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Ülo LUMISTE

SEMI-SYMMETRIC ENVELOPES OF SOME SYMMETRIC

CYLINDRICAL SUBMANIFOLDS

(Presented by G. Vainikko)

1. Introduction. Semi-symmetric submanifolds M™ in space forms N™(c),
especially in Euclidean spaces E™, generalize the locally symmetric sub-
manifolds in the following sence. -

-

The last ones are defined as admitting locally reflections with respect
to the normal (1— m)-planes [*?2] and are analytically characterized by
Vh=o (i.e. the second fundamental form h is parallel with respect to

the van der Waerden-Bortolotti connection V=V9V+; therefore they
are often also called «parallel submanifolds» [?]). `

The semi-symmetric (=semi-parallel) submanifolds M™ т №(с) аге

defined (see [*°] and references in [¢]) as satisfying the integrability
condition VxVy)h=o (or, equivalently, R(X, Y)h=o) of the system

Vh=o, where X and Y are two arbitrary vector fields on M™. The formu-
lation given in the last brackets shows that this condition is, due to the

Gauss equation, an algebraic relation on the components of h with

respect to the frames of the adapted orthonormal frame bundle. Hence
the semi-symmetricity is a pointwise property of a submanifold. Geo-

metrically this is expressed by the next result. ` 41

Theorem A (see [7]). A submanifold M™ in N™(c) is semi-symmet-
ric iff M™ in its every point x has the 2nd-order tangency with a locally
symmetric m-dimensional submanifold M™(x), i.e. is a 2nd-order enve-

lope of the latter.

Here the 2nd-order tangency means that for every path A in M™

through x there exists a path A in M™ which has the 2nd-order tangency
with A at x.

В

In some cases such envelopes are trivial; e.g. the 2nd-order envelope
of m-dimensional spheres in N”(c¢) is а single sphere S™(r) if m=2,
because such envelope consists of umbilic points. More general resuit

gives
Theorem B (see [%°]). The 2nd-order envelope of the products

S™(R)X...XS™(Ry) in E™, where m—=2, ...,
mpy=2 a=imF ...

... +myp+k, is a single such product. .

As every line M' in N(c) is the 2nd-order envelope of its curvature

circles, the conditions m;=2, ..., m,=2 are essential here. More general
is the case of the 2nd-order envelope of the products S™(Ry)X...

oXB (Ry) XE™ п E", n=nye=m+...+my+me+k, without any

restriction оп the dimensions my, my, ..., my. If me=l, this product 15

called a cylinder on 8™(Ry)X...XB™(Ry), and due to [] it 15 е

most general case of normally flat (=VI is flat) symmetric submanifold;
such cylinder lies in E".. It follows that the 2nd-order envelope of these

cylinders is the most general case of a normally flat semi-symmetric
submanifold in E® considered in [% !]. 3¢ 85118
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The first aim of this paper is to give a geometric description of the
latter by means of the concept of warped product. Our Theorem 1
finishes the investigations of normally flat semi-symmetric submanifolds
Mm in E» started in [®2] апа developed in [* '] (sce also [°]).

The second aim of this paper is to start the investigations of 2nd-
order envelopes of the so-called Veronese cylinders.

Veronese submanifold V™(R) in E'2mm+3) jis some kind of opposite
for a sphere S™(R) in Em*l: if S™(R) is the irreducible (=nonproduct)
symmetric submanifold M™ with the first normal space of minimal
nonzero dimension 1 at every point x& M™ then V™(R) is the irredu-
cible symmetric submanifold M™ with the first normal space of maximal

dimension —l2-т(ті_+l) аё еуегу рот{ х© М" (зее [!3] and references in

it; also [*]). Both of them are the standard immersions of the m-dimen-
sional compact simply connected Riemannian manifold of constant curva-

ture R2, respectively, of the Ist and 2nd order.

Theorem C (see [ 15:18]), The 2nd-order envelope M™ of V™(R) in

— m(m+3) A mim+3)+l
E 2 , m=2, is trivial, i.e. it is a single V"(R). In E? there

exist nontrivial 2nd-order envelopes M™ of V™(R).
Below, these results will be proved anew in the context of the present

paper (see Section 4). ]
The point is that such nontrivial 2nd-order envelopes of V™(R) are

the most general cases in classifications of semi-symmetric submanifolds

(for m=2 see [%], for m=3 see [!7]).
1 m(m+3)+q

The product V™(R)XE? in E 2 > is called the Veronese cylinder.

It is a symmetric submanifold with %m(m-l—l)-dimensional first normal

space at every poõint, hence the 2nd-order envelope Mm+l of V(R)xEl

1п Е”, n;—;m(m+3)+q is a semi-symmetric submanifold.

