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A. AINSAAR

HODOGRAPH TRANS FORMATIONS
(Presented by H. Keres )

A method of performing hodograph transformations of partial derivatives of any order
lor arbitrary dimensions is worked out. Hodograph transformation means a change of
the roles of arguments and functions. The formulas obtained for first derivatives can
easily be applied to any dimensions. Several explicit formulas for lower orders
and dimensions are also given. Application to partial differential equations is discussed.

Introduction

Hodograph transformations link different adequate descriptions of a geo-
metrical object in one and the same co-ordinate system. A geometrical
object can be treated as a set of dependence relations between the
co-ordinates. In a fixed co-ordinate system one can present this depen-
dence by m relations between N co-ordinates

where N is the dimension of the space; our geometrical object forms a
hyper-surface of a dimension n= N —rn in that space. One can choose
the values of n co-ordinates arbitrarily and hyper-surface conditions (1)
determine the values of the remaining m co-ordinates. The choice of the
independent co-ordinates the arguments is free and fixes the
representation of the hyper-surface.

In order to define a partial derivative of a dependent co-ordinate
(function) with respect to the arguments on the hyper-surface one needs
to know the whole set of arguments. Taking a new set changes the deri-
vatives. These transformations of partial derivatives are known as
hodograph transformations [ l ].

For a co-ordinate variable in an equation hodograph transformation
means a change of the role of the variable from an argument to a func-
tion or vice versa. For ■ partial derivatives new derivatives must be
expressed by means of the old ones.

There are physical quantities such as space co-ordinates and time
that are usually considered as arguments. However, in some cases it is
of interest to treat them as functions. An additional symmetry the field-
space-time symmetry can be revealed at that. The physical basis of this
symmetry is considered in [ 2 ], The theory of hodograph transformations
in a restricted form is developed in [2- 3 ], the ideas of hodograph trans-
formations are considered also in [4- s ].

In this paper, a general theory of hodograph transformations of par-
tial derivatives is developed with a more detailed consideration being
paid to lower orders and dimensions.
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\. transformations of first derivatives

An n-dimensional hyper-surface in an A-dimensional space can be pre-
sented, instead of (1), by N equations that give the co-ordinates of the
space by means of n parameters

If one takes certain n co-ordinates as parameters, i. e. chooses a
representation, there remain m—N n relations, which determine the
remaining m co-ordinates (functions).

By fixing the representation one also provides a definition to a
partial derivative of an expression R of the co-ordinates

where in the representation A the arguments are chosen as the co-ordi-
nates number 1, n. Let us call it set a.

Our aim is to transform (3) into another representation В with the
arguments (L For that purpose we calculate all the differentials present
in (3). In general,

Since the choice of the parameters и is arbitrary, one can take the
arguments of the Б-representation (set p) for them

denotes the derivative of the co-ordinate Xq with respect to the co-ordi-
nate (argument) Xk in the В-representation. Generally, Xq is a function,
but its being an argument of В is not ruled out either. In the latter case,

Now substitute (5) for dX4 , ~,, dXn in (3):

Xi=Xi{uk ).
‘

(2)' ' k— 1, ...,
n.

dR dR
, оч

Л
r)X ИХ ’

v v dx l=dxi=...=dxp _l=dxp„=..—dxn=о

П r)Y
dXq =2~rf-duh . (4)

fc=i OUh

dXdXq = dXk = 2 bD* dXh, (5)

where

(6)

BD( ji =6qk if (7)

— 0.
feep

2 BDP-'dXk= 0, (8)

'S bDp dXk= dXp,

tee
•

.

BD” dXh=O.
fte(3
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This is a linear system of n equations for n differentials dXk . The
determinant of the system

consists of the derivatives of the enumerated by the
sets a and (3. The determinant corresponding to an unknown dXj is
obtained by replacing the column j(e (3) in the matrix B by
(0 0 ... dXp ... 0), where dXp is on the place p (ea). This equals
dXp multiplied by the cofactor (signed-minor or algebraic complement)
of the element bDp denoted by

j

Now one gets for dXj

Next insert dR into (3) in the form

By inserting (11) and (12) into (3) dXv is cancelled out

which is the general formula for the transformation of a first derivative
of any expression between the representations A and B.

