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Viino UNT
ON INTERACTING GAUGE FIELDS

(Presented by A. Sapar)

It is demonstrated that a traditional approach t6 interacting gauge fields may need
some modification when applied to sources moving either at the velocity of light or at
ultrarelativistic velocities. In a traditional approach, solutions belonging to the non-
Hilbert space are used with the implicit assumption that non-Hilbert space solutions
are physically equivalent to Hilbert space solutions, which is shown not to be true.

1. Introduction

Examples of gauge fields are electromagnetic and Yang-Mills fields.
Special features of free gauge fields which are due to the calibration
invariance are well understood. It is believed that these special features
are not influenced by spinor or scalar fields with which the gauge fields
interact [!]. In this paper we argue that in the case of light-like sources,
i. e. sources which move at the velocity of light (and, probably, in the case
of sources which move at ultrarelativistic velocities to be defined below)
the character of the interaction of gauge fields with sources is changed.
This “high-energy” phenomenon occurs already within the framework of
classical theories. As we shall see, light-like sources, if properly described,
do not emit waves but “drag” them along, the sources remaining at
wave-fronts all the time. This peculiar feature of interaction needs a
more subtle treatment than one can find in the existing quantization
schemes, where the emission and absorption of real and fictitious quan-
tized waves occurs which is described by the inverse of the wave operator
O-* (or, in the momentum representation, by (k%24ie)~!). In fact, the
existing quantization schemes make use of the non-Hilbert space of solu-
tions, distort the correct physical picture of the interaction of light-like
and ultrarelativistic sources and give an incorrect result for the interaction
energy between the sources, and, probably, an incorrect (gauge-depen-
dent) value for the S-matrix.

Gravitational fields may also be viewed as gauge fields. A peculiar
feature of these fields is the following: a gravitational wave always
carries its radiative self-energy which, in its turn, is a light-like source
“dragging” along the higher order field. This means that covariant
gravity quantization schemes may also need some modification. As we
shall see, modification is needed already in the case of Abelian gauge
fields. Therefore we begin our analysis with the scalar electrodynamics
of massless fields. This simplest case, which probably has a didactical
value only, provides us with insights useful in more complicated realistic
cases. This paper, the first in a series, is dedicated to classical fields. In
the second section the main equations of scalar electrodynamics are
summarized, in the third section electromagnetic fields and potentials
of light-like sources are found. The fourth section treats massive ultra-
relativistic sources; the fifth section the gauge dependence of the inter-
action energy. In the sixth section “unusual” properties of the interact-
ing electromagnetic field are extended to the case of seli-interacting

gravitational radiation.
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Notation. Greek indices take values 0, 1, 2, 3 and denote the compo-
nents of a vector- or tensor-field in rectilinear (quasi-) Cartesian coordi-
" nates even in case the arguments are written as polar coordinates
(r, 9, @). Three-dimensional vectors ki are also used: k*= (k?, k?). Index
r always refers to a radial component. The Einstein summation conven-
tion is used. Indices are raised and lowered with the help of the Min-
kowski metric n*v=mnn=diag (1, —1,—1, —1);

o
fn=0u= oxh ' fr=n¥2fq, O f=nFfqs.
Symbol “=" denotes equality by definition, “~" denotes proportiona-

lity: F=0(r—") means F<<Mr— where M is a constant of finite value. We
use the units in which the Newton gravitational constant y and the velo-
city of light ¢ are equal to 1.

2. Scalar electrodynamics

Let the potential of the electromagnetic field be denoted by A (x), the
scalar field by ®(x) and the complex conjugate of any function | by f*.
A gauge transformation is described by a scalar function A(x):

.__'QA
A=Ay Ay B'=0e P—
The invariant Lagrangian is
Lino=— 1:53‘[ FMF“‘{—|-(D“(D)*DM(D—m2(D(D*, (l)
Fuv=Ayu— Apuy,
Dp,Eau‘-*—iQAp,.

Here m is the mass and Q is the charge of a scalaron. We also have
D@ (DMD) * =0, DorD* — JHA,,
Jb = iQ[D*D*D — @ (DD)*].