From Theorem 1 below it follows that the 2nd-order envelope of

spherical cylinders S™(R)XE? in E", n=m+q+l, m=2, is either a

single cylinder S™(R)XE4 in Em+itt or a product MmHIXEe! where

Mm™+t is a spherical (or round) cone with point-vertex and 1-dimensional

generators (see also [?]). The problem is which is the geometric con-

struction of the 2nd-order envelope Mmt¢ of V™(R)XE? in E" n=

>%m(m+3)+q. Theorem 2 below states that if m=3, then such

envelope is a product MmXEI where M™ is the 2nd-order envelope of

Vm(R) in E"¢ (see Theorem C), but if m=2, there is another possi-
ЬИНу: М?+9 сап be a product M3}Ee! where M? is a cone with point-
vertex in En—9*! which is a 2nd-order envelope of VZ(R)XE".

The next problem arises — can such a cone M? in E"~9*! be realized

by all the values of n— g+l=>=6? The first results in this direction are

formulated in the Proposition (Section 5). If n— g+l=6, then such

cone M 3 is impossible; more exactly, the only 2nd-order envelope of

V2(R)XE* in E® is a single V2(R)XE!'. For the case n—g+l=7 we

can say that in E 7 there are no cones M? 2nd-order enveloping the Vero-
nese cylinders V2(R)XE!, so that R at x = M 3 depends only on the dis-

tance between х апа the vertex of the cone M? Ii this is not the case

or if n—qg+l>7, the problem of the existence of such cones M? remains

open. The conjucture is formulated that they do not exist.
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2. 2nd-order envelope of normally flat symmetric cylinders. Such a cylin-
der in En is, according to ['], a product 8™(Ry)X... XS™(Ry)XE™,,
n=np=mo+...+mp+k, me=l, ..:, mpy=l. Let m>1,..., mp>l
and mpy=...=mpy,=l, p+g==~k. The moving orthonormal frame in

E™ can be adapted to the point x of the envelope M™ so that

1) ep ETS °(R,) < Т„М®; m=no—k, 00ef1,..., p

2) ea =T.S'(Rs) CTM"; aetfm*+l,.... m*'+agj), m*'= 2m
p

3) e Е Т‚Ет.< Т„М®; aefm*+g+l,..., m),

4) em+pllx2p, Em,+allXZa, where m,=m+p—m*, but 2, and z, are

the centres of Sm"(Rp) апа S!(R,) at x, respectively. Then for the

formulae |

dx=e;o!, del=eJu)Jl, u)-; +(o'J=o,
1— d I 7 — оК Jdw о’ Л о;, dw: 0, A K

e

the equations are valid:

oM=gmte=ut=o; Е е {n+l,...,n},
i

—

e g Mo =9,0%0 °, @т!о==o, —кр== К,
. 1р p u Р

оее ате+а==o, @Mtt=x,o?o" ха==К,
e p

wi =O, —@* =0
1 u .

(see [1:8]); here ue {m*+l,
...,

m}, i.e. u run the sum of sets for a

and a.

After the exterior differentiation and application of the Cartan lemma,
these equations lead to the next ones (cf. [, ¢]):

j : i
g

о, ==o (оssoо), о* =Apu® ,

p p

(о: =xac’;wa — 0’ — w%t== Лаа@,

m+ao — та— _

—1 а š = 2.1
®тр 0 (e#o), Õm+p XaX

,
Лра0° ®

а+р 0, (2.1)

-.
m«+b=-a'a—l b b Ё —mtma >. Шт.+а хасьш %bCa(l) › Шт.+а '(Pa(x) ,

:

dxa=yso°+x? Вс вн са оТМ
18

|
u

pr==XbMu'wu .

From these new equations of the first row the same procedure gives that

2 houtou=o (070), (2.2)

d.Äpu=Äpv(o:i +7»‚…Жр„(l)”. ` (2.3)

Let us fix the value ¢ and consider the distribution of szmp (Rp) on

Mm. This distribution is the annulet of the system (.)10 =0 (o05=0), о“==o.