It is of immediate interest to get the formula for the transformations
of the derivatives of co-ordinate functions. By taking R=XS one gets

where in the set a of the numerator expression p is replaced by s. This
is illustrated in Appendix A. Trying to use this formula for exceptional
values of indices one has to note the following;

1) if pф. a, then ADs
p is not defined. This case must be excluded.

2) if then (14) leads to AZ> i—ösp in accordance with (7).

2. Second derivatives

In order to get the transformation rule of the second derivative on
the surface

On the left-hand side we get aDs
P4 , on the right-hand side one has to

use (14) to change R into the Б-representation. One can get several
forms of the transformation equation:

det B = (9)

Сo*Лs =
А
всг 00)

dXj= AD~I a Cp dXp . (11)В В j

dR
dß=2*~-dXj.

(12)
jep i

AD-i £ B (13)dXp B ~ dXj B i V }

dX
a~-- s

-=aD s = AD~I У! BD S = det bT)“(^s)
, (14)dXv p в j в j в P v '

V jep

d 2X s d d
A ——— ——=E J±DS = A AZ)S

= A AZ> (15)dXp dXq P 9 dXq V dXp 9’ K ’

one has to take in (13)
R=AD*q . (16)
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In (19), t and и are arbitrarily fixed values from a, at lower indices the
sum rule is observed, and we have denoted

In order to get transformation rules for third derivatives one has to
take Rin (13) equal to’a second derivative and apply equations (17),
(18) or (19) of the second derivatives, etc. Thus, the procedure can be
continued interminably. Since general formulas are too complicated we
confine ourselves to some lower dimensions.

One can easily see that the other functions not involved in the change
of variables are also not involved in the transformation equations. Thus,
neither the number of functions nor the total dimensionality of the space
n-\-m matters in the formulas and only n should be fixed for special
cases.

3. Case n— 1

In this case, there is only one argument in either representation, A
and B. Let these be Xa and Xb , respectively. One gets immediately

From now on the representation index В (but not A) at the derivatives
will be omitted.

Equation (14) gives us the formula of the hodograph transformations
of the first derivatives

If s= a, the equation vanishes as expected.

* Throughout the paper we denote Ж аЬ ] =Л аЬ
— A ba .

Ab* = A yj A CPß——lad-i J] вО*АСя]
, (17)Л qp В В i dXi \ B 3 B 3 J V

ге=р 1 jep

a Ds == A D~3 У? ао[ aD yj ( BD a
..

A C?+ BD*. AC* ]— У] вО* А Сч АО л 1,
qp В В il В "" \ ji В j 1 ] В j,гJ j В ] В ’ Jгер je|3 je(3

(18)
£)s _A/>-3 AQp j BD t a O ( BD S A C4-\- B D S A Ccl ]

qp В В i(_ k В h\ ji В j 1 j В j,ij

BD sA C4 l B D uAC u -\-B Dv- A C? .] 1. (19)
] В j \ ih В h ' h В к,г у J ' '

iD =BDI,
ЛСа=l ,

<2l >

B^b

A CU =b —-— A CU , AD {= в
d

~ AD. (20)
В j.i dXi B i B dXi B v ’

AZ>=—(22)
a £)a v ’

b

Second derivatives can be obtained from (19) by taking
q=p=t=u=a,
i=k= j=b.

The result is *

a D s = (Da )-з£)[«/>] (23)A aa v b ' b bb K '
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In order to get the third derivatives one has to apply (13) adjusted
for the case n— 1:

Now take R =aD s and use (23)aa 47

These forms of transformation equations are not convenient for practical
use. Actually, one has two different cases for each equation. In terms
of other notions the meaning of these will be more transparent.

There are three essentially different co-ordinates:
1) the argument of the Л-representation, let us denote it by a,
2) the argument of the б-representation, further called b,
3) functions in both representations, let the one of interest be f.

