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Ülle KOTTA

INVERSION OF DISCRETE-TIME LINEAR-ANALYTIC SYSTEMS

{Presented by N. Alumäe)

1. Introduction. There is a considerable amount of literature dealing
with construction inverses for linear multivariable systems, see for
example t1 Several results have been recently extended to continuous
time nonlinear multivariable systems [4~9 ]. The interest can be explained
by the fact that inverse systems have many applications in control
system design. It is well known that the determination of right inverse
system is related to the problem of constructing an input which will
yield some desired output (referred to also as the tracking problem).
The left inverse provides a practical method for determining the unknown
input of a system from measured output data.

Unfortunately, the inverse system design for nonlinear discrete time
systems goes relatively unnoticed. To the author’s knowledge, the only
contribution is due to S. Monaco and D. Normand-Cyrot [lo ], Their
paper provides the left inverse for linear analytic systems which satisfy
some extra conditions (these conditions will be presented in Section 3).
The purpose of this paper is to construct the right inverse for the same
class of systems. Mainly the same tools will be used, i. e. tools suitable
for representing the evolution of the system which involves compositions
of functions [u ] and which allow to solve several problems for discrete
time nonlinear systems. But unlike [lo], in our paper the concept of
matrix generalized inverse will also be employed to construct the inverse.
For the sake of completeness of presentation, the left inverse will also
be written down with the aid of matrix generalized inverse. The case of
bilinear systems will be considered separately and the results will be
illustrated by means of an example describing a fermentation process.

If the aforementioned conditions are not satisfied, the inverse system
is obviously not linear analytic but a polynomial analytic system [ l2].

2. Problem statement. Consider the nonlinear discrete time system
described by equations

where the state x{t) n
, u{t) is the m dimensional input vector, y{t)

is the p dimensional output vector, F{x{t) ) = [/ч {x{t)) ... fm {x{i) )],
fo, fi, ..., fm ■Rn Rn and h : Rn ßp are analytic functions on R n .
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x(t+\)=x(t)+fo(x(t))+F(x(t))u(t), (1)

y{t)=h(x(t)), (2)

x(o)=x,o,
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Consider another system

where x{t) e R n
,

and y{t)^Rm .

Definition 1. The system (3) is called the right inverse for the
given system (1), (2), if, when driven by a certain desired output with
appropriate shift forward of the given system, it computes the required
input of the given system as an output.
Definition 2. The system (3) is called the left inverse for the given
system (1), (2) if, when driven by the output with appropriate shift
forward of the given system, it produces the input of the given system
as an output.

The purpose of this paper is to construct right and/or left inverse
for systems (1), (2), if they exist.
3. Preliminaries. This section is devoted to introducing briefly the tools
which will be used in the sequel. The more detailed presentation of this
material can be found in [и ]. Let us introduce the differential operator
Lf associated with the function f{x):

By L f ®Lg we will denote the tensor product of differential operators
defined by

and А/ will denote the following operator

0&where Lf ®Lf (k times) and 1 is the identity operator.
It follows from the definition of А/ that for any choice of k analytic

functions gi: Rn^Rn
, i— 1, ..., k, one has;

Moreover, denoting by y* any differential operator of the form either (4)
or (5), one has:

The differential operator А/ can be used to express the composition
of functions. More precisely, if f:Rn -+Rn and h: Rll

-> Rp are two
analytic functions on Rn

, then the composition (denoted by «°») of h
with /-)-/, can be expressed as

x{t+\)=x{t)+fQ {x{t))+F{x{t))ü{t),
y{t)=7i{x{t))+G{x{t))ü{t), (3)
X (0) =x o,

71

Lf= (fi is the t-th component of f{x))
i= l i

L>®ig=ito—- (4)
г, j=l

1 02 I ®k
A/ • “l- +•••» (5)

A,.wA.®-®V (6)

Yi ® (Y2+ •• • +Yi) “Yi ® Y2+ ••• +Yi ® Yi* ( 7 )

h-(l+f) (*).=Д/(А)к
where \ x denotes the evaluation at x. More generally

h°(l+fk) ■...•(Щ)М=Д
( -....4I |/|)|„ (8)
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The tools introduced are suitable for representing the evolution of the
system (1), (2) which involve compositions of functions. The output
evolution in t step can be written as

For each output yu i— 1, p, let di be the index defined as the
smallest integer such that

Vxe V, where V is some open subset of R n
. Here Aj=Af .. .°A/

(r times).
It can be shown that 1 is the first instant of time at which the
i-th output is affected by, at least, one input at time t= o.