Due to а…'°’=.…’°/\ (w:.°,+õ:.°dlnxa)? dw“=o°Ao“ this distribution

is a foliation. For every gf its Gintegral submanifold the formulae
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1 j i .
ах==е. @° (о Пхед), de, =e. wip +0 "( D Xueu+txpem+po) — (2.4)
'p P

u

are valid, hence this submanifold is a sphere Smp (rp) with the radius

1

ro=(2 Äšu +%2[',) 2

and the normal unit vector

no=rp( 3 houlu-+%p€m+p)
и

From (2.2) it follows that {(n,, ns)==o6c.
All such spheres S™(ry),

...,
S™(rp), going thr(i)ugh х Е М”, Пе оп

the sphere S™™*r—l(r), whose radius is r=(2rš)? and whose centre

has the radius vector y=x+ Xron,.
°

3 %
To prove it we deduce thatp |

i .

dro=rpue", rou=—Trphpu, dny=—r>'e, o’ . (2.5)
p

Thus »erp=c,=const and

dy=fuo¥, fu=eyt+ Zroully, - аг==г!D rorpuo". (2.6)
p p

Along every integral submanifold of the foliation given by w*=o, we

have dy=o, dr=o and, therefore, this submanifold lies on the sphere
mentioned above. -

Let us consider the submanifold Q™', m’=qg+m, of the centres of
these spheres Sm*r—l(r). The straightforward computation shows that

«Ги, Па> ==o апа .

dfu=fvwä+6ž%a(oaem.+a. (2.7)

From (2.4) and (2.5) it follows that for every fixed o the (mp+l)-

planes of the spheres S °(r,), generating M™, are parallel in E™. More-

over, for every two distinct values ¢ and o corresponding (my+l)-plane
and (mg+l)-plane are totally orthogonal to each other, because every

of e, , ny is orthogonal to every of e, , N, if gs%=o. АП о them are ortho-
p G .

gonal to the (n— m*—p)-plane, in which the submanifold Q™ iis

immersed. The last assertion follows from (2.4) and (2.5) if to start with

obvious identities (dy,e >=o, <dy,np»>=o and deduce successively
0

<@у, е
,

>=o, <@у, пр)==o; (d%,e, )=O, <@у, п) ==o, etc.

p p

The last properties of M™ lead us to the next general concept.
Let M™ be a smooth fibre bundle immersed in a Euclidean space E"

and having the next properties:
1) the base Q™ is a smooth submanifold in E® < E™,
2) the fibre on arbitrary y & Q™' is the product of spheres S™(ry)X .-.

... XBm(rp) in (n—n’)-plane which is totally orthogonal to E™ and

goes through y so that y is the centre of the sphere S*~""~*(r) containing
this product; n —n'= 3 my+p, m—m’'= 2)M,

p p
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3) for every fixed value g = {l,
...,

p} the (my,+l)-planes of S °(r,)
at two arbitrary different points of Q™" are parallel to each other.

Then Mm™ is said ю be the warped product Q’"'Xr S"h(l))(r
2е Х, S™y(l) with warping functions ry, ..., Гр. '

A submanifold M™ in En is said to be irreducible if it is not a product
of Mmic E™, En and E™ (i) being totally orthogonal, m;>l, and En=

=FE*X...XE*, k2>2.
Theorem 1. Every irreducible 2nd-order envelope of symmetric

products S™(Ry)X ... XSB™(Rp) XEme; my>l, ..., mp>l, Mpu=...

.
=my=l in E"is the warped product Q"X S™(l)X ... х 5°(1);
рт==то-|-& —p, satisfying the following conditions:

(1) intrinsically Q™ is locally euclidean,
(2) extrinsically Q™ has the'rank k— p<<m’ and by the bundle map

the images of k—p lines in Mm™, 2nd-order enveloping the circles

SY(Rp+l), ..., SY(Rr) are conjugate with each other in Q™
(3) the warping [unctions ry, ..., rp are nonconstant linear functions

with respect to some local affine coordinates in Q™ and have mutually
orthogonal gradients in M™.

Conversely, every warped product Mm =Qm X
S

()Mo 1Y

...X, 8™(l) in E™ with properties (1), (2) and (3) is ап irreducible

2nd-order envelope of symmetric products S™(Ry)><... XSBM«(ry)XE™s
(or, equivalently, an irreducible normally flat semi-symmetric submani-
fold).

Proof. The first assertion concerning the warped product (except
the inequality p<<m’) is stated above. -

To prove (1), we consider the curvature 2-forms

v — йo° w vgu——dwu—l—wu A Ф

of Q™. From (2.7) it follows that the Ist normal space of Q™ at its

point y is spanned on @ пча and the 2nd fundamental form of Q™ has,
with respect to the frame {y, fu, Cta ez} in £*, zero components
except Am-+a=y,. Thus

_

? — та v
— —

m.+a hm'+a w w—QY =" /\‹лот__Нl ®) hmtepmtage A o 0.