From the Lagrangian (1) the field equations follow

DD +m* D=0, (DtDuD)*+m2D*=0, %)

0OAw— A“,a"=4n1l*.

By expanding ®, A* and J* in powers of Q we have in the lowest non-
vanishing approximation

O ®g+m?*Dey=0, O (D'('o)—l—m“"q)’('o) ==0, (3)
A‘("”’:—A?”’g=4n]:"-‘) ¢ (4)
]("i) =i(CD(;) oD )— (D(O)a“@(;) )

Further we are interested only in the lowest-order non-vanishing fields
and omit indices (0) and (1) denoting in expansions the coefficients of
powers of Q. (The well-understood free electromagnetic field A::)) has

been left out of consideration.)
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3. Electromagnetic fields and potentials of light-like sources

Let us assume that m=0 and consider a spherical pulse of radiation
(4u-—t T b= _d(_P_)

ou
iD= M—{—O(r% if wm<<u<us,
o= M+0(r—2) i m<u<us,
(iJz(i)*=0, i u<tuyer u>us.

This spherical pulse of scalar radiation creates a spherical pulse of the
light-like current

o(u, 9, @)k
&29% Los),

o (u, 0, 9) =iQ (b*b — b*b).

Here ky=u, is the wave vector.

In order to avoid a misinterpretation of the interaction of an electro-
magnetic field with sources due to the choice of gauge, we first find
electric and magnetic fields by integrating the non-homogeneous Max-
well equation with sources (5). The electric field E is described by the
constraint equation

="
(5)

div E=4nJ". (6)

1
In terms of the angular momentum operator LZT (rXgrad)

6l il nig s _
div E=—-—— (*E;) —— (rXL)-E. (7)

Let us divide E into longitudinal and transverse parts
E(u,r, 0, ¢) =E(u,r) %—+% (X L)U (4, &, )+ . . 8)
and make an expansion
o(u, 0, ) =0co(u) -I—é mé_lmm(u) Yim (9, ).

By inserting (5), (7) and (8) into equation (6) we obtain for any fixed ¢

u

Er(u, f) =_Q%(u). { q(u) E4nf00(u,)du/, GEq(uz), (9)
L2U=4xn[o(u, 3, 9) —l—oo(u)]. (10)

From quantum mechanics we know that — L2 is the Laplace operator on
a sphere: L2Y;n (0, @) =1(I41) Yim (9, ¢). Now, equations (8) to (10) give

(1=t

Q—q) = 4n b om (1) o

E— 3 Yim (8, 9), (11)
e T m YI(IHT)
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j 1
Y8 (0, 9)=nXYin (0,9), Yim (8, ) =———LYin(0,9).
Yi(I+1)

Here we have used definitions of the transverse vector spherical harmo-
nics as given in [2]. The remaining Maxwell equations determine the
asymptotic magnetic field

B 4 2 sz(u) Yl(gl)

Iy wm YUU41)

Solutions (11) and (12) consist of a radial Coulomb field and a trans-
verse field. There are important analogies between our transverse waves
and the TEM waves in wave guides and around electric transmission
lines [#]: both obey elliptic equations and have their sources on the
wave-front; one could say that waves are “dragged” by sources. Note
that our waves have no independent degrees of ireedom in addition to
those of scalar fields. Nevertheless, they are not fictitious fields.

Next, let us see how it is possible to represent the above properties
of the field in terms of potentials. In the Lorentz gauge, where A%y=0
equations (4) are reduced to four wave-equations

(0, 9). (12)

O A"=4n—g(u’r2ﬂ)—k11+0(r-3). (13)

Instead of the “dragging” of the field by sources, as described by equation
(10), we have equations (13) which express the emission of waves. The
validity of this physical picture may be argued. The solution of equations
(13) is the following [4]

Q, Inr
0—=_x. —2
A==l e, 0,9)+0(2),
Inr
Ar= or e(u,,9)+0(r2Inr), (14)
e(u, 9, ¢) =4 [ o(u’, &, @)du’. (15)

The distortion of the physical content of solutions (1}) and (12) of
equation (10) by wave equations (13) is related to the abandonment of a
mathematically reasonable class of solutions. We shall demonstrate that
in the case of sources of type (5) operator (1! takes us out of the Hilbert
space and spoils the reasonable asymptotical behaviour of solutions. It
could be said that in the case of sources (5) operator OO~ is defined
neither within the Hilbert space of solutions nor within the Sobolev space
of solutions H* which is the basic space of the existence of solutions for
non-linear hyperbolic equations.