In the sequel we shall consider only the systems for which the condi-
tion (9) (the condition mentioned in the introduction) holds:

The class of systems we consider includes bilinear systems as well as
nonlinear systems with linear output function if all indices di —O, and
it has received considerable attention in the control literature. For
example, it is known that this condition is necessary in order that the
system (1), (2) would be immersible into a linear system [ l3 ] and
decomposable by a linear analytic state feedback.

Let us introduce the matrix A (*) = (x) ], i= 1, ..., p , j— 1, ..., m
and the vector б(х) = [бь(х)], k= 1, ..., p defined by

4. Construction of right inverse system. As in the linear case we will
assume that p^m.
Theorem 1. Consider the system (1), (2 ), for which the condition (9)
holds. If the rank of the рУ(т matrix A (x) is equal to p in some open
and dense subset Vof R n

, then the system (1), (2) has in V a right
inverse which is defined by equations

where A R=A T (AA T)~l , Y* (t) [y\(t-\- ) ... yP (t-\-d PA-\) ] T and the
vector function g{x{t)) is arbitrary.

0
+Fu(0) 0•• • 0

0+j?u((4) W Lo’

1) A/O ®L/; 0.. ®Lf -Ar (hi) |*=o
v 1 J o

Vx Vrcdi, Vv, ti, ..., iv e {l, ..., m};
2) Зц and a sequence ti, ..., such that

Д f 0 ®Lf 0 ... 0 Lf. ° A d j {hi) Ix^Oi J °

A,„® Lf®
... ®L, "Ai (Äi) ]x—o (9)

v 1 1 - о -

VxeK, ii, t v e {l, ..., m}, t=l,

®ij{x) —A, 0 L °А( !( {hi) |x>
■'o J o

6 i{x) =Ad
/
+l {hi) | я .

■'o

x(t+\)=x{t)+h(x{t))-F{x(t))A«(x(t))6(x(t))+

+F{x(t))[lm -A*{xit))A(x(t))]g(x)(t))+ (10)
+F{x{t))A*(x(t))r{t),

u(t)=-A*(x(t))b{x{t))+A*(x(t))V(t) +

•+[lm -A*(x{t))A(x(t))]g {x{t)), (11)



42$

Proof. For the i-th output, /= 1, p evolution in di~\- 1 step can be
written as

Applying the formula (6), considering the condition (9) and the defini-
tion of index di, one gets

To get the equations of right inverse, we have to be able to solve the
equation (12) with respect to u{t) (not necessarily uniquely) for arbitrary
Y* (t). The device for computing the solution of this system is the gene-
ralized inverse A~{x) of the matrix A{x), which in general is not
uniquely determined. The equation (12) has a solution

where the vector function g{x) is arbitrary if and only if the consistency
condition for the equation (12)

is satisfied ([ 14], p. 103, 104). By the assumption of the theorem, the
rank of pXm matrix A{x) in V is equal to p, so the uniquely defined
right generalized inverse AR =AT (AA T )~l of it exists such that AA R=1P
([ u ], p. 102). Consequently, the consistency condition is satisfied and
the system of equations (12) has in V a solution (not unique, if m>p)

Substituting (14) into equation (1)-, we get equation (10).
Arbitrary functions which appear in the equations of the inverse

system indicate that there are some degrees of freedom in the choice of
an input to produce a desired output. In addition, arbitrary functions
may be employed to achieve some desirable properties of the inverse
system.
5. Construction of the left inverse system. As in the linear case, we will
assume that m^p.
Theorem 2. Consider the system (1), (2) for which the condition (9)
holds. If the rank of the matrix A{x) is equal to m in some open
and dense subset Vof R n

, then the system (1), (2) has in V a left
inverse, which is defined by equations

W + [/m -A-(x(/))A(x(/))]g(x(/)),

Уi {t l ) hi\_x l ) ]

=hi ° и ()) °... c {f-\-fo~\-Fu (t)) (x(t)) =

0
• • ’ °^/o+№(Шг )

U(O-

yi{t+di-{-\) =№i+i(hi) |[a<i(Jf(o) .. • a im {x{t))]u{t)
J o i=\, p

or in the matrix form
Y*{t)=ö{x{t))+A(x{t))u{t). (12)

[lr —A(x{t))A-(x(t))] [У(О-6(д:(О)]=o (13)

u(t)=-A*(x(t))b(x(t))+A*(x(t))y(t)+ (14)
+ [lm -A*(x(t))A(x(t))]g(x(t)).

x(t+\)=x(t)+U(x(t))-F (x(t))AL(x(t))b(x(t))+(15)
+F{x(t))A4x{t))Y'(t),

u(t)= (16)
where Л ь= (ЛТЛ)-‘4Т and Y*{t)=•.■ </р(^+^?+l)]-
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Proof. The proof is analogous to the proof of Theorem 1. The diffe-
rence is that now we have to be able to solve the equation (12) uniquely
with respect io u{t) for corresponding Y* (t) . By assumption of the theorem,
the rank of рУт matrix A (x) in V is equal to m, so the uniquely deter-
mined left generalized inverse A L = {A TA)-iA T of it exists such that
A LA =Im ([ 14], p. 102). The consistency condition (13) is satisfied
because Y* (i) corresponds to u{t). Consequently the system of equations
has in У a unique solution

Substituting (17) into equation (1), we get equation (15).
If both right inverse and left inverse exist, then they are identical

and the above distinction need not be made. This happens only when the
system has the same number of inputs and outputs. In that case AR

=AL= A~l
.