a

To prove (2), we recall that rank Q™ is the rank of m’-g 1-forms

o™t where g=k—p [*¥]. As om+e=o§%%,o% we get that rank Q"=
=k —p. Recall also that the vectors X=X“e, апа Y=Yve, in T,Q"
have conjugate directions if Am-teXuYv*=o [#]. Now this condition is

satisfied for every two vectors e, and e, (as%b).
The property (3) can be proved as follows. From (2.3) and (2.5) it

follows that V’r,,=o, where V'rou=drou—rop0? is the covariant

differential of the covector field on Q™ which has the components rpu

(¢ fixed) with respect 10 the moving frame {y,f.} on Q™. Hence this
field is a covariantly constant field on the locally euclidean Q™' thus r,
is a linear function with respect to some local affine coordinates in Q™"
On the other hand ry, are the only components of the gradient of r, with

respect to the moving frame {x, £ eu) on M™ which can be nonzero.

p
The orthogonality of these gradients follows from the identity D rpurou=

=0 (0=0) which is valid due to (2.2) and (2.5).
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It remains to prove that r, can not be constant and p<<m’. Suppose
that ro=-const for a fixed value g = {l, ...,

p}. Then rp,=o and Ap,=o,
thus o* ="°7:;I:=0’ No=Trp%p€m+p. It follows that rpx,=l,

p °

j i i
p p . pdel =e;o,I , dem+p=——xpel. 0

p p p p

the differentials of the other frame vectors have zero components on

e, and emip. The submanifold M™ in E" is the product of a sphere
0

S ?(rp) and the remaining warped product M~®, and it can not be
irreducible. The inequality p<<m’ is also evident since in the opposite
case we had т the m’-dimensional linear hull 6f vectors e, more than m’

mutually orthogonal nonzero vectors 3 Apuéu. -

Next we prove the validity of the converse assertion. The spheres

S °(rp), generating the fibre product of Mm=QmX_S™(l)X ...

...Xr B™y(1) in Em, lie in (n— n’)-planes orthogonal to E™ 5 @', апа

for evgry o= {l,
...,

p} their (my+l)-planes are parallel and mutually
orthogonal in these (n — n’)-planes. The point x = M™, its image y = Q™
and the centres ¢y, ..., ¢p of generating spheres S™(ry), ..., S™(rp),
going through x, are the vertices of a p-dimensional rectangular parallel-
epiped. Taking the unit vectors ny, ..., np, on the sides of this parallel-
epiped, going from x, and the frame parts {x,e_} freely in the tangent

p

spaces T.S °
(rp), we have, due to properties of the warped product,

the formulae

x=y—3/rohy,
: .

j i

de, =e, oP +r-Inpw P (2.8)
p в ‘р

i

dn=—rte. 0.
p 'lp

Using the property (2), we can т T,Q™ take the vectors f, @ the
directions of mutually conjugate lines and the remaining vectors among
Ё, т the (m’— k-+p)-dimensional plane characteristic of the submani-

fold Q™ of the rank p — k. Then

dy=fu‘(l)u,

dfu =fv(l):i +ÖZh?'l,a (L)aea'

where all vectors e, are forming the moving orthonormal frame of.TtQm'
in £7. As Q™ is locally euclidean due to (1) the identity o=wsA\ o¢,=
=2jhw \ (—2/B"°®h%, ob) 15 valid and hence д”®®л® h% =

o’ b

=0 (as=b), i.e. nonzero vectors й® е and h%, e, are orthogonal if as=b.

Taking B | п‹;а ew, We have dju=fvo?-+õuse, ta
Ka ;

As the functions ry, ..., r, are due to the first part of (3) linear

functions on Q™', there hold drpo=rpuw®, V'rou=o. Now

dx=dy —d 3 rynp=ewot+ e, o, (2.9)
p P, ip
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where ey =f, — 3 rounlp and
0

i
. p .d€u= ž r;lrpueip(l) +evwh+6uaem‘+a%a(fla. (2.10)

p

It is seen that the vectors e, are tangent to the lines on M™ which are

criginals of the mutually conjugate lines on Q™ by bundle map; as these
lines are tangent to S'(R,) due to (2), then <(es, ey)=o (as=b). The

remaining vectors among e, belong to T.Em c T.M™ and, hence, the

corresponding [, in the characteristic of Q™ can be chosen so that

(eu,ery=o (us=v). The lenghts of the vectors f, can be taken so that
НіиН=l—}_`,'г2ри; then |le.[=l and the frame {x,e ,e.} in T.M™ is

p
р .

orthonormal. :
In the linear hull of the vectors ey,e, and n, (¢ is fixed) the vector

p

fig+ 3 roueu is orthogonal to e. and e, ,
а$ # is easy to see. We use

p

it in order to choose the unit vector em+p so that np+ 3 rpueu=rpxpem+o.
u

From the second part о! (3) it follows that 0=(3 roueu, ®)Гооёъ)==
= Nrourou (0540) and thus (em+p, emicy=o (070), but (2.8) gives

j i i
р

de, =e, wip — D eur;‘rpuw
? +xpem+po ° (2.11)

p о » и

The formulae (2.9)—(2.11) show that M™ is normally flat semi-summetric
submanifold i. e. the converse assertion of the Theorem is true.

