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1. Introduction and preliminaries

The error of a quadrature formula is often treated by introducing high-
order derivatives. We shall demonstrate that in the error estimate the
order of derivatives can be lowered if the integrand has some convexity
properties. This fact is known for the trapezoidal rule ["?] and for some
Gauss’s and Lobatto’s rules [®]. However, we have the error estimates
via L;-norm and thus our rules are applicable in the case if the integrand
is a product of two functions, e.g. the finite Fourier transform. Some
general results on quadrature formulae for convex functions are given
by Brass [*], Heindl [°] and Bourdeau, Dubuc [¢].

Let us recall some definitions and properties concerning convex and
n-convex functions.

Definition 1. Any function | for which

ftx+(1—t)y) <tf (x)+ (1 —1)(y) .

for all x,yes[a, b], 0<i< is said to be convex (up-down) on the
interval |a, b].

It is known [7] that the convex function is continuous on (a,b) and
has there increasing left- and right-hand derivatives. Moreover, [* <[/

and for all x,y = (a, b), x<y

’ f( )—f(X) ’
fJﬂs—%:7~<LWL (1.1)
In addition,

[ =11, =1b)—i@).

Definition 2. A function | defined on [a, b] is said to be n-convex
(concave) iff for all choices of (n+1) distinct points, xo, ..., Xn, ON
la, b] the n-th divided difference of | at these (n-+1) points [xo, ...
A48 x>0 (<<O)

A subclass of n-convex functions is the class for which f™=>=0.
Obviously, a 2-convex function is convex and vice versa. Let L, denote
the Lagrange interpolating polynomial of the degree n of the function f
in some (n+1) distinct nodes in [a, b].
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Theorem A. ([®], Th. 5). Let Pr= (Xp,yz), 1 <k<<n, n=>2
a5, <<...<x2<b, be any n distinct points on the graph of the func-
tion f. Then [ is n-convex iff for all such sets of n distinct points, the
graph lies alternately above and below the curve y=Ln(x), lying
below if xn—\<x<<xn. Further, Loy <f in [xa, b]; and L. <[ (=) in
[a, x], n being even (odd).

Theorem B. ([%], Th. 7; Cor. 15) If | is n-convex in [a, b], then
(i) [ do exist and are continuous in [a, b], 1<r<<n—2;

(it) both fin—D, [¢D exist in (a, b), are monotonic increasing and if

A< <. <SSP <...<Y<b then (n—1)[x, ..., x]f<
<P ()< (x)<(n—1)!y, ..., yelf;
(iit) f=2 is convex.

2. The main result for the even n

Let us subdivide [a, b] into N equal-length intervals [xe, xe+:1] with
xr=a+kh (k=0,..., N), N=0(mod2n), h=(b—a)/N, yr=f(xz).
Let f defined on [a, b] be n-convex and n be even. Then, also, in any sub-
interval [a, B] = [a,b] [ is n-convex. Let us subdivide [a,p] into 2n
equal-length intervals [Z;, #;+1]. In the interval [a,p] we approximate f
by its Lagrange interpolating polynomial L,—, passing through the points
(t2j-1, f(t2j-1)) j=1, ..., n. By the Theorem A we have

(—=1)*'(f—La-)=0 on .{tzi—z. taj-1],
(—1)I(f—Ln=1)=0 on |z, ta]-

Therefore, the number of positivity and negativity intervals of f— Ln—
are equal and so the approximation error in the sense of L,-norm could
be small. This construction is done in any interval [xonz, X2ne+1)] and it
gives us the main idea of the proof of the next theorem. Note that in all
the following error estimates the bound expressed through left- and right-
}éand d)erivatives holds if these one-sided derivatives exist (see Theorem
’ (ii) -

Theorem 1. Suppose [ is n-convex (concave) where n is even and
N=0(mod2n). Then there exists a piecewise polynomial (of the degree
<<n— 1) approximation fay of [ such that

(cn:=2"1(n/2)11-5-... (2n— 3) /nl<<2"! (nn)~1¥*)
1= Sk {42 (B) ]2 (@) — -2 (a4 k) — -2 (b — )|
<cahr| [ (b) — fe=1 () |, (2.1)

b n/ N/(2n)

2 I(
ffn.N:nh,El (—1)*'8(n, j) kz; (Yon(e—1y+2i—1FY2ne—aj+1), (2.2)
ji= =

a

1
s iy ==y L= L= (Z) ]

...[n—2j+1]...[u2—( n_l)Q]du (2.3)

n

(the factor u>— ((n —2j+1)/n)? must be replaced by n—2j41).