If p<im, then the left inverse cannot be constructed, because equation
(12) has no unique solution. On the other hand, if p>m, then IрфА1 р фАА ь

,

and so the consistency conditions for equation (12) will not be satisfied
by any y. Consequently, the system (12) is not solvable without imposing
conditions on y.
6. Application to bilinear systems. Let us consider a bilinear system

where A,8i,...,8m are n\n matrices and C [cj ... cR
n
] T is рУ^п

matrix. In the case of bilinear systems, the condition (9) holds auto-
matically, because Ar, (cT.x) c TA rx is a linear function and therefore itsи г г

second and higher-order derivatives are equal to zero. Now the index du
i— 1, ...,p is defined as the smallest integer such that the following
conditions hold

2) 3k such that

The matrix A{x) and vector 6{x) are now detined by

7. Example. As an example, consider the process which produces single-
cell protein from yeast grown on methanol. This process is described by
the following equations [ls]

(17)

m

x(/+l) =Ax{t)-1- BiX{t) Ui (/)
2=l

y{t)=Cx{t) ,

1) c T.Arßj =0 Vr < di, V/e{ 1, m)

c TAd ißk z/=: 0.
г

dij (x) =c T.A d iß jx,

б/i {x) =cJ^A dK+ Ix. 1x.

Хч (t)
Х\ 1 ) =Xi (/) —(—H \Хщ ‘ ~zz j J— Xi ( t ) Hx 1 (/) Ui (/) ,A+*2 (t)

X2 {t+\)=X2 {t) ~ (lm"ГГ-—77- Xl (t) Hx2 {t) U x ( t) +HU 2 (t) ,

yi{t) =Xi (t),
y2 (t)=X2 (t).
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The indices of the system are di =O, d2 = o. The matrix A{x) is
given by

and is nonsingular in the subspace V=R2
— {л: | == o}. Note that by X\

is denoted the biomass concentration and therefore we may assume that
it is not equal to zero. The inverse system is given by the equations:
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Ülle KOTTA
DISKREETSE LINEAAR-ANALÜÜTILISE SÜSTEEMI PÖÖRAMINE

On vaadeldud mitmemõõtmelise diskreetse lineaar-analüütilise süsteemi pööramise
ülesannet juhul, kui see süsteem rahuldab veel ühte lisatingimust. On tuletatud piisa-
vad tingimused nimetatud süsteemi parem- ja vasakpoolseks pööratavuseks. Nende
tingimuste täidetuse korral on konstrueeritud parem- ja vasakpoolsed pöördsüsteemid,
mis samuti kuuluvad Imeaar-analüütiliste süsteemide klassi.

ад-К; 21

(О (^“Ь1) т

(j.\ х2 Г 1 ~] J_ Г Уl^~И)U[t) — \lт •

д+х2 п xi

- yi{t-\-\) -\-y2it-\-\)
К J [_ Xl
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Юллe KOTTA

ОБРАЩЕНИЕ ЛИНЕЙНО-АНАЛИТИЧЕСКИХ СИСТЕМ
С ДИСКРЕТНЫМ ВРЕМЕНЕМ

Рассматривается задача обращения многомерной нелинейной дискретной системы, опи-
сываемой уравнениями

где x{l)<=R n, u(t)EER m , y{t) s R p
, F{x{t)) = [fi{x{t)) ... fm {x{t))], fO,

...
..., fm :R n R n и h: R n Rp являются аналитическими функциями. Пред-
полагается, что система удовлетворяет некоторому дополнительному условию. Отме-
тим, что этому дополнительному условию удовлетворяют, например, билинейные, а
также нелинейные системы с линейным выходом, если di=...=dp =O. Здесь t
=di-\-\ является первым моментом времени, в котором на i-й координате выхода
у г проявляется действие хотя бы одного входа в момент i=0.

Получены достаточные условия правой и левой обратимости. При выполнении
этих условий построены правые и левые обратные системы, которые также принадле-
жат к классу линейно-аналитических систем.

x{t+l)=x{t)+,fo{x{t))+F{x(t))u(t),
y{t)=h{x{t)),
x(0) =x0 ,
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