Since the representation is determined by the argument, one can drop
the representation indices A and В and denote the derivatives as

Now in equation (22) Xa= a and Xs=a,b,f, where Xs =a leads to the
trivial case aa = 1. We obtain two transformations

Second derivatives from equation (23) take the forms

aD s —iDa )~l \ (D a ) ~3£)[aJJs] 1 _
A aaa ' b' dXb b b bb J

= (Da )- 5 (— 3Da £H a Z>3 4-Da Z)[“DS] ). (25)' b > ' bb b bb 1 b b bbb ’ K ’

For the 4th derivatives take R = aD s
, thenaaa’

4Z> = (D a )“4—3Da Da DiaD*i 7Da Da №№ 4-A aaaa ' b ' L b bbb b bb h bb b bbb 1
ч-(/)“ ) 2 (Z) [a Z> ] +Di«Z)4 )4-i5(Da )2D[«D«] . (26)1 v Ь ’ v bb bbb 1 b bbbb ’ ' y bb ; b bb v '

{abb bb bb abb )=——(29)«ь а ь

faa fb^bb),
b

and higher derivatives from (25) and (26),

baaa === Ö )>

faaa = 5[—3flbb {Oibfbb fbO-bb) +ab {übfbbb ] ,

Ьаааа ö ( 1 &bbbb 1 ) ’

faaaa == ( nbbbfbb~F 10CLb OLbb^bbbfb öbbfbbb-f" (31)

fbbbb O^Q-bbbbfЬ~\~ 1 sab fbb 1 fb) •

dR .
„

. , / o .ч
л Жти°° у B HxT- (24)

< 27>

b =

_^
=

_L
a 0 a& ’

f (28)
f > b
Та ab
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4. General case n— 2

Here it is convenient to denote the arguments as

where (p+/) is the sum of the row and column numbers in BD, pis the
number other than p in a.

The transformation of derivatives can be obtained from (14) and
(19):

Here specified cases are discussed. Take first the case where only one
argument is changed from one representation to the other one. Let us
denote the variables:

If there are more functions, they are not involved in each other’s trans-
formations and can be treated independently.* The transition determi-
nant is

* See also the remark after (54),

a argument in A, function in B,
c argument in both A and B,
b argument in B, function in A, (37)
f function in both A and В

ai=X a,
(12=X-

(32)
. (3l = (32=

The transition determinant is

AD =D[“D“] (33)В 12 v '

and the cofactors are

bC* = (—l)(p+AD£ (34)

n [s np]

aD * =-2-4- .(35)p Dtp Dp]
1 2

ADqp—{ —1)(p+9) ad-sDp D f/l Dl>D9]Dta Dal). (36)
В [2 1 '2 I][l 2 1 2 1][ 1 2]

5. Case n= 2, af] 13^0.

A n BÜC Bab /qq\bD= =—Bab; (38)
bc c Bcb

for in the D-representation
вс ь =O, b cq= 1. (39)
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First derivatives can be obtained from (35) (index В is omitted on
the right)

The equation for second derivatives (36) takes the form

where the indices a, b, c stand for the corresponding variables. In parti-
cular, (42) leads to

The higher derivatives being cumbersome to present, we confine our-
selves to the second derivatives. Yet for further reference we present also
some of the simplest of higher ones:

In this case, the arguments do not coincide in A and B. Let us denote
for convenience

a, a arguments in A,
b, arguments in B, (48)

f a function in both A and B.

Abaaa — db CLbbb) > (45)

аЬссс d {,db d3^ dbbb Зп 3 dcCLb cc

—a* accc 3a3 az
bb +9ab a2 aöbabc (46)

3 а2ьасаь Ъ аСс 6a2 аса2
Ьс +За3ьаьс асс ) ,

Abaaaa == d3^CL b bbb~\~ I b dbbdbbb ~— 15(2 (47)

6. Case /г =2, аПP = 9

и 1
Ab a =—,

ai (40)
, acаЬ с —

—

,
-

ab

f -AAa ,

06 (41)
j. fcdb CLcfb

Л/с ==l ' •

ab

AD s
av —

( \)(р+я)о,-3Ор (Da Dls П\.фяЮа ), (42)A qP V ’ b [b V b c][c Ь] c b c]b' f v ’

аЬсш, — d~3 CLb b,

Abac=—a-3 {ab abc ac abb), (43)

