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Ивар ПЕТЕРСЕН. О КОНЦЕНТРАЦИИИ МАСС НА ГРАНИЦАХ МЕЖДУ ОПТИМАЛЬНЫМИ

ОБЛАСТЯМИ МУЛЬТИРЕШЕНИЯ |

(Presented by N. Alumde)

In Petersen [!] we formulated the optimal multidecision problem as

the problem: Given X <R™ (the set of admissible decisions), |: XXR™—
—R* (the loss-function), n — a nonnegative finite measure on the Borel

o-field 3 of subsets of R™ (the space of individuals), and a natural
number N. Find such an admissible multidecision x*=(x] ..., x}),
X}, ...,

XX and such a partition Y*= (Y}, ..., Y) of the space

of individuals into N decision regions Y}, ... Y, €23 that minimize

the summary losses ;

| F(x,Y)=2[ (% s)n(dy)>min (1)

N

subject to x;i= X, Yie 3, i=1,..., N, Rmc Y.
i=l

A pair x*, Y* is a local minimum of the multidecision problem (1) if

for some 6>o :

F(x*, Y) <F(x, Y) (2)

for every x, o<<|[lx—x*[|<<#6, and for every N-partition Y of R™.

* FEesti Teaduste Akadeemia Kiiberneetika Instituut (Institute of Cybernetics, Estonian

Academy of Sciences). 200108 Tallinn, Akadeemia tee 21. Estonia.

Proc. Estonian Acad. Sci. Phys. Math., 1991, 40, N 4, 334—336

УДК 519.816, 621.391.176

https://doi.org/10.3176/phys.math.1991.4.11

https://doi.org/10.3176/phys.math.1991.4.11


335

In connection with the optimal quantization problem of continuous

signals Lloyd [2] showed by an intuitive argumentation that if n=m,

f(x,y)=llly—x||2, Х== К® (1п fact he considered the case n=l) then the
boundaries of the optimal decision regions cannot go through atoms of

the measure p. This result has been later used (e.g. Gray, Kieffer and
Linde [2], Petersen [%]) by characterizing the minimum point of (1) by
means of calculus. Applied to geographic theory (e. g. Gusein-Zade [*])
one can interprete the result as a proof that optimal state borders cannot

go through cities.
The aim of this note is 10 generalize the Lloyd’s result to the case of

the more general problem (1).
Theorem. Let x*, Y* be a local minimum of the multidecision problem
(1) and let B be a Borel subset of the common boundary between Y%, ...

o, Y 3 (s=2). If at least for one i=iy, ..., is there exists a sequence

of points {zx}, znE X, 2n7#x" 2,—X} when k— 00, satisfying for almost

all y= B and for all k |

[F (zr, ) — [ (%7, 9) 1/ ll2e — X7ll =6O, (3)

J[F(20, )=T(=%, y) In(dy)/llzn—2711 >O, ; (4)

then и (В) =O. '
Proof. Assume, on the contrary, p(B)=p>o. Let j#i and je&

e{iy, ..., is}. The necessary conditions for local optimality (e.g. Peter-

sen [!]) imply f(x;fi‘,y):f(x’;,y) for almost all y = B and therefore

T y)yndy) = [H(x), y)u(dy), S (5)

and that we can take B< Y?. From (3) we have

I [z, )—F(x}, y)]u(dy)>põlzxr—x*l, k=1,2,.7. . (6)

Condition (4) implies the existence of a sequence of numbers {en}, ex>o,
er—>o such that

SIHzx, )— Hx*, y) ] (dy)=ellz*— x*l. (7)

From (6) and (7) we have

JTz y)u(dy)< [ [(x% y)u(dy)+(en—pd)llze—x; . (8)
Y:\B Y:\B .

Let us now modify the partition Y*, carrying from Y 7 the subset B

over to Y?. In the so obtained new partition Y’ we have Y =Y"\B and

Y;.=Y,-ÜB, while Y/ =Y? for ¢{+i,j. From (5) it follows F(x* Y*)=
=F(x*,Y’). Let us substitute in x* instead of x* the point 2z, and denote

the obtained new multidecision by z}. The values F(x* Y*) and

F(z; Y') may diifer only in terms with indices i and j. Inequality (8)

implies.
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Л(g)uldy)+J1<y)u(dy)=
o ¥,

1. o=J He y)u(dy)+ ЛОВ y)p(dy)+ JÄ(X,DR < —spi

YAB Y*\B B |Ы j -

< J Hxi, y)u(dy)+(er—põ)llzk— X3ll+[](%,y)n(dy)+
Y:\B Y; -

+ [(x* y)p(dy)= JHx%, y) n (dy) +
B Y*

+/Hxy)y(dy)+ler—põ)llzk—. $ |
Y* ‚ .

Неге г» — рё<<o ‘for all sufficiently large k. Therefore Е(2%, Х') <
< F(x* Y*), where z:cén be taken arbitrarily close to x*. This contra-

dicts the assumption that x* Y* is a local minimum of F(x,Y). _
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