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(Presented by H. Keres )

1. A Riemannian manifold Mm satisfying R{X, Y) •R 0 (i. e. the
integrability condition of the system VR = 0 which characterizes a
symmetric Riemannian manifold) is called a semi-symmetric Riemannian
manifold f 1 Analogically, a submanifold Mm in a Euclidean E n satisfy-
ing R{X, Y)-h= 0 (i.e, the integrability condition of the system Vh—o
which characterizes a symmetric M m in E n [3 ]), is called a semi-symmet-
ric submanifold Mm in E n \ cf. [ 4 ], where, the term «semi-parallel» is
used. Intrinsically it is a semi-symmetric Riemannian manifold. Here h is
the second fundamental form and V is the van der Waerden—Bortolotti
connection [ s ].

A problem is known in the theory of semi-symmetric Riemannian
manifolds, [ 6 ]: are the only semi-symmetric irreducible manifolds the
symmetric ones? The answer is, in general, negative [7 ], but can be
positive through some additional conditions.

A similar problem rises in the theory of semi-symmetric submanifolds
Mm in En in what conditions the only semi-symmetric submanifolds
are symmetric. We are trying to give an answer to this problem in the
following.

Note that all semi-symmetric surfaces (m =2) and hypersurfaces
[m n —l) in E n are classified in [4 ] and [B], respectively. All semi-
symmetric Mn-:2 in En are described in [9]. Most of them are not sym-
metric.

To formulate our main result, we recall that the linear span of all
h{X,X) in a given point xe Mm for arbitrary X xM m is called the
first normal space of the submanifold M m , and is denoted by N xMm

, The
Euclidean subspace, spanned on Mm , TxMm and N xMm

, is called the
first osculating space of the submanifold Mm in the point x.

Theorem. Every semi-symmetric submanifold Mm in Е^гт{- т+г\
mz^ 2, for which £ 1/2m ( m+3

) is the first osculating space in every point
x M m

, is a symmetric one, it has the inner metric of positive constant
curvature and, in the case of its completeness, coincides with an orbit of
the orthogonal group O(m-fl) acting in E i/2m(m+3) by isometries.

Note that in case m— 2, this orbit is the classical Veronese surface
[lo ] in a 4-sphere S 4 сE 5 (see also [ s ], p. 88). In this case our theorem
complements the classification theorem in [4 ]. If m>2, this orbit is an
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—m(m+3)—l
elliptic m-space minimally embedded in S 2 (i. e. is the «Veronese
m-submanifold»; see [и~13 ]).

We obtain the Theorem as a consequence from a more general result
(see Preposition below).

2. Let {x; eh ...,
em \ e m+u ..., en ) be the moving orthogonal frame

adapted to the submanifold Mm in En
, i.e. let x^Mm and ei^TxMm

,

ea^T^Mm\ i, /,...= 1, m; a, p, ...
=

..., n. If we identify
the point x with its radius vector in En

, then in the derivation formulae
dx=el (dI , de I e Jia J

J , +co* —0;/, /=l, ..., n\ we have
-оЯ=O, (1)
СО“= Я“йР, fca.i—fta (2)г го го jn 4

a .: =dha . h^.( i) h ha 1 (x) h ha ',==h*., (3)
tj ij kj г гк j p ijh ijk trj 1 7

V/i“ Д (0 ft =—h*.Qh —h™ Q*+/i? £2“ (4)гоя ' ' ho г ih 0 10 Р
Неге

Щ ■ =d(õi.— со* Дсо № [k ha. со* Д cob (5)
a

— оАД G)Pi=— со*Д со г (6)
г

are the curvature 2-forms of the Levi-Civita connection V and of the
normal connection V-1

, respectively; they all represent the curvature
2-forms of the van der Waerden-Bortolotti connection V= V 0 Vl

.
Their

last expressions follow from the structure equations d(oI =<oJ Д соД
dco'J Д со 1 due to (2). Each of the formulae (2) (4) can be obtai-
ned from the previous one after exterior differentiation and by using the
Cartan lemma, if needed.