The most important cases are n=2 and n=4. The case n=2 is
developed by the author in [?] (but the constant 2 in the error estimate
there is superfluous) and the constant c;=1 cannot be improved as we
see, if f(x)=|x| <1 and N=4. For the case n=2 we give an application
to finite Fourier (-cosine) transform [°].
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Corollary 1. Suppose | is convex (concave) and N = 0(mod4).
Then

b
Iff(x) cos (xt)dx —

N—4 n2ht N-2
__tl_{y,v_, sin bt —y, sinat — 3 wi+ (cos2ht— SIht ) > wk}

k=4,8,... k=2,6,.
<h|f(b)+f(a)—[(a+h)—[(b—h) | <H*|[_(b)—T, (@) ],
where W := (Yr+1 — Yr—1) SiN Xxt.

Corollary 2. Suppose [ is 4-convex (concave) and N = 0(mod8).
Then

7 h N8 .
f f4,N='F{132 (yse—7+Ysr— 1)+112 (yse— 5+ysk-s)}

afb|f—f4,N| < (10/3) B3| " (b) +i" (a)— " (a+h)—[" (b —h) |
< (10/3)h*|[”" (b) — ¥ (a) |.

3. A result for the odd n

In this section we use notations from Section 2 with the exception
N = 0(modn+1). This difference from the even n case is caused by
alternating property of n-convex function with its Lagrange interpolatin
polynomial (see Theorem A). Indeed, now it is natural to subdivide [a, b%

into subintervals [X(+1)e— 1),X(n+l)k] (k=1, ..., N/(n+1)), because in
this case the polynomial L,—, passing through the points Pat1)e—1)+i
(j=1, ..., n) induces for the difference f— L,—; the equal number of

subintervals, where this difference is alternately positive and negative.

Theorem 2. Suppose [ is n-convex (concave) where n is odd and
N=0(modn-1). Then there exists a piecewise polynomial (of the degree
<‘riz-—]) approximation f.y of [ such that the (2.1) holds with c,=1
an

(n—1)/2 N/(n+1)
Jtoa=t 37 (T 3 Gswsiathrnn—i)y | (3)

j=0 k=1

T(n, j)= ﬁ((,(anr,l)_/Q,)),f[ w (w2 (n+1)2)

o O e D VA T G ] PR

> means that in the sum the final term must be halved.

As the most important cases we consider n=1, 3, 5.

Corollary 3. If [ is monotone (but not necessarily continuous)
and N is even, then

N2 :
ffl,N:2h2y2k—l, f If —Ffinv| <h|[(b)—](a)]|.
a k=1 a
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R Corollary 4. Suppose [ is 3-convex (concave) and N=0(mod4).
en

74 4 N2 N/4
f f3,N="3-h{22!/2k—1 —Z’yn—z} ;
a T k=1 k=1 :
Corollary 5. If f is 5-convex (concave) and N=0(mod 6), then

; 3 /6 N6 N/
ffS,N=Wh 11 3 (Yor—s+yee—1) — 14 X (Ysr—s+yor—2) +26 3 ysk—a}-
a k=1 k=1

k=1

4. The proofs of the main results

Proof of Theorem 1. Let f be n-convex and n even. We split
[a, b] into subintervals, i.e.
b 2

f=l§") fm- (4.1)

a k=1 Xy

In order to shorten the following formulae we consider instead of
[X2n(k—1), X2ne] the interval [—1, 1]. We subdivide the latter into 2n equal-
length intervals with nodes t;=—1+-j/n, j=1, ..., 2n—1 and approxi-
mate f by its Lagrange interpolating polynomial L.—; equal to [ in nodes
toj—1, j=1, ..., n. Explicitly,

di; i n—1l, a (_1)] : n a3
it = () B e D i, MBI

Further,
: 1
_f”thil (t—tzl_,)dt=—-.72l.6[(t2_(%)2)({2_(%)
=it o= 2= ¥)a,

where in the last integral the factor 2 — ((n —2j+1)/n)? must be repla-
ced by n— 2j+1. Therefore, using definition (2.3) we have

1
S L= S (=10MS (@ )f (tar).
1

i=1

Obviously, S(n, j)=—S8(n, n— j+1), which implies

1
n/2
J Loci= 3 (—1))MS (1, ) (F () +1 (Fanzi)- (42)

