 3дрд+р…№дhW

За
++ —';š—

—1) (OPt pop,00¥y Gpht iy,0 6hPoHs) +

2 ‚ За? <

T (?J“—:———%) OPI+,Doty (6.5)

2

+( °3£“
— ЗЁ" — 'l—') O*htyYvoph?%s.

20 V 5 6

Eq. (6.1) admits the covariant gauge

1 Зуба
duhm“zua —

—6— ( ] —'——}/0—) пи,и‚дрдроа —

— `вl'( ! ——3%') = ovdp2,=o. (6.6)

o Noyv we demonstrate that the gauge transformation (6.2) corresponds

to the vepresentation 3= (1,1). If we denote T by eMt we have

в==pi— % т!иМаеР)р. (6.7)

The gauge transformation (6.2) may be rewritten in the form

Shuibatts =37 OMyghstts — —;—( I+—23—Ё’—) ® прыьдрр (6.8)

This form of gauge transformation is useful, since it indicates that the

simplest gauge transformation is daMMM= 37o™et:#s and corresponds 10

the choice a=—27s/3. The symmetrical choice a=b=—27s/3 gives the

simplest source constraint and bilinear form.
Due to the complicated form of the general massless A=3 wave

equation and Lagrangian only special cases were previously treated. The

symmetrical choice a=b=—27s/3 gives the Lagrangian given by
C. Frförisdal [7]. The A=3 eguation given by B. de Wit and D. Z. Freed-
man

О пна —37 OMophPlatt-® дн.дтрн == () (6.9)

corresponds to a=—2Ys/3 and b=Y5/3. The equation corresponding to

a=b=—27s/3 can be obtained from (6.9) via the transformation (2.15)
where x=-—2

1
Wu‘"’xu' ————— — f | |4 э

)НЙр0. (6.10)
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7. Helicity 4

|
The general gauge-invariant eguation for hbt is the following

3o] —

D Atttt — 2 OOphPHabsby - (1_ — _;/'a:_) 2; O0%:0%ftb,+
4 7

1 b+‹_ = '——) 21NOp hP M
4 Y?

+ (fii-:b —

._а_Ё_ —i) DO 2 "]u‘”zh".u.pp'_*_'
BY7 6 -32

+(— —) 37õmnsõjhone,+ (7.1)
16 °= 477 21

+(——н—-

) 3oot
21 12у7 477 16

+ (—a—b-t:h—f: — —Ёт— -—l-) 2; ÖHOtintahihPops+
42 BY7 24 Y7 32

:'__ (.__l_. — _а_—:_._ь_.;__ь_е_д_. ) O Z nu,u,nu.u.hpopo—_—_o,
32 24 Y7 14

The general gauge transformation is

OhMMMM= 37eai— —-21—4— ( | — %_7_) УО“Е—

Зу7 3 1
9

— 1,+,—4;- 33nspeti—TMMPP|| (7.2)

and the general source constraint is

1 9Y7
Õp]ml,u,u. —

—'2—4—' ( l — %)2 nquuÕp]pu.Ua —

_(l+Ш)2(іди‚]ц‚що _.l_au,nu,u,]po o) ‚ (7_3)° 46 4
РО

д
Р

The invariant bilinear form

- 3
’l„‚…‚……_’l‚"’4":"’:"6= h+l,‘ilhlhlh PP—

-4—(1— —Z-) h+"""'pph“'u'aa (74)
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leads to the Lagrangian

Г== —ОРИйТадрйиии -- АОРАТopspapsAi 5

+ ( ._63__ —i) (aph+pommõahu3u.><„+ Õph+uummõohpou,u„) +
V7 2 g | '

2

+ (Ё___Ё_Ё_і) Phtop”xOh*44 (7.5)
7 V7 4 :

. 3 a а?
т

,+ U (дрп+ж7»к^дбпроц”+дрп+роццда]lк кж› +
16 2y7 7

:

+(а — 3—a—"+iš') Õph+u.uz"uõph"'"'kk+' ВЕ -
277 16 - .