Remark 1. If k=p or, equivalently, rank Qm'=o (i.e. if Q™ is а

single m’-plane E™'), then for the irreducibility of M™ it is necessary
that p=m’, and that the dimension s of the linear hull of the gradients
of functions ry, ...,

rp, on M™ is also equal Ю0 m’.

In fact, in the opposite case, taking among the vectors e, first s

уесЮюгs е,’, ss<<p<<m’, in this hull, we have rp,~=o, where «” runs the

remaining values of u. Then Apur=o and thus m;‘"=0; on the other hand,
p

however, «wä'„ ==o. №\ deu"=e„"w';';, but the differentials of other frame

vectors, except ew, have zero components on these e,~. This shows that

Mm is the product

(EeX, S™(l)X, ...X, Smr(1)) XE™=,

and it is not irreducible.

3. Second-order envelopes of Veronese cylinders. The remark above sta-

tes for a particular case p=l that the 2nd-order envelope of round (or
spherical) cylinders S™(R;)XE™ in En is either a single such cylinder
or a product (E*X Sm(l))XEm=l. Неге л, 15 а linear function on the

straight line E!, thus the warped product E')X S™(1) is a round cone

ina E™E (cf. P]).
Our task is to investigate now what will happen if we take a Vero-

nese submanifold V™(R;) (i.e. ап image of the 2nd standard immersion

о! sт, (В,)) instead of sphere S™(Ry). Here V™ (Ry) can be characteri-

zed as the symmetric submanifold in En, the first osculating space о!

which has the maximal dimension %ті(тl+3)=п at every point x&

e Vmi(Ry) (see [ “‘]).
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Let Mm*e be the 2nd-order envelope of the so-called Veronese

cylinders V" (R)XE%? in En, n;%m(m+3)+q. If werestrict the freedom

of the moving orthonormal frame in E* so that xe M™t4, ¢;=T,V"(R)<
< TMmte, e, e TElc T.Mmte, ey = T-Mm*a (here the indices i,j, ...

run the set {l, ..., m} апа u, v, ...
the set {m+l, ..., m4q}), then

o%=o

(o‘;‘=h‘;‘jwj, 0% =O, (3.1)

where h‘;‘j=h‘;‘i. The first normal space of V™ (R) (and also of Mmt4)

at x is the linear hull of —;——m(m-l—l) vectors <hi,~=hg‘jea, therefore these

vectors are linear independent at every point x & M™*4. If we denote

Chigy ) =Bij, m, (3.2)
then

Bij, i=x2(26:;or+oirdji+6idjr), »n=R! (3.3)

(see [*2]). The second group of equations (3.1) gives, after exterior diffe-
rentiation, that o? Ah?]. /=0 and thus h‘i-‘,-wi———hi,-k o®, where hzjk =

-l As the vectors h;; are linear independent we have w!{ =1!6o*
and h?;jk—:}\'l;tkh?j’ hence }\.Lkhijz}\.iujhih, and so 7\’:…=7„{„. (not to

sum!), 43 ,=0 (js=k). It follows that ¢= öi and

.m’;‘ =kyoY. (3.4)

By exterior differentiation we get now

аи== Моo? — hyhp®® (3.5)

and the next step gives the identity. Consequently,

d(X hueu) =— (2 hueu) (hoo®) +(X 42)) (eiw?)

i.e. the vector X Ayew = TE? is invariantly connected to an arbitrarily

fixed point x = X/I'"W because ах==o => о’ ==о’==( => а (®) л„) ==o.

Theorem 2. The 2nd-order envelope Mm+l of Veronese cylinders

Vm(R) XEI in E», n;%—m(m+3)+q, is a product M*MXXEI-!, where

Mm+l is the 2nd-order envelope of V"(R)XE! п En—at, and it can be

either -

(i) a product M"XE'! where M" is the 2nd-order envelope of V"(R)
in E*-1 (and, hence, M*+l— M"XE*) ог

(ii) a cone with a point-vertex and 1-dimensional generators, the
directrix M™ of which оп the sphere S"~¢ around the vertex is the 2nd-

order envelope of V™(R) in S»—a.
The case (ii) is impossible if m=3.

Proof. Н 3/Aueu=o, then 2,=0, 0! =O, the systems w*=o and

w'=o are both completely integrable, because do*=o"A\ 0¥, do'=

=w"/\w;’.. As de,=e,o" dei=¢ejoi+h;jo’ and dhi; have zero com-

ponents on ey, so Mmta=MmE4. This is the case (i).
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Let 3 Augu7o. Then we can adapt the frame so that emy |l 3 Aueu.