=1 j=1
The interval [Xsnx—1), X2n] may be mapped into [—1,1] by the trans-
formation x=a- (2k — 14-t)nh. Thus, by (4.1), (4.2) we get (2.2). Our
aim is now to prove (2.1). Let us denote g,:= f— Ln—;, where as above,
Ln—, is determined by nodes fy-, (j=1, ..., n). To estimate the error
in the L,-norm we consider
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i izln

E:=_[ Ignl=§(t Jrtf)lgnl-

2f 2/+1

2/+1

“If we take two sequences of constants a.(j) =1, b.(j) =1, then by The-
orem A we have
t t

E< 3 (0w [ gt 0o [ a).
j=0 ty tojes

After the change of variable in the last integrals and summing in a
suitable way we have (h:=1/n)
iy

n—1 -
E< [ 5 ((—1)/a:()gn (-42i8)+ (—1) 16, () g1+ (2j4+1) ) ) di =

—1 j=0
t

1

. f{nl _l[bn(2j+1)gn(t+ (4j43)h) — an(2j41)gn(t+ (4j+2)h) —

-1 " j=0
@)@t (D) Fan @D a4 Jdt (43)

This kind of summation is needed for minimizing the constant ¢, in error
estimate. Let us evaluate now the (n— 1)th divided difference of g:=gn
at the points {t+ (4j+2)h, i+ (4j+3)h}, {t+4jh, t+ (4j+1)h} with
j=0, ..., n/2—1, —1<<t<t, respectively. Thus
[t+2h, t+43h, ..., t+(2n—1)h]g=

=hl_,,”§‘(g(t+(4f+3)h) g+ (4j+2)h) )

j=0 C"(2]+1) Cn (2]) (4.4)

"’2"( g+ (4j+1hh) g(t+4fh))

t, t+h, ..., t+(2n—3)h]g=h"" : .

where
en(2i)=(—1)">=i2"%1 (n/2 — j— 1)1 (4j— 1) (4] —5) ... (4 —(2n—3)),
cn(2j+1) = (—1)">- 112221 (n/2 — j — 1) 1 (4j+1) (4] —3) ...
... (4j— (2n—05)).

It can be shown that ¢.(j) >0 and
max  ca(j) =ca(0) =2"2(n/2—1)11-5-9-...-(2n—3). (4.5)

<j<n-1

In (4.3) let us take a.(2j)=an(2j+1)=cn(0)/ca(2j) and b (2})=
=ba(2j+1)=cn(0)/cn(2j+1). Hence, an(j), bn(j)=1, and from (4.3)
and (4.4) one obtains

E<ecn (O)hn—l_f:'{[t+2h, t43h, ..., 14+ (2n—1)h] (F— Lnor) —
— It tobh, s 1 (20— 3) A1 — Lo Yt =
—cn ()" [ {[t4-2h, t43h, ..., t+ (20— 1)A]f —
—[t, th, ..., t+(2n—3)h] fdt.
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The last part follows from the fact that the divided difference [ distinct
points] La—;=coefficient of #! of L,—,. Using Theorem B, (ii) and
denoting g=["-2 we get

cn(0)
(n—1)!
By (4.5) the constant in Theorem 1 is c,=c.(0)/(n—1)!. Let d.:=

:=21-n¢,, then (n even) dp=1-5-9-...-(2n—3)/(2-6-10-...-(2n—2)).
From the Wallis’s formula for # we have the following inequality

13+5+...+(2n—1)/(2-4-6- ... -2n) << (nn) 12,

which implies (n even) -

&= 1:1:5:5-...-(2n—3)? 1-3:-5-...-(2n—1)
o 2.2.6-6-...(2n—2)2 2:4-6-...-2n
and this completes the proof of the inequality for c.. Further, as g=f-2
is convex (Theorem B, (iii)), then by (1.2) and (4.6)

E<ch'{[g(1)—g(1—h)] — [g(—1+h)—g(—D)]},

where h=1/n. This inequality gives the error estimate in the sense of

L-norm on the interval [—I1,1]. Consequently, for the error on
[X2n(k—1), X2n2] the inequality

‘!
e [ (@t @n—1)h) — g, ())dt.  (46)

E<

< (nn)~172

Ev:="[ lel<

*an(k-1)
<cnh" ' {[g (x2nk) — & (Xone—1)] — [€ (X2ne-1y+1) — & (¥2nce-1) 1},

where h= (b — a) /N, holds. Using (4.1) and due to convexity of g=f"—?
we get (2.1). Theorem 1 is proved.
Proof of Theorem 2. In the outline it is similar to the case
when n is even. In the present case N=0(mod n-1) and
N/(n+1) *(na)k