Let us now give a proof that (14) does not belong to the Hilbert space
of solutions L»(Q), i.e. the space of square integrable functions in the
region Q=VAt, where Af is some finite interval of time and V will be
defined below via an explicit integration. Let e=0(1), then at any fixed
moment of time ;

T 2n
[ franeesinodody ~ Lintrt ... .
rn—LO0 0

[ (Ar)2dV=
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Here r, denotes some value of r on the light-cone u=u,, and L is the
length of a wave pulse; L<r,. Let us denote values of ¢ on the light cone
u==uy by t;. Now, with increasing time f#; our pulse of radiation moves
farther and farther off, and for the finite wy=t¢ —r, we have r;— oo,
In?ry— oo if #;— co. Hence, we are out of the Hilbert space and out of
the Sobolev space Hs. (A function F belongs to H* if F and its derivatives
up to the order s belong to L2(Q).)
Next we find the Hilbert space solution assuming

a*(u, 0, @)
r

By inserting (16) into (4) and making use of definitions (15) and (9)
we obtain [ Ar=0(r3)!] s

Ar= +0(r2), i w<<u<us. (16)

4 ’ ﬂ’
‘—A”vuozw“i‘o (,—3) 3
Au'“—_—__e_(u’_i’ﬂ%_o(r—s), (17)
0=, (18)
A0— Q_,q(u) : (19)

A=-—-——.O_q(u) n—lzL_(u_):YffZ (%, 9), (20)

4 ot ¥ H-D)

(0, 0)=q(0)+ 3 3 eim () Vi (0, 9).

The potential of the electromagnetic field A*, which is constrained
to follow its sources, satisfies a peculiar scalar field equation (17), where
A, does not describe the spin-0 field: the substitution Av*=a* would
compel us once more to abandon the Hilbert space. Theories in which no
definite spin can be ascribed to interacting fields have been classified as
theories of class B [?].

Instead of a currently accepted physical picture with real spin-1 pho-
tons and fictitious spin-0 photons, both satisfying ordinary wave equa-
tions, we have arrived at a different physical picture, contained in
(17), (19) and (20), which coincides with the one we obtained for electric
and magnetic vectors. The change of .the physical picture is related to
the breaking of gauge invariance. We note that within the non-Hilbert
space of solutions (14) a gauge-invariant theory can be developed on the
basis of the gauge-invariant Lagrangian (1), if we allow phase transfor-
mations of the form

O — De

In this paper we shall not examine this possibility. If we stay in the
Hilbert space of solutions and assume that the phase factor has the

—iQA
¥ (x), A~Inr or A~ lInr/r.

asymptotic behaviour A(x)=0‘(—:—D, the breaking of the gauge sym-

metry will occur.

Next we extend our result to include the high-frequency solutions of
massive complex scalar fields. We consider a very simple special case to
demonstrate that the gauge fields generated by massive ultrarelativistic
sources are similar to the fields generated by light-like sources.

348



4. On the electrodynamics of massive scalar fields

Let
O ®4+m2d=0, (21)
(D=f(r—r)e“i°". (22)

By inserting (22) into equation (21) we have
;\'Zfz_ f)rr=0, A,Ei }/mz‘—(l)z, f=C€7",

where C is a constant. As we are interested neither in an exponentially
decreasing nor increasing potential, we shall consider only the case
where o >m, f=ei*", k*=w*—m?. Suppose that at some moment of time |
is defined as the Fourier series between two concentric spheres with
radii rz and ry=rs+4L, L=2n, and consider the wave packet

(D=-rl—2 Ci exp [—ina (k) x*], (23)

R bt s L K
M(K)E(VKZ-sz, —K—f—), Aok = Mm2,
The conserved current is
Q oo
;Z Cn* (k) +

‘%2007 ZOOJ{CSCz[X“(KHx"(l)]eXp [iKa(l,x)xa]}+c.c., (24)

K=1 =K+l

+

Ko (1, k) =%a () — %a(K).