It gives . ; 7 : В

itXO,¢ Xkw=o; «,v,... run(m+2,... m+g). — (3.6)

From (3.4) and (3.5) it follows, respectively,

o)jn+l =M\t w; ==, (3.7)

dh=—N2@pmH, (0'3,“=0. (3.8)

Now do¥=o0"A\0¥, dw"=mi/\mij+mm+‘/\7\wi, do™tl=o, so the

systems w*=o and о*==o аге both completely integrable. As

de;=-€,'(l)-: — Äem+i(l)l+hl](l)'„ deu'=eu'o)vl;, (3.9)

and demyl, dhi; have zero components on eyv, the envelope M™*? is а

ргойис! Мт+!х Еч-1, Ав (3.1) are satisfied for M™*' (only instead of u

there is a single value m+l) this Mm+ is the 2nd-order envelope of

Vm(R)X E*.
Еог М"+! (I.е. by o*'=o)

] , l ] .d( X— — em+l) =ow'ei+o" empi+— (—r2o™)en — — (hotei) =O.
A л* A

It follows that the point with radius vector y=x—%—em+l is fixed for

Mw+l and all integral straight lines of the system *==o go through
this fixed point. Hence M™+! is a cone with point-vertex. For integral
submanifolds of the equation @™*'=o on this cone we have A=const,
thus each of them lies on a sphere S"—7(A~') around this vertex. With

respect to the inner geometry of constant curvature A? of S"-9(A~1') this

integral submanifold M 7 is semi-symmetric and its first osculating space

has the maximal dimension —š—m(m—l—B), thus M 7 is the 2nd-order enve-

lope of V™(R) in Sn—4(A*) (see [ ']). This gives (ii). |
To prove the last assertion, we consider the curvature 2-forms Qi of

М». Here |
j —

j
—

mk 7
—

„т j o jOi=do/—okAoi =o” A +tA0

and from (3.7), (3.1) and (3.2) it follows that

Qi =— (324-») o' A\ 0. . (3.10)

This expression shows that M" in the case m=3 is intrinsically the

Riemannian manifold of constant curvature and the Schur theorem gives
that A24x»2=const. Hence 21 dA+42x dx=o, and due to (3.8)

ах =х—-х х 17\‚3(1)т+1.

On the other hand the first group of equations (3.1) gives, after

exterior differentiation, that

dh® =h% ot+h%ot— h 8 0% —h% he™H+hY, ok, (3.11)

where h%, are symmetric with respect to indices i,j,k. If now to diffe-

rentiate (3.2), we get

Bpj:hlwlž—'—Bip,hlwšj+Bij,pl(l).£+Bij,hpo)? — 2X (X—2Ä2,+l)Bij,kl(l)m+l?f|"

. +Fijrlp@P4Frt,ijpo” =O,
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where Fijup=23/h%h%= are symmetric with respect to indices in the

@&

first pair and also the second triplet. After substituting here (3.3), we

obtain

FiinpoP+Frpiipo? —2O (A24-%2) (26:;0m+6indj+0idin) omH=o, (3.12)

but this conrtadicts to A5%0.

4. On the 2nd-order envelope of V(R). Theorem 2 reduces the investi-

gation of the 2nd-order envelope M™*e of Veronese cylinders V™(R) XE4I
10 the case of g=l, and shows that if m=3 then only products M™X E!

are to be considered, where M™ is the 2nd-order envelope of V" (R).
Relating to this envelope M™ Theorem C is known (see Section 1).

For the sake of completeness we give here a new: proof of this theorem in

the context of Section 3, more compact than the argumentation in

[l3 15, 16] : |
Proof of Theorem C. We start with the case m=3. =
While considering the first assertion we have to use the formulae of

Section 3 by n=—š—m(m+3) and A=o. Then (3.12) reduces, due to the

symmetricity of Fijnp, to Fijup=o, and thus the vector hg,p e, is ortho-

gonal to —;—m(m—&—l) linearly independent vectors h?j e, in their linear

hull, hence h“mp=o. Now M" has the parallel second fundamental form

апа & /(&). | _

For the second assertion we have n=—š—m(m+3)+l апа ›==o. Тпеп,

denoting the %m(m-l—l) vectors among e,, which belong to this hull,

by e, and the remaining one by e:;, we have h§j=o and, as abnve, it

follows hpl_jk=o. Now by a==§¢ from (3.11) it follows (!)ij=h§.,]_k(l)h, where

(')i-"=hp'j(”ž>' Taking (3.11) by a=¢ and using the exterior differentia-

tion (by A=o and thus x=const), we get

he Qk4he QF — ho QP =O,
kj i 18 j 17 o

where Qi are given by (3,10; A=o) and

g , t
—ha 28 —Ъho (— прдпг›…ш* A o'+ Aое )