аЬсс =—а-3 (a3 асс 2а ьас аЬ сА-а\ dbb) ,

л/аа == {dbfbb dbbfb),

а?ас == (@bfbc acfbb)+fb(aca bb п&пьс)], (44)

а[сс =a-3 [ab(aZfcc 2ab acfbc-ha2 Jbb)
—fb {d2

b dcc 2ab ac abc+a2
c

аЬ ь)].
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Equation (35) for the first derivatives reads now

which, applied to different functions, gives

Since a and ä as well as b and b are interchangeable, one can easily
get the remaining equations by and/or

The second derivatives are given by (36):

As for the other second derivatives, see the remark after (50). The
formulas for higher derivatives and higher dimensions are considerably
more complicated, but it should be noted that in some cases the formulas
obtained can be applied also to higher dimensions. The point is that as
the additional functions do not matter in the transformations, so the
arguments common to both representations, A and B, not included in
the derivative under discussion, are not involved in the transformation
formulas and may be omitted. The result is that the effective nis less
than n was originally. The fact is reflected in the similarities within the
pairs of equations (28i), (40i); (28 3), (41 1); (29i), (43i); (292), (44i);
(30i), (45); (31 1), (47) and, for instance, one can easily find faaa and
faaaa in this case by using (30 2 ) and (ЗЬ), respectively.

The first derivatives for any dimension do not present any problem.

7. Hodograph transforms of physical equations

Hodograph transformations applied to equations of mathematical physics
link different equivalent descriptions of the same phenomena. In general,
different representations do not resemble each other (see Appendix B).
Some equations, however, are hodograph invariant, i. e. the expression
equated to zero retains the same form that may in general be multiplied
by a non-zero factor. One of these is the Lagrange equation of minimal
surfaces (Bl). In physics, hodograph invariant equations leading, for

D [s
£>-

]

aDp= —-—zr (49)
D[PD P]

ь b

Abd=a-/ {ab a~ — a^ab ),

Afa = {fbäT fjäb)/{ab ä-—a^äb).

AD s
aP=(—\)(p+4)(D[a D^)~ 3D p (D la D^D ls D~ — D {s D-D[a (51)A ЯР \ Ч b b > [b v b b b][b b] b b b][b b]' v '

or, explicitly
A baa =D-3[ä-{Dä-b Dbä~) äb (Dä~—D-ä T)],

(52)

Afaa=D~3 {äjFb —äb F~),

Afa-=D->(ab FT -aTF b ),
<53)

where
D =& b a— cL—ab j Dq^^(D)q,

F q =D {fbä— f-^äb )q —Dqtfbäj f^äb).



353

instance, to an equivalence of fields and space-time co-ordinates have
a specific role [2 ], Proceeding from that we refer to a way of the forma-
tion of hodograph invariant equations one has to equate to zero an
expression consisting of the variables and their derivatives of all repre-
sentations in a fully symmetric way. Thus, the invariance being achieved,
as usual, a choice should be made between arguments and functions, i. e.
the ingredient of the expression should be transformed into a certain
representation. The invariance, as a matter of course, remains. Some
examples of the procedure and the results have been given in [2 ], though
the notations are different from those of the present paper.

The general characteristic features of hodograph transforms are:
1) The order of the expression in preserved.
2) The degree of the expression with respect to every variable is pre-
served.
3) If the expression consists only of derivatives and constants, the same
applies also to its hodograph transforms. In other cases, the inclusion
of functions can be converted into that of arguments or vice versa, which
mav sometimes be of use in solving the equation.
4) The symmetry group of the eauation preserves [6].

One should remember that the solving of one hodograph transform
immediately gives the corresponding solutions of the other transforms
simply by taking inverse functions.

Our considerations do not include metrics. So the results are valid for
any co-ordinate system without modifications. The hypersurfaces referred
to in the beginning that correspond to the solutions of eouations in this
chapter, should only be correspondingly differentiable. Care should be
taken when the transformations are applied to certain points where a
first derivative vanishes, which is equivalent to a local reduction of the
set of arguments, and transformed derivatives tend to infinity. Such
points, if needed, should be treated as limits.

The author is grateful to M. Kõiv for fruitful discussions.