Denoting h{x,Y)=h°‘..X iY^ea for X—eiX 1 and we have the
second fundamental form h. Then ha

.. k
=Vi№.. are the components of Vh

and the last equality (3) is the Peterson—Codazzi equation.
3. A submanifold Mm in En is said to be symmetric [3 ] if its second

fundamental form h is parallel, i.e. if V/i = 0 or if №. к —o in (3). Intrin-
sically it is a locally symmetric space, more exactly, a symmetric
and its immersion in En is a standard one [3 ]. From (4) it follows that
in the case of symmetricity we have

Ш:Qb-\-h a
u Q* /i p Q“ —O. (7)ho г 1 ih о i) P

This is the component form of R{X, Y)h= o and is, as we see, a system
of cubic equations on the components of h. In general, a submanifold
Mm in En, satisfying (7), is said to be semi-symmetric.

4. Let mil—dim N xM m be constant on M m\ of course m(m+l).
If n> m + mi, the moving orthonormal frame {*; em+i, ..., em+m,;
em+mi+i, ..., e n} can be adapted so that ep e NxMm

, e\ e N^Mm \

q, a, s ...'=m+l, ... m+mi; £, q, ...
=m-f ..., n. Then Щ.—o

and the system of relations hij=№..ep is invertible. From (3) it follows
that № (o^i— со*, and this gives oA ==Д со*. Now

ij p ijh & p ЛР h
„

,
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Q CT : =d(S)a сто т Д toa =—i hv ha
P p p 7 ' t ilk l]i ' Ap[k A\a\l]/ 74 47

г I
Denoting NMml= [J N xM m

, we have the first normal vector bundle
Х£=.М т

NM m
—>• M m with fibre N xM m on every x e M m

. The fact that 2-forms
Qp are, according to (8), semi-basic, shows that there is a connection in.
this bundle with connection forms co£ (see [ i4 ], Ch. 11, § 1). This connec-
tion will be denoted V N and called the first normal connection. In the
first osculating bundle U TxM m 0 N xMm

— M m we have the connection
xeM m

и
V4ip :~dhP —hP wk —hP coft +/ia oP =O,

ij ij kj i ih j ij a

in short V lh=0, then h is said to be first-order parallel.
Lemma. The parallelism of the second fundamental form h {i. e.

V/i =0) yields its first-order parallelism (1. e. V l /i= 0). The converse is
true iff M m lies in its first osculating space, i. e. iff TxMm 0 N xM m is inde-
pendent from x e M m

.

In fact, the last assertion is equivalent to to|=o, and so is also the
converse of the first assertion.

5. Proposition. If a submanifold Mm in En [m 3,
■— m (m-J-3)) is semi-symmetric and its first normal space N xMm has

maximal dimension 1) in every point x<=Mm
, then Mm is

intrinsically a space of positive constant curvature and, as a submanifold,
it has the first-order parallel second fundamental form.

Proof. Denoting hP ,hP,\=Bij thi, we can write the first assumption,
p

i.e. (7), in the form
{hhjßi[v,q]h-\-hihßj[ V , q -\h B ijtk[ph q]h)>= 0, (9)

h

where Нц=№,еа=НР,е р . The second assumption says that these vectors
hij are linearly independent and thus from (9) we have

sгМг==Х2 (2бгзби+oг&б^-Ь'бггб^) . (10)

In fact, it follovs from (9) that for every three distinct values a, b and c

Baa,aa^ z= 2,Baa,bb == 4Ba b ja i) === 4'X?, ■^aa,bc == ■6ab,ac== Oj (11)
if then also B ab,cd = 0 for distinct a, b, c, d.

Due to (5) and (10)
=—x2oP Д coL (12)

The Schur theorem gives now x=const and so the first assertion of the
Proposition is proved.

Consequently, £h? № =const and after differentiation, using (3)
p

bv № =O, we get
Вp j -\-Bip thl(Ol )р =O,

X J В. I

where Fij tkip JEhp .hP are symmetric with respect to indices in the
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first pair and also in the second triplet. After substituting here (10), we
get Fij thiP ——Fhi,ijp and, using this symmetry, we have Рц,ыр =

—— Fhuv}— F iv,kib 30 that every index in the first pair can be exchanged
by every index in the second triplet. Thus Рц,ыр=Ры,цр and this, together
with Fij tkip =—Fki,ijp. gives F ijihip =O. It follows that hP =O. This is
equivalent to the second assertion of the Proposition.

