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1. Introduction
Many researchers have tackled the input-output linearization problem

as finding a static state feedback such that the input-output maps (input-
dependent part) of the resulting closed-loop system and some linear
system coincide. For discrete-time systems this problem has been consi-
dered in [ l_3 ], Generally, the linearizing feedback is not linear in new
control, and in [l>3 ] it has been found in the form of formal power series.
In practical situations, of course, one must confine oneself to some finite
terms in power series. The question therefore arises: how much does the
use of this approximate solution, instead of the exact solution, influence
the desired result. It will be shown in this paper that if we take into
consideration k terms in this series, then the Volterra kernels of the closed-
loop systems up to the &th order will coincide for an approximate and an
exact solution.

1. Exact input-output linearization.
Consider the nonlinear discrete-time system described by equations

x(/-H)=x(/)+/o(*(0) + x{o)=xo , (1)
г 5*i

y{t)=h{x{t)), (2)
where the state x{t)^R n

, the input the output y{t)
fi: Rn -+Rn

, 0 and h: R n -+■ R are analytic functions on R n
, fo{xo )—o.

With reference to analytic functions f{x): Rn -*Rn and g(x): R n -+Rn
,

the following differential operators can be introduced [ l>2]:
®0Lj =l,
®r n gr

L, = JJ f,.../ ■, r>l,
. . /»i Чdx ... dx.г IУ •.*» г„=l г< г г

1 ®k
/г'

® r ®S П fir+sL f ®Lr = 57 f .../ g ...g ,6 . к ' гг Л dx. ...dx.
’ ***» 3, Jg

where fi, gj, i,j— 1, ..., n, and I denote the ith component of f, yth com-
ponent of g and the identity operator, respectively.

Let us introduce the differential operators associated with the system
(l)-{2):

1 ®n x ®n h
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where the summation is taken over all sets of nonnegative integers щ
such that the equation nx-\-2nz-\- .. .\-\-kn^ .. .'=s holds.

Moreover, let
as {x)=;ös °öd

o h{x) \ x ,

where d is the relative order of the system, i.e. t 1 is the first
instant of time at which the output is affected by the control at f= 0
[l>3 ]; by «°» is denoted the composition of operators, õ fe °°ö
(.k multiple composition) and

/ ч y, (fe+Ci-f- ■•. -\~c h — 1)1/ CLzjx.) \S / aii{x ) \ c
*

a/i
k\ cz\... си'. аЩх) \ ai{x) / \ ax {x) I '

where the summation is taken over all sets of nonnegative integers с,-
such that the equation .. ,,-j- {k —1 )ck=k —I holds. The follow-
ing theorem holds.*

Theorem fl]. Consider the system (1), (2) for which 6j°õg
Ь{х)\ х Фo on some open and dense subset Vof R n

. Then the input/
/output linearization problem can be solved on V by the following feed-
back

и (t) 5= JŽJa n (x(t)) [v(t)~~ a0 (x(t))] n
, (3)

1

3. Approximate linearization

In this section we shall compare the Volterra kernels of two closed-
loop systems, one of which is obtained by using the feedback (3) and
the other by the feedback

u*(0 = an (x(t)) [u ( t) —ao (x (t) ) ] n
, (4)

7l=^=i

which takes into account only the first r terms in the series (3). The
equations of closed-loop systems we get by substituting one formal
series into another and they are

x{t+\)=x{t)+fo{x{t))+ 2b{x {t))[v{t)-ao{x{t))y (5)
1

.and
х(l+\)=х{l)+lо{х{l)): +2уг{х{l))[и{l)-ао{ху))]\ (6)

.respectively. Here [4 ]

i i= %
jb±h±_Ll +u\i f i ,0... W Wi . i

and
'%i, if

уi= < \ti-\~k~\- •• • l £ , , . fw..:w a ‘-“b lf ,>r'

The output equations for both systems coincide with equation (2).
Let us introduce the notations
.* The result for linear analytic systems (i.e. for case gi(x)=o, tigs2) can be

obtained as the conclusion from this Theorem. Although the result of Monaco andNormand-Cyrot [3 ] for such system is given in the differed form,, ft дад be shows bylittle manipulation that both coincide. ~
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1 <S>rii ®tik
ös=2J-—j i -A. OL. 0...0L, 0-...,nV ... ny\ ...

s*

s= 0, 1,2, (7)
1 ®rii ®nk

õ*=2J’—; ; A, 0 L 0...0L 0...,s rh\ ... nh l ... U V, vK

s= 0, 1,2,...,
where in both cases the summation is taken over all sets of nonnegative
integers n; such that the equation ni+2n2+ •• • ~\-knh-\- •••

= s holds.
The closed-loop systems (5), (2) and (6), (2) are analytic in state

and polynomial in new control v{t). The input-output behavior of these
polynomial-analytic systems around the equilibrium point v (/) =ao{x{t))
can be expressed by Volterra series [s]:

Ž/(4-l)=M*+l) + [u(ti)— ao(x(Ti))]-f ...

ti=o

••• + JS •• • JEJ wh{t-\- 1, Tl Xh) X
t =0 x2 =xi

X[o(Tl)-flo(JC(ti))] ... [u(t/0 аo (х(т/г))]Ч- .. .

The kernels for the system (5), (2) are

wo {t+l)=V*h\ Xo,

= бт
01°б1°0г - т./1|

Хи , 4 (8J

wh {t+\, ti, ..., o6trt-i0...06i Xo
.

the following notation has been used for a compact expression of the
kernels (here 6" 1 has not been defined and carries no meaning)

ö oõ-ioõ. og-io.. .об-‘об. ==6 r, r>o, ii=± .. .i= fr= 1.
?I 0 12 0 0 iT

We get the kernels for the system (6), (2) if we replace «~» in (8)
by «*».

Let us now studv the Volterra kernels of the closed-loop systems
(5), (2) and (6), (2). From (8) it is not difficult to observe that kVa
kernel Wk of the system (5) (2) will depend on бь 02 . ..., 6h and not
upon 6 m , m>L Moreover, in turn will depend on ii, ?2. .• •, is, and
not on h, lf>s (see (7)). Therefore, the kVa kernel wh will depend on
h,

..., i/?, and not on ti, lf>k. Analogous observations can be made for
the system (6), (2): the Ath kernel will depend on yi, ..., у/?, and not
on у/, lf>k. As li= yi for it follows that the kernels up to kVa one
will coincide for systems (5), (2) and (6), (2).
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