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The problem of optimal n-quantization of one-dimensional density
function g(y) under quadratic loss is reduced to the determination of

the points of quantization b}, b7, ..., b 7 ‚› which minimize the mean

loss

n b

q’(bl, bz, ea bn—i) = Zlmfbf (y—x)zg(y)dy, (l)
=1 x b,

' bo=—oo, Ь„›=оо‚

presuming that the two first moments of the density g(y) are finite.

As a rule the difficulty of solving this problem lies in the multi-extre-

mality of the mean loss (1), i.e. in the non-uniqueness of the decision of

thf system of equations representing the necessary conditions of extremum

[] in (1):

bi—xi=xi+l——b,-, i=l, 2, ‚..,
Й— 1, (2)

by

xi=arg ini bf (y— x)%g (y)dy,
х ©-

b, b,

xi:bf yg(y)dy/bf g(y)dy’ i=l,2, ...,
n—l,

Dy By .iy Dt

It is shown т [2] that in case of log-concave density g(y), i.e. if

Ing(y) is a concave function, the system of equations (2) has a unique
solution and therefore the necessary conditions of extremum (2) become

sufficient. In the present paper a class of power density functions involv-

ing both log-concave and log-convex functions in considered. It is proved
that system (2) has a unique solution in spite of this essential difference,
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Let us consider density power functions, i.e. those that have the
following form

gy)=c/y*, ye(a,b), b>a=o,

g(y)=o, y¢ ‹а› b):

where ¢, is a normalizing constant.

It is obvious that for Ё<<o these functions are log-concave and there-
fore by virtue of [2] system (2) has a unique solution. In case of £>o
we have log-convex functions, which contradict the sufficient conditions
of uniqueness, formulated in [2], and are for that reason of interest. The
natural restrictions are such correlations between parameters that the
problem still has a meaning, or in other words infW (by, bs,

..., bn_y) <<
<oo. It is easy to understand that in case o<<k<Cl it is necessary that
b<<oo, in case 3=k>l a>o, b<<oo, and for A>3 a>o. The basic
result of this paper consists in the following theorem.

Theorem. For the density power function with finite first two mo-

ments the system of necessary conditions (2) has only one solution, and
it is the one which supplies the minimum of function W(b, bs,

..., bn—l).
The general proof of the theorem falls into several cases, the analysis

of which is carried out according to one and the same scheme. Namely,
with the help of simple transformations the system of equations (2) is
reduced to the system

Qr(tizl)=Hp(t;), i=1,2,...,n—1,

ti=bi—i/bi, bo=a, bn;...—..b, (3)

where & is the parameter of density power function. For different £>>o
the functions ¢, and H, have the following form

for
k—l I—ith2

(& —1) (& —2)==o, (Pk(t)='—7e:—2——-l—;—;’;-i—~t,
k—l I—th 2 |

Ao2
I—lt t—l

‘Pi(t)‘—-lT—, Hi(t)‘—"t_lrfi‘,
t‘Pz(t)‘_—‘T“j—l;, Hz(t)-=='—tl-£—l, O<i<ll.

Let us now consider each of the three possible cases separately.
1. Let b<<oo, a>o. Let us assume that there are two different sets

of points, which are solutions of system (2): {#, ¢, ..., ¢}, and

{t;’, t';, ee t';), where t’nq&t;’l, so that in case of t’n‘=t:; both solutions

will coincide. We suppose for definiteness that #/ <<¢”. Then by virtue

of the decrease of the functions @r(¢) апаН, (#) proved in the application
for k>o, we get

Lty i=1,2,:..,n (4)

But by virtue of the definition of the variables we have

n n

II= llY=a/b,
I=} I==l

which contradicts inequality (4), and hence system (2) has only one

solution.
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- 2. Let b=ooo. Then inequalities £#>3, a>>o are the necessary condi-
tions for the existence of the second moment. The system of equations (3)
is reduced to the system

or(ti) =Hp(tiya), i=1,2,..., n—2,

k—l

Orltn-1) =s—7—2
By virtue of the monotonicity of the function ¢(f) we get only one

sequence of the roots ¢ ~ ..., Й, and therefore bi=a/(f] ;... 17),
i=l,2, ...,

n—l represent a unique solution of system (2). ;
3. Let a=o. Then it is necessary that o<<k<<l and b<oo. The system

of equations (2) is reduced to the system

or(ts) =Hp(tipa), i=2,3,...,n—1,

В —1
Hrx(l2)=—77

By virtue of the monotonicity of the function Hy(#) we get the unique
sequence оЁ the roots ¢, ¢, ..., ¢, and Ь’;_‘=Ьі‘і‘+l!;7+2 і’; i =

=l, 2, ..7, n— 1, represent the unique solution of system (2). |

Application |

Lemma. For k>o the functions ok(t) апа Hy(t) are decreasing
over the interval (0,1).

Proof. With the help of simple transformations we get

@, ()=2[t (k= 2)(b —1)42— I]/(B —l2

W)-Ptk1)(= D)1/ (1 —1),

(k—l) (k —2) %0, (5)

—ln /+ ,(1 —%)
# o=——. НОо-Е —)(

pe (t) =—l/H1(), Ha(t) =—l/qu (). .
Let us consider the following functions:

o()=0() (1—1), Hn())=H/ ()8 (1 —l)2,

(& —1) (& —2)==o.
"

As

‘| @ ()= (k— I)2+-3(1 — ) >O,

B (t)=(k—l)2(l—t+2)/(k—2)>o, I>t>o,

then

or () <gr(l)=o, Hu(t)<Hr(l)=o, o<i<l,

and therefore ¢’ (f)<<o, H’ (t)<<o, (k—l)(k—2)o.
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. | , r l
For k=l and k=2 by virtue of obvious inequalities Int>l———t—-

and Int<<t—l, o<t<<l, we get @] ({) <O, H’ ({) <O, and by virtue of

(5) analogous inequalities for ¢,(f) and H’,(f) that ends the proof of

lemma.
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