с Рр

=—x2(hp_l о’ Л w‘—}—h"_l(oi Л')-ов; A m*š.i j

Hence о;; /\ w° =0 and, after contracting with h"m, we have

wij /\ or==o,

i.e. the 1-forms wij=h§jh w* are mutually proportional. So the matrix of

coefficients in right hand sides has proportional rows and thus its

columns are also proportional. For a nontrivial envelope M™ this leads to

ou=olo!+uvo*), Olu=RuOll, Ouo=HulloOly,

where now u, v, ...
run the set of values {2,..., m}. The system of

covariants is

0 Л (011+QIIJu /\ о*==(, VPu /\ он ==o, (Нифв+дифи) A 04=0,
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where o=dlng—3p.o% Yu=dp.— peo?+ppooi+of. Due 10 the

Cartan theory s;=m and, as from these covariants O=tou+oTuo",
Pu=Tuol;, SO here we have also m new coefficients i.e. N=m, so s;=N
and the system is involutory. Considered nontrivial envelope M™ exists
with the arbitrariness of m functions of one variable.

Now remains the case m=2. The first assertion is proved (separa-
tely from the case m=3) in [**], but ме can deduce it also from the

formulae of Section 5 below (see Remark 2). The second assertion is

proved 1п [!%], but it can be also obtained in the same way as above for

m=3, only the complementary request x=const must be added. Note
that the problem of existence of the 2nd-order envelope M? of V2(R) in

En, n=6, with Rs~const is still open.

5. On the case (ii) by m=2. Theorem 2 leaves open the problem of
existence of cones M3, 2nd-order enveloping the Veronese cylinders
V2(R)XE!' in E™. The attempts -to solve this problem in general meet

with great technical difficulties (see Remark 3 below).
Here we can exclude some cases of small codimensions

Proposition. In ES there is no cones M? 2nd-order enveloping
the Veronese cylinders V2(R)X E'; more exactly, the only 2nd-order enve-

lope of V2(R)XE! in E® is a single V2(R)XE'. In E' there are no cones

M3, 2nd-order enveloping the Veronese cylinders V*(R)XE', so that R
аё x = M 3 depends only on the distance between x and the vertex of the

cone M3,

Proof. Let M® be the 2nd-order envelope of V2(R)XE' in E™. As

above, we take the frame vectors at x & M? so that e; = T.V2(R) < T.M?,
i=l,2; esesTLE'c TM3, but e, es and es in T%VZ(R) should be taken

50 that e|l hu+hz, ©; || Йн,— h2», e6ll hio; the other vectors in TIM? we

denote by e:. Then

@*==o, — * ==х УЗ о!, «^ ==х З о?, — % ==o,

@°==o, —@s ==хо', W) =—xw? wg =0

o%=o, ю‘; —=%o7, m‘;-_ ———xw‘, юбз =(,

@* ==o, о* ==o, wš==(, wš ==().

The equations of the first column give identities by exterior differenta-
tion, due to the equations of the other columns, but the equations of the
last column give

o)š =МO!, 2=ho? dh=—)o’

(see (3.7) and (3.8)). The middle two columns lead to

dlnx=—2(КlШl+К2(O2)— Л, (5 1)

._l_.
—

3
©° == К,O! Коо?, (5.2* )

)

——š— (u)g— 2(1)% ) _—"Kz(n)l — Ki(')?', (54)

V 3 0¥+== р°
>

=Ppo'+g%o" (5.5)
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о%== (°ol rip? (5.6)

Y3 wž — wš=r3m*+sšw2. (5.7)

Let n=6, i.e. let there be no e;. From Egs. (5.1)—(5.4) it follows
that

dKi=Ka + (14K2— 11K} —1)0! — sKiKaot — Kio?, (5.8)

dK2=—Kl.wfi-— sKlK2(oi+—š— (14K*— 11K2—22)02— Kohos. (5.9)
Now after exterior differentation we get

,

Ki[2s%*4-42 (K%+- K 2 ) — 28)2] =O. (5.10)

[i here [...]=o, then the differentiation leads to K;n=o, where n—-

=lls%*+l4-15(K3+K2)%0, due to »x+o, and thus K;=o, but then

r.=o from (5.8) and (5.9). If [...]:0, we get directly that K;=o (see
(5.10)), and also A=o. The first assertion is proved. ;

Let n=7; as x=R~* and A! is the distance between x and the vertex
of the cone (see the proof of Theorem 2), the assumption of the second
part of the Proposition on R means that in (5.1) we Бамуе К, == Ко==o,
and so (5.2)—(5.4) reduce 10 -

S
— b=)6 —

2 —о,— о),—оо 2(1›1 0.