2

+ (_Е_____. —

.žq.
— .._3_.) aph*‘""u;fiph“"m. . %

4 Y7 14 32 .
ВЫ

от

The general transformation of parameters (2.12) leads to the redefi-
nition of Eq. (7.1) . 5

—<s 2lS 05220, (7.6)Wu,u,usu._p-’fs—znu'MzWuamPp— 16
‚ЕП_"‚ n

7S

%A

where (7.1) is denoted by Wh.ki=o. |
Due 10 the complicated form of the general massless A=4 theory,

only special cases were previously treated. In [?] the Lagrangian

corresponds to a=—377/4, but due to the additional restriction h#%,;=o
some terms of the correct Lagrangian (7.5) are absent. .The correct

theory corresponding to a=b=-—37y7/4 was first derived, in [3']. In

[?°] the equation corresponding to the same symmetrical choice was

treated, yet the term [ nwrmstheo,; has a wrong coefficient.
The A==4 equation given in [¢] — | В

O Aty — D01:0b 3T OWgh:hishe=lO N (7.7)

is invariant with гезрес? {0 the gauge transformation BhAMM:MM=
=№ дневым jf ekkk is restricted to enfp=o. As we have mentioned
above, Eq. (7.7) does not admit any consistent bilinear form and is not

derivable from a Lagrangian. Eq. (7.7) is not .invariant with respect to

the gauge transformation (7.2). In [*'] Eq. (7.7) is modified and-it leads

to the theory which corresponds to a=—37V7/4, b=77/4. ;
We conclude this section with the remark on the hierarchy of “gener-

alized Christoffel symbols given in [s]. This particular method works
well in the A=2 and A=3 cases, but in the 4 case it needs some

improvement, because the equations of motion derived via the method of
generalized Christoffel symbols contain superfluous representations.
Moreover, they do not add to the Lagrangian theory. Also, the redefini-
tion of field equation proposed in [€] e

WH,HZH,H‘ — — Е “;nu[uz u;[l.p — : Нf
re

2):
( > )

is not in accordance with (7.6). In the x=—3 case, (7.6) gives the

transformation between the equations corresponding to a=b=-—3Y7/4
ап{ а==—3 у7/4, b=Yl7/4. `
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8. Conclusions | -

In this paper a general form of arbitrary-helicity boson gauge-
invariant wave equations is given. The proposed general form follows

the program of M. Fierz and W. Pauli ['], demanding that all field

equations and subsidiary conditions should be derived from an action

principle. It appears that the higher-helicity (A==4) massless wave

equations and Lagrangians should be modified to have the needed

structure.
The proposed form of equations becomes important in the interacting

field case, since the construction of interaction Lagrangians needs the

knowledge of bilinear form consistent witha given equation. +
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Rein-Kar! LOIDE, limar OTS, Rein SAAR

TAISARVULISE SPIRAALSUSEGA MASSITUD KALIBRATSIOONIVALJAD

Kasutades spinniprojektorite formalismi on analiilisitud Pauli-Fierzi programmile
vastavat tdisarvulise spiraalsusega massitute kalibratsioonivdljade iildist teooriat. On
vaadatud spiraalsuste 2, 3 ja 4 iildist realisatsiooni siimmeetriliste tensorviljadega.

Рейн-Карл ЛОЙДЕ, Ильмар OTC, Peiin CAAP

БЕЗМАССОВЫЕ КАЛИБРОВОЧНЫЕ ПОЛЯ ЦЕЛОЧИСЛЕННОЙ СПИРАЛЬНОСТИ

С использованием формализма спинпроекторов проведен анализ общей TeopHH
безмассовых калибровочных полей целочисленной спиральности, соответствующей
программе Паули— Фирца. Рассмотрена общая реализация спиральностей 2, 3 и 4 для

симметричных тензорных полей,
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