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8.-Y. Chen and T. H. Teng have stated (see j4], Theorem 1) that a
totally quasiumbilical submanifold in a conformally flat Riemannian
space has always flat normal connection. This statement is used in [2 ],
where Theorem 4 (the main theorem) says that an д-dimensional sub-
manifold in an (д+m) -dimensional conformally flat space {m<.n — 2)
is totally quasiumbilical if and only if it is a conformally flat sub-
manifold with flat normal connection. Remark that Errata corrige of [2]

doesn’t concern this main theorem.
In this note we show that the Theorem 1 in p] and consequently the

corresponding part (given above in the spaced type) of the Theorem 4
in [2] are not true. We detect the mistake made in p] and give a counter-
example (see § 1 and the theorem in § 4.)

§ 1. In the «proof» of Theorem 1 in p] a general formula concerning
the Weyl conformal curvature tensor of a submanifold in a confor-
mally flat space is used. It is known (see [3] p. 150) that in this case
С>ш=2С%ы and thus Straight-

a a
forward computation gives that by афs we have

(П _1) (1 -2) S hl =(n-1)(» —2) [ ( (Я№) [.])*-

- (ЯВД«) М ] + - (tff,,)*] [Я« я - (Я®,)*] +
+ 2(n —1) [Я», (Hm>я«) [ц+яе

]
(й№№)и-

(Н»н*) т - (ЯРЯ«я»ЯР) т,

where Я[р]== trace Яр for a matrix Я and На = ЦЯ®.Ц. In р] the last term
is replaced by (H$Ha ) [2 ] and added to corresponding term in the first
square bracket. Therefore in p] the formulas (3.6) and (3.9) are not valid
and the proof of the theorem 1 is not correct. Instead of the decision in-
equality we have an identity.

§ 2. In fact this theorem is not true. In the following we give an
example of a totally quasiumbilical submanifold Vn in E n+Z with nonflat

“>■
normal connection. Note that a normal vector | is called quasiumbilical
if has an (д— l)-fold eigenvalue and a V n in E7 is called

oc.
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totally quasiumbilical if it has m mutually orthogonal quasiumbilical unit
normal vector fields (see [3 ], Chap. 5).

§ 3. Let us start with two lemmas.
Lemma 1. Let V 2 be a surface with nonflat normal connection in Ek

and V n =V2\En~2 its product by E n~2 in En+2
,

n~p> 2. Then the unit normal
vector of Vn in the point X e Vn

, orthogonal to the tangent line from Xto
the normal curvature ellipse of the component V 2 in the plane of this
ellipse, form a quasiumbilical unit vector field on Vn (real if every
Xe V n is not inside this ellipse).

Proof. We take the orthonormal frame vectors in the point X V n

•-> —> •—>■

so that et and e 2 are tangent to the V 2 and ез, ..., en lie in En~2
. Then

—>• —> —>• *—У ->■ — У

(see [4 ]) deu= (i) v
u

e v \ u, v=3,...,n and in dei=to®e 2 +cö®ea ,- de2 =

= —(o2e
i _|_ito«e cc ; n =n-\- 1, n-\-2, we have

to®=/*“ <ö I+A“cö 2
, соJ=A“ со I+A“ со 2

.

The normal curvature vector in the direction of the unit tangent vector

t=Eei\ i— 1, ... ~n, is
—>■ •—> *->•

hijt4^=K{hи cos2 cp+2/ii2 coscp sin cos2 cp),

where Ä<j=Äjl+l en+i+A"+l en+2 , hlu =h2v=huv=o, tl l coscp, A, sin ep,
Я24~ _(/3 ) :2 -j- •• ■ + {tn ) 2 = 1. Thus the normal curvature indicatrix

of the submanifold Vn in the point XeP (see [s], p. 109) is the convex
hull of this point X and of the normal curvature ellipse, which corres-
ponds to h— 1 and whose point has the radius vector

I —>■ —> J •—>■ •—>-

+— {ha /122) cos 2cp+/zi2 sin 2<p

from the origin X (see [6], p. 253). In the frame with origin in the end-
-1 -> ->

point of mean curvature vector and with, basic vectors (/in — hZ2 ) and
—>■

hi 2 (if normal curvature is nonflat, they are noncollinear) this ellipse
has parametric equations

x=cos2cp, y=sln 2ф
and thus these basic vectors have conjugated directions with respect to
the ellipse. If the point X<= Vй is not in the interior of this ellipse, then
the frame vector can be chosen so that the corresponding normal
curvature vector hn goes from Xin the tangent direction to the ellipse
and ends in the point of tangency. The normal curvature vector hz 2,

corresponding to ez , goes from X to the diametrial point of the ellipse,
1 -*■ -> ->

so that (/in Л22) has diametrial direction. Thus hH and hiz are
—>■

collinear. Taking e 3 in their common direction we have /14 hk =011 12and so
diag ||/i4 .|(= (0, /i 4

2 , 0, ..., 0).
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-4-
The frame vector e 4 forms now a quasiumbilical unit vector field. The
lemma is proved.