FLIE 47)

k=1 X(a)x-0)

)

As above, we confine ourselves to the case [—1,1]. Now we subdivide
[—1,1] into n+41 equal-length intervals with nodes ¢j=—I1+jh, h=
=2/(n+1). The Lagrange polynomial L., determined by the same
nodes #;, j=1,".1{, n (n'odd) is

itegy al n (_l)j—l . n L
Ly (t)=h! ,é: TESICET f(t,)#]ll(t t).
Futher,
1 1
$ig, £ \{ 22— (1h)?) ... (t2— ((n—1)h/2)?)
_[jil(t t) dt 20f e T dt,

and by the definition (3.2) and by property T(n,j)=T(n,n—j—1) we
have
1

2 (n=D)2
S L= S T 0, ) G ) 4 o),
=1 ) j=0

where 3 means that the final term in the sum must be halved. By trans-
formation x=a+ (n+1) (2k — 14+£)h/2 in (4.7) one obtains (3.1).
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As defined before, let g,=f—L.—; in [x x As th
binomial coefficients C/ >l,gthen,f by Th(laorem [A,(nﬂ)k, i o Bl

X (na1)(ke1) s G X(ne)k+]41
Ev:= [ |g|<Z(—DHCL [ gn
*(nen)k i X(n+1)k+]

Hence, making a change of variables, we obtain

E< | 3 (—1).Clga(x+ijh)dx=
Zae =1

=nthr | L%, x4h, ..., x+nh]lgadx.

X(nso)

Ln— is a polynomial of the degree <<n—1, thus [, ..., x+nh]Lay=0.
By the recursion formula for the divided differences we have

nhlx, ..., x+nhlf=[x+h, ..., x+nh}f—[x ..., x+ (n—1)h]f.
Thus by Theorem B, (ii) we get

Ev (n— 1) hn=t T ([eh, ..o xFnh]f— [x, ..o 2+ (n— 1A dx<<

X (s
xn‘l L31}
<ot [ oD (x4 nk) — 00 () dx.
*nsx

The rest follows using a similar argument as in the case of even n. :

Remark. By A. Markoff’s Theorem ([°], No51),thebest L,-approxi-
mation will be attained if we take the nodes tj=cos(jn/(n+1)) on
[—1, 1]. In cases n=1, n=2 this is done, but for n>>2 due to nonequi-

distant nodes there exist some well-known technical complications.
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Andi KIVINUKK

MONED KVADRATUURVALEMID LIHTSUSTATUD VEAHINNANGUGA
n-KUMERATE FUNKTSIOONIDE KORRAL

Kvadratuurvalemite enamlevinud veahinnangud nouavad funkisioonidelt korget
jarku tuletiste olemasolu. Kiesolevas tods on niidatud, et tuletiste jarku voib alandada,
kui integreeritaval funktsioonil on teatud kumeruse-omadused. Erinevalt varasematest
toodest selles suunas [!-¢] on siin veahinnang antud Li-normi mottes, mis on kasulik
korrutise integreerimisel. Niitena on toodud 16pliku Fourier’ teisenduse ligikaudse arvu-
tamise valem koos veahinnanguga.

Andu KHBHHYKK ;

HEKOTOPBIE KBAJIPATYPHBIE ®OPMYJibi C. YNIPOUWEHHOW OLEHKOH
TOYHOCTHU AJisl n-BBINMYKJIbIX ®YHKILLUA

HanGonee pacmpocTpaHeHHbIe OLEHKH TOYHOCTH —KBajpaTypHHIX (opmya TpelyioT
CYLIECTBOBAHHs NPOM3BOAHBIX BEHICOKOro Nopsiika. B paGore mokas3aHo, uT® MOPSI0K MpoO-
H3BOAHBIX MOKHO MOHH3HTb, €CJIH HHTErpHpyeMas (QYHKUHS B HEKOTOPOM CMBICJe BHIYKJA.
Or Gosee paHHux paGor B 3TOoM HampasjeHu# ['-6] mHacrosmas oTJHYAETCS TEM, uTO
TOYHOCTb OIEHHBaeTCsl Mo HopMe B L. DTo 06CTOSTEJIbCTBO IOJE3HO [JIs HHTErPHPOBaHHA
npou3seficHHsi. B KauecTBe NpHMepa MNpHBeJeHa ofAHA (GoOpMyJa C OUEHKOH TOYHOCTH JJIsi
BBIYHCJIEHHS] KOHeuHoro npeobpasoBanus Pypbe.
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