After the exterior differentiation we get

wž Ло% ==o, —«$Л оё ==o, о% Лоё== 2220 Л@.

Together with (5.5)—(5.7) this gives

pist— gšrt=o, ptri —qtqi=2»2 stgs — rsrk=2)2. (5.11)

The index ¢ takes now a single value 7 which we can omit, so that we

have

ps=qr, pr=2M+4q2 sq=2)2+4r% 20,

but here is a contradiction. In fact, from the last two it follows that
p,q,r,s are nonzero; thus a o exists so that r=oop, s=o¢. Hence op>=
=2)\4-q% o¢*=2)\*>4-02p%, but this leads to 2)2(0+41)=0, ¢>o, which
is impossible.

Remark 2. The proof of the first assertion of Theorem C for the
case m=2 primarly given in [%], can be obtained from (5.8)—(5.10),
il we substitute A=o. It follows that x=const, and now the argumenta-
tion of Section 4 can be used.

Remark 3. For the most general case of the cone M 3 п E», n>>7,
2nd-order enveloping the Veronese cylinders V2(R)XE!, the system of
equations is the same as in the proof of the Proposition, till (5.7).
Equations (5.8) and (5.9) are to be replaced by

dK = Kzw? + [% (14K2— 11K2— 22) +%o— (4Т, — Т) ] о! —

— 5 (KlK2+ Tz)»(t)2 — KiÄ(l)a,

dKy=—K;o*— s(KiKs+Ts) o'+

1, 1
+ [—s— (141‹%—'- llKš'—Äz) +—Зб—' (4Т3— Ti) ](Dz—KzÄ(O3,
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where Ts, T; and T, denote the leit sides of the relations (5.11), respec-
tively (to be summed by §).

These last two equations can be reduced to (5.8) and (5.9) if Ti=
==Т›== Тз==o, апа to (5.11) if K;=K,=o. In general they must be
prolonged by exterior differentiation as well as (5.5)—(5.7), but this
leads to great technical difficulties.

Based on the investigation of some particular cases we formulate the

conjecture that the considered cone M?* does not exist.
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010 LUMISTE

- MÕNEDE SÜMMEETRILISTE SILINDRILISTE ALAMMUUTKONDADE

TEIST JÄRKU MÄHKIJAD

Eukleidilises ruumis E" oleva poolsiimmeetrilise alammuutkonna Mm analüütiline
tunnus on R(X, Y)h=o, geomeetriliselt on ta iseloomustatav kui siimmeetriliste alam-
muutkondade teist jarku mahkija. Uldine normaaltasane poolsiimmeetriline alammuut-
kond on sfddride (incl. ringjoonte) ja tasandi korrutiste S™i(R;)X...XSB™«k(Rxr)XE™mo
teist jarku mahkija, mille taielik geomeetriline kirjeldus on artiklis esitatud. On iseloo-
mustatud erijuhtu, mil k=l ]а seega méhitakse silindreid S™:(R)XE™s ning uuritud
teist jarku mahkijaid silindrite puhul V™ (R)XE?, kus Vm™(R) on Veronese alammuut-
kond. Loplikud tulemused on saadud iildjuhul, kui m>3; erijuht m=2 on komplitsee-
ritum, osa probleeme jddb siin lahtiseks.

Юло ЛУМИСТЕ

ПОЛУСИММЕТРИЧЕСКИЕ ОГИБАЮЩИЕ НЕКОТОРЫХ СИММЕТРИЧЕСКИХ

ЦИЛИНДРИЧЕСКИХ ПОДМНОГООБРАЗИЙ

Аналитическим признаком полусимметрического подмногообразия М” в евклидо-

вом пространстве ВЕ” является Й(Х, Y) =O, геометрически оно характеризуется как
огибающее второго порядка симметрических подмногообразий. Общее нормально плос-
кое полусимметрическое подмногообразие является огибающим второго порядка про-
изведений 5”, (В))х... Хs° (В,) ЖЕ". сфер (включая окружности) и плоскости.
Дается полное геометрическое описание такого огибающего. Характеризуется случай,
когда к==l и огибаются цилиндры S”,(В)хЕт".. — Исследуются огибающие второго
порядка цилиндров V"(R)XEY?, rae V”(R) есть подмногообразие Веронезе. Оконча-

тельные результаты получены для общего случая, когда т2=3; частный случай т==2
более сложный, часть проблем остаются здесь открытыми.
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