Lemma 2. There exist locally euclidean surfaces V 2 with nonflat
normal connection in Ek

.

Proof. If V 2 in Ek has Gaussian curvature K= o and its normal
connection is nonflat, then X<= V 2 lives on the orthooptical circle of the
normal curvature ellipse (see [6 ], p. 257). We can take the orthonormal
frame as in the proof of Lemma 1 and have then h^=hk =O, /i4

2=a+0.
The well-known formula 7C= [/i« /r“

2 —(/i“)2] gives now that
a

= (^i2) 2
’ an d there exist p and ©so that О<o<Сл: and

h3
u
= Q cos2 ©, /i3

12
= q sin 0 cos ©, №=p sin2 o.

For the surface V 2 we have now the next differential system;
юр— co 4=o,

o) 3 p cos 0 • .(Од , o) 3 = p sin 0 • ito^ ,

ci) 4 =o, о)
4 =gco2

,

where

■o)q = tol cos o+o)2 sin 0.

By the exterior differentiation we get the covariant system
[dp-COS© Q Sin 0- (<7O +0)2)] Д iCOq j+Q cos 0• ) A-o)2

0 =O,

[dp-sin o+q cos ©• (do+o) 2 ) +asin 0-o)4 ] Д +

+[psino-(do+o) 2 )+acoso- co4 ] Д оз2 =O,

[asin 0-o)2 q cos 0- w4 ] Д +a cos ©-(о 2 Д o) 2 =O,
[da sin 0 — a cos 0- o)2 +q sin 0-o)J] Д +

+ [da-cos o+a sin 0-o)2 ] Д o)| =O,
where

o)2 =—o) 1 sin o+O)2 cos 0.

Here we have 5 basic secondary forms: dp, do+o)2
, о) 4 , со 2 and da. The

polar matrix has rank Si =4 and Sa=l. Using Cartan lemma with basic
primary forms and o) 2 we get from the first pair of covariants 4 ex-
pressions with 6 new coefficients. Left sides of these expressions contain
only 3 basic secondary forms and therefore 2 linear dependencies arise
for those 6 coefficients. The next two covariants contain each a new basic
secondary form and give 2 new coefficients. The general 2-dimensional
integral element depends on si+2s2=6 arbitrary parameters. By Cartan
theory [4] the considered differential system is compatible and the lemma
is proved.

Remark 1. The normal curvature 2-form of the V 2 in Lemma 2 is
Q 4 =—pa cos 0 sin ©со 1 Д to2

.

Remark 2. The differential system in the proof of Lemma 2 gives
the general locally euclidean V 2 with nonflat normal connection in £4

.

If we add to its equations the next two new equations:
dp =O, do+o)2 =O
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We get a differential system for a special case of those V 2 in Ei with
covariant system

1 О)4Д,(О4=o,
Q COS2 0 • (О 4 A Cid +Gd© A o2!— 0,

vdOcof-j-da A co2 +q sin 0 cos 0-ico 4 A <oI=o.
This system has 3 basic secondary forms and its polar matrix has
rank Si =3. The compatibility of the differential system follows immedia-
tely from the corresponding Cartan theorem d[4 ], p. 94).

§ 4. Now we give a counter-example to Theorem 1 in fl ], which
shows that this theorem is false.

Theorem. There exist totally quasiumbilical submanifolds V n with
nonflat normal connection in En+f2 .

Proof. Let V 2 be a locally euclidean surface with nonflat normal
connection in Ei (see Lemma 2, Remarks 1 and 2). Its point lies
on the orthooptical circle of the normal curvature ellipse. Thus tangent
lines from Xto the ellipse are orthogonal. Due to the Lemma 1 unit vectors
in directions of these two lines form two orthogonal quasiumbilical normal
vector fields on the product V n V2'XEn~2 in En+2 . Therefore V й is totally
quasiumbilical and has nonflat normal connection. The theorem is proved.
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