If »"(k)=x>1, and C;50 only for |k —1!| <k we can define the radial
group velocity vg, of the wave packet as follows

B u'(K)-{—x (l) K

TR0l WO(k)
(This definition coincides with the standard definition used in the
case of the continuously changing frequency o (K) =Ym24+K%, vg=

3‘: =—u—- ) If ¥¥>m? then vg=1— ;nKz ot i Al c¥ose to the velo-
city of light, and we shall call such sources ultrarelativistic. In the case
mba

of ultrarelativistic sources we shall neglect in v, the terms ~

K

Next we shall integrate the Maxwell equations with ultrarelativistic
sources, considering only the first term in the current (24). One could
say that we leave the oscillating part of the current out of consideration or,
equivalently, that we use the averaged value of the current. Suppose we

have a wave packet with vg,=-x-o%, k>1. We also suppose that the
length of our wave pulse L is small as compared to its distance from the
origin: L& rs.

Assume that our wave packet carries the total charge Q:

r+L .
[I0dV=14x [ 2Qdr 3 CCrnd(x)=Q.
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Hence, between our concentric expanding spheres

IV JreQ0sr (25)

= 4nlr? ' " 4glrr’

By inserting these currents into the Maxwell equations we have for
Uy <o (K) X*<tz, Ua=2na(K)x% the following solution

Ar=—[L %o(K) -r] 'Qua (x* — x*)+4 ...,
ity as: - : @

A% = —[L-%o(x) .r]~iQ[vg,+7l—xa(x°‘—xg)] e

5. On interaction energies

The gauge invariance of a theory means that the physical properties
of a system do not depend on the gauge used. Here we demonstrate that
in the case of current (5) the interaction energy Aq/* depends on the
space of functions in which A% is evaluated, the Hilbert space and non-
Hilbert space solutions give different values for the interaction energy.
Let A*=(A° A).

From (5), (19) and (20) follows that A,J*=0; i.e. light-like charges
do not interact. Next, let us evaluate thé interaction energy of light-like
sources in the Lorentz gauge. From (5) and (14) it follows that AqJ*=

u

Rt 7 1 Inr
G ke

u
ted in a spherically symmetric case. The same calculations can be formally
performed in the momentum space. By denoting the Fourier transform
of the vector J, with J,, we can write the interaction term in the Lorentz
gauge as follows

.7;.7” (P—k2)™, o=k, —KE=Rkiki

fe(u’)du’. Here the second term has been evalua-

This represents the law of electromagnetic interaction expressed by means
of an interchange of a virtual photon. The conservation of the charge
kvJ =0 becomes k°Jo+k'J,=0. Next we follow the argumentation applied
by Feynman [¢] to the case of gravitational radiation and replace the
terms involving J* components by J° components: .7“.7:L (0®* — K%)=

= (0? — K2)~1- ('70‘76 3

space; so there is an instantaneous interaction between charges described
by Coulomb’s law. This contradicts the noninteraction found in the Hil-
bert space of solutions. An identical result follows in the Lorentz gauge
for ultrarelativistic massive sources. If we neglect higher order terms
in the law of electromagnetic interaction {k}—x*}~1-J*J7 we shall

find Coulomb’s interaction energy. At the same time the Hilbert space
solution (26) and current (25) give us J,A%*=0.

What is wrong with the generally accepted proof of the invariance of
J AnJdix? Solution (14) differs from solution (19), (20) by the gauge
transformation Ax—Av4-AK, but [AJrdix=[ (AJ¥) .dix — [ AJ¥ dixsE
0, for in our case [ (AJ#),d‘x50. Due to the bad asymptotics of A
and the non-insular-like character of J», [ (AJ*) .d*x cannot be transfor-
med into the vanishing 3-surface integral [ AJidX..
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6. Gravitational potentials of light-like electromagnetic
and gravitational sources J

Let us give a few sketchy proofs that gravitational potentials genera-
ted by light-like sources in general relativity are similar to the correspond-
ing potentials in the Maxwell theory.