APPENDIX A
Structure of the determinants in equation (14)

In order to illustrate the formation of the determinants in (14), it is
convenient to arrange all variables on a line in the following way

The matrices of the first derivatives AD/ and are shown in the
Figure.

The replacement made to get the numerator in (14) is shown. Note
that BD is reducible to a 6-row determinant. It can also be seen that the
transformation equations turn simpler if and/or o<p^6.

APPENDIX В

Hodograph transforms of some soliton equations

Let us take some physical evolution equations as examples.
L The Lagrange equation of minimal surfaces [7]



354

is known as hodograph invariant [2]. It has solutions

where F denotes an arbitrary function. From the hodograph invariance
of (Bl) it follows that the functions

resulting from the form of the inverse functions of (B2), are also solu-
tions of (Bl).

The pseudo-Euclidean version of the Lagrange equation the Born—

Infeld equation

has soliton solutions of an arbitrary form but fixed speed

1 regular region; 2 undefined region; 3 the transition determinant bD\
forming the numerator in(l4), line 4 is to be replaced by line 5,

u=F (xztt). (B5)

(1 и*) uxx +2uxu tuxt (\+uz
x

) u tt = 0 (B4)

a—F{x) zhit (B 3)

u=F{x±it), (B2)

{l+u2
x )Utt 2uxut uxt-\-{l-\-uz

t )uxx—o (Bl)
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Equation (B4) is no more hodograph invariant. Instead, it leads to

Soliton solution (B 5) leads to «vertical soliton» solutions for (B6)
and (B7)

but in the x-representation it is more acceptable

To a known soliton solution of (B9)

one can easily find corresponding solutions of (BIO) and (Bll), for
instance

3. The sine-Gordon equation in the form [7 ]

leads to the hodograph transforms

with some resemblance to the Born—Infeld equation. Starting from the
other form of the sine-Gordon equation

one reaches the simpler transforms

The known solutions can be transformed trivially.

sch 2 (л: 4/+б) (Вl2)

XuXf CUXu~\~X u Xuuu 3%uu —O. (Bll)

t=F{u)±:X, x=F {u)+t. (B8)

2. The Korteweg de Vries equation [ B ]

Ut-\-CUUx~\~Mxxx 0 (B 9)

takes rather a complicated form in the /-representation

tu CUtutx-\-tutx tUuu 3tutx tuux~\~3tu txtuxx

tutxxx 3tx tuU~\~QtutX tuutux (BIO)

3tutXtuutxx 6 tu txtux~{~3tutuxixx 0,

{t\ l)t xx 2txtutxu+{tl \)tuu= 0 (B 6)
and

(x2
t 1 )xuu 2xuXtxut-\- {x2

u + 1 )xtt—O. (B7)

x=arsh ]/c«/12 õ-f-4/. (B 13)

uxx utt sinu (B14)

{tx +1 ) tuu 2tx tu tX u ~\~tu txx —tu Sin U,
(B15)

{xt +1) xuu 2XtXuXtu ~\~хи Хц = — xu sin и

uxt = s'mu, (B 16)

txtuu tu tXu ; tu Sin U,

XtXuu xuXut —Xu sin U.
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4. AINSAAR
GODOGRAAFTEISENDUSED

On välja töötatud suvalist järku osatuletiste hodograafteisenduste meetod mis tahes
dimensiooni puhul. Hodograafteisendus on argumentide ja funktsioonide osade vahetus.
Saadud valemid esimeste tuletiste jaoks on kergesti rakendatavad iga dimensiooni
korral. On antud ka hulk eri j uhulisi valemeid madalamate järkude ja dimensioonide
tarvis ning analüüsitud tulemuste rakendatavust osatuletistega diferentsiaalvõrranditele.

А. AЙНСААР

ГОДОГРАФ-ПРЕОБРАЗОВАНИЯ

Выработан метод осуществления годограф-преобразований частных производных любого
порядка при произвольной размерности. Годограф-преобразование это перестановка
аргументов и функций. Полученные формулы для первых производных легко применимы
при любой размерности. Приведены также некоторые явные соотношения для нижних
порядков и размерностей, Обсуждены применения при уравнениях с частными произ-
водными,
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