6. Now, the first two assertions of the Theorem in case follow
from the Proposition and Lemma.

In case m—2 when (12) does not give x=const, it can be deduced
independently from the assumption of the Theorem. Here (11) shows
that we can take an orthonormal frame {x; es, e4, es} in every T 1M Z=

NXMZ
, so that

h-u—x (УЗ e^-peit) , /122=% (УЗ бз — £4), /ii2=xes.
Then, in dei =ejd) j

i +еаш“ we have (cf. [ 4])

CO2 =X УЗ (O 1
, CO4 XO) 1

,
=X(02

,

02=иУЗ(О2
, CO 4 =—ХЮ2

, =xoo 1
.

The differential prolongation gives that

— d\n х=Л(оl+Во)12
, (2ш 2

Z о

—~7 ш4 =-A(x) I—Я 1—Яш2
,

— =Яшl +Лш2

уз 3 уз 3

and then

dA= Яш2 +— (14 Я2 —ll Л2)ш1 SЛЯш2
,

‘

.
1 о

йВ=—Аы\ —ЪА ЯшI +Д- (14Л 2 —ll Я2 ) о2
.

О

Now the exterior differentiation yields
Г 42 1 г 42 1

Л 1x2+“25“ =B Г +ls" (A2+BZ ) J= 0 ’

thus Л=Я= 0 and x=const.
Repeating, by assumptions of the Theorem, the last part in the proof

of the Proposition we get in case m= 2, too, the parallelism of h, i. e. the
symmetricity of Mm

.

7. It remains to prove the last assertion of the Theorem. The subma-
nifold M m considered above lies in the hypersphere Sn_l, n=~m{m-\-3),
because the point c with the radius vector

1 m и°~X+ 2x2(m+l) H

is fixed, i.e. dc—o, where is the mean curvature vector,m г
and ||ЯЦ=х=const due to (11). Every inner motion of the positive cons-
tant curvature space M m

,
which is determined infinitesimally by ш г ’ and

op, is a rotation in En about c. In fact, by this infinitesimal displacement
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we have dx=e{©V dei= I 1 J
h

(a h
., where (10) holds, and then <<?*, £j>, <е г -, hk i> and (Нц,к ы')

conserve their values, respectively 6 ij, 0 and Bij t hi, as is easy to see by
differentiation.

In the case of completeness of Mm the universal covering group for
all these inner motions is O(m-f-l), which acts on En by rotations with
centre c, and Mm is its orbit in 5 n~ll c=£'n . So the Theorem is proved;
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CHANGE OF THE ORDER OF FERROELECTRIC PHASE
TRANSITION UNDER HYDROSTATIC PRESSURE
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TILISE ROHU TOIMEL

п. КОНСИН, T. ЭРД. ИЗМЕНЕНИЕ РОДА СЕГНЕТОЭЛЕКТРИЧЕСКОГО ФАЗОВОГО ПЕРЕ-
ХОДА С ГИДРОСТАТИЧЕСКИМ ДАВЛЕНИЕМ

(Presented by V. Hizhnyakov)

In this paper, the possibilities of changing the order of ferroelectric
phase transition under high hydrostatic pressure have been investigated
on the phenomenological level. Such effect or a corresponding tendency
has been found, e. g., in the monocrystals BaTi0 3 [l-3 ], SbSI [4~7 ], KDP
t 8 Sn 2P 2 56 [ l2], TGSe [ 13~ls ].

Let us start from the expansion of the free energy in powers of the
order parameter у and the strain e for a liquid-like model of a ferroelect-
ric in which, besides the standard terms, the terms with the coefficients
h, f and w have been taken into account:

F =a{T) y2-\- |Зг/4+У#6 ce2+£ег/ 2+Д- /ie2#2+fei/ 44~ 3
. (1)

Here c and g are the elastic and electrostrictive constants.
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