The Einstein equations are

—2 y—_g'( Rw — %g“"R ) =16nj—g T, (27)
where g"v is the metric tensor, g=det gu, R"¥ is the Ricci tensor, and

Tw is the matter tensor. The linearized form of equation (27) is [7]
[ pHY — i ¥ A B g = 1 G TH, (28)

‘Pqu}/.:g—guV ik nH‘V'
In the case of electromagnetic radiation from insular sources

w(

Tuv=____”’rf"") kuky 40 (r-9). (29)

We assume that T has a pulse character similar to that of J* in (5). In

the harmonic gauge y*f =0 and $*¥=16x O'T* has the same type of

“non-Hilbert behaviour” as A* in solution (14). Following Trautman

[8], we assume

_a**(u, 9, 9)
r

\paﬁz —]LO(f_z). (30)

By inserting (30) into equation (28) and equating respectively the coeffi
cients of r~' and of r=2 we have ;
; a%Bky=const=0, (31)

™ . 165w (u, 9,
’_\PW.GkV q;valaku ;—__—__(rT__q_)L

kekv+40 (r-3),
or
8nw (u, 9, @)

A p—
Y P

k-0 (r3). (32)
By taking a=0 and defining
e(1, 0,9)=8n [ w(w, 0, ¢)du!, WO=A0, yi=Ai i=1,2,3,

we find the solution of equation (32) in the form of (19) and (20). By
taking into account condition (31) we obtain

2[m—M(u)]
2 2

¢m=\p0r=q’rr= (33)
Instead of Q and g(u) we have written 2m and 2M («). The other compo-
nents of ¢*v can be determined as well.

The full Einstein theory is given by the equation

[ sy — ap v — Ve B p UVp%B g == | GrfHY, (34)
where #* denotes non-linear terms in tensor density }’T—ng_( Rl“’—-;—g""R).

Using (30) and the formulae given by Goldberg [7] we find
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B we(u, 9,
e e puto -0 (r9) = 28D e 0r),  (35)
vorym— 0D a0, (36)

We can see that the seli-interaction of gravitational radiation is of the
same form as the interaction of the gravitational field with electromagne-
tic radiation.

A rigorous method of integrating the Einstein equations by making
use of the Bondi coordinates, spin spherical harmonics and expansions
in powers of 1/r is to be found in an earlier paper by the present author
[*]. We shall not reproduce the results since our aim here is to argue
that current views about gauge fields and gravitational radiation may
need some revision,
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INTERAKTEERUVATEST KALIBRATSIOONIVALJADEST

On toestatud, et traditsioonilist interakteeruvate kalibratsiooniviljade kasitlust
tuleb muuta, kui seda tahetakse rakendada valguse kiirusega liikuvate allikate voi ultra-
relativistlike allikate tekitatud viljade korral. Traditsioonilistes kisitlustes eeldatakse
mitteilmutatud kujul, et Hilberti ruumi ja mitte-Hilberti ruumi kuuluvad lahendid on
ekvivalentsed. Siinses t6os on ndidatud viimase viite paikapidamatust.

Baino YHT
O B3AUMOJEMUCTBYHOUIUX KAJIMBPOBOYHBIX MNOJIAX

TpaauUHOHHBIH MOAXOA K B3aHMOJEHCTBYIOUIHM T'PAaBHTALHOHHBIM MOJISM HENpHMEeHHM
B cJyd4ae HCTOYHHKOB, JABHIKYUIHXCS CO CKOPOCTHIO CBETa HJH C YJbTPapeJsTHBHCTCKHMH
CKOpOCTsIMH. B caMBIX monyasipHBIX KaJHGPOBKAaX MOSIBJSIOTCSA pEUIEHHS, KOTOpble He MpH-
HajJexatr K npoctpaHctBy [nib6epra W He AB/IAIOTCA (H3HYECKH SKBHBAJIEHTHBIMH pelle-
HHAM THJABGEPTOBA MPOCTPAHCTBA.
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