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FUNDAMENTAL SOLUTION OF THE WAVE EQUATION

IN CASE OF A CURVED SPACE-TIME
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By means of the perturbation expansion scheme with respect to a small
parameter e, the forward fundamental solution G+ of the general scalar
second-order linear hyperbolic differential equation is considered. In the
first approximation, the regular part of G+ is derived in the form of a
closed integral expression. In the particular case of a scalar field in a
gravitational background field of a point source it is shown that the
first-order regular part of G+ is determined by the energy-momentum
vector of the source only.

1. Introduction

In this paper we deal with the wave equation which is a general second.-
order, linear, hyperbolic differential equation in 4 independent variables.
Such an equation can be written in coordinate invariant form as

where gih are the contravariant components of the metric tensor of a
pseudo-Riemannian space F 4 of signature (-( ) and «,» and «;»

denote, respectively, the partial derivative and the covariant derivative
with respect to the pseudo-Riemannian connection; Latin indices will run
from Ito 4. The coefficients gih, A 1 and C are assumed to be of class C°°.

Of great importance in mathematical and physical applications are
the fundamental solutions G± (Green’s functions) of Eq. (1): The gene-
ral theory of fundamental solutions is well known (see for example
f 1’ 2 ]); however, their explicit computation is difficult. Until now, the
exact fundamental solution of Eq. (1) is explicitly known for some parti-
cular cases of curved space-time only. One of the possibilities to treat
the general case is the approximate determination of G±. For example,
the regular part F ± (tail term) of G± can be evaluated in a weak-field
approximation as a power series in the square of the geodesic distance >o
or as a Fourier integral (cf. f 3,4 ]). However, these forms are cumbersome
for the physical application.

In the present paper the geometrical quantities are assumed to depend
on a parameter e, marking the order of deviation of the metric gih from
the Minkowski metric, and are expanded up to the first order in e, so
that the results are formally Lorentz-covariant. This perturbation
approach is based on [s ]. We avoid the need for expansion in gof the
tail term by solving an integral equation for F+ (see Eq. (8)), which
can be solved by successive approximation. According to this integral
equation, we obtain the first-order tail term in the form of a closed
integral expression, the main properties of which are summarized in
Section 5.

Our conventions are: the Ricci tensor R ih is defined as in [s ]; g(x) u=

L xu{x ) : =gik {x)u- i -kA-A i {x)u,i r̂ C{x)u=B {x), (1)
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= det {gih (x)); the expression F—o{f) is taken to mean that F/f is
bounded in the limit, which is stated or implicit from the context; if a
geometrical object depends on two points x and у (or 2 and y), then the
partial differentiation will be denoted by comma for the point x (or z )
only, e. g.,

In order to complete the construction of the G± {x,y), we are restrict-
ed to a causal domain Qgl/4

, (see [l2 ]).

2, The fundamental solution

Consider the general scalar second-order linear differential equation in
its covariant form (1) on a causal domain of a pseudo-Riemannian
space-time manifold D 4 endowed with a given normalhyperbolic C°°
metric gih . The fundamental solution G{x,y) for this equation satisfies

where 64 (x, y) is the Dirac delta distribution, with (б 4 (х, у), Ф (x)) ; =

=Ф{у) for all Ф(х)<=С~(£>).
As in the flat space-time case, there are two fundamental solutions

that are particularly important; G+{x,y) and G~{x,y). These are the
forward and backward fundamental solutions of (1), respectively.

An object that will be of fundamental importance in the following is
o{x,y), the world function of the points x and у [ 6 ]. This is a biscalar
at x and y, numerically equal to a half of the square of the geodesic
distance between the points x and y, and is positive for time-like inter-
vals and negative for space-like intervals. It has the defining equations

We shall also be concerned with the distributions б± (а(х, у)), defi-
ned by

{йь(а{х,у)),Ф{х)) : =/с±(!/)Ф(%аМ for all Ф(*)е= (3)

where рсг(х) is a Leray form such that

p(x) is an invariant volume element and the regions of integrations C+ {y)
and C~{y) are the future null semi-cone and the past null semi-cone,
respectively. (C + {y) is the set of all points xeQ that can be reached
along future-directed null geodesics from y\ C~{y) is defined similarly).

In general, the integral (3) can be evaluated by means of a partition
of unity subordinated to a covering of Q by open coordinate neighbour-
hoods in each of which

The relevant properties of the distributions 6± (a) are given in [2 ].

It can be shown that the fundamental solutions G± are of the form (see
for example [ 2 ]):

It consists of singular parts W6± ((j) which are the measures, supported

дЦх,у)/дх 1=!л {х,у)

L x G{x,y)=öb{x,y), (2)

gih {x)o,i{x,y)a,h{x,y)=2a{x,y), o{x,y)=a{y,x), lim-cr=o.
x-i-y

do{x,tj) Д la (x) = i_i(x), (4)

fi(*) =f-6ff W dxi Л ... Л dx\

в± (х»У) = {W{x,y)6± {o{x,y))+V±{x,y)). (5)
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on 0(#), and of regular parts V±
, which are the functions; the functions

V± (x,y) have their support contained in the closures of the sets D± {y)

which denote the respective interiors of the future and past pointing
characteristic conoids C±(y). The function W{x,y ) in Eq. (5) can be
expressed as follows:

where A, is an affine parameter along the geodesic between у and x,
with z{o)—y and 2(1) —x; q is a biscalar, the scalarized Van Vleck
determinant defined by

The regular part V+ {x, y) called the tail term, is in C°°{J+{y)) (/*(*/)

are the closures of the sets D± {y)) and satisfies the integral equation

where w(z) is the 2-form such that

Here all differential operators act at z.
The integrand on the right-hand side of (8) becomes singular if x

tends to a point lt can be shown that this integral then
tends to

where ! is an affine parameter along the geodesic between у and x*.
We shall discuss only V+

, as the corresponding results deduced from
V- can then be derived by reversing the time orientation on Q.

3. A perturbational approach

We assume the metric gik depending on a parameter e varying in the
vicinity of zero and marking the order of deviation of the metric gik
from the Minkowski metric rp ft = diag(l, —l, —l, —1):

The coefficients A 1 and C are assumed to be of the first order in
8, i. e.,

Then we suppose that the world function a{x,y) and the other geomet-
rical quantities can also be expanded in the parameter e. Coefficients
in the power series in e can be considered as tensors on a Minkowski
space-time. Consequently, we make the ansatz

1 ,

=e 1/2 exp j —-J Ah {Z{X)) dx },

Я{х,У) ■ = {§ И g (У) )~1/2 1 det(d*a/dxi dy*)\. (7)

V+ (x. У) .+— f V+ z) W (z, Mz) =

=~~L /счадс-м W (*- г > < г-
»)“ <г > •

da {z, x) Д da {z, у) Д w (z) = \x (2).

v+(x',y)= ~W(x\ y) f (LIW(z(X),y)/W(z(X),y))d%,(9)z 10

gik{x) =T]ih+eyih (x) +0 (e 2
), 10^

gik (x) =r\ ih
— &y ih (x) -(-0 (e 2 ).

А 1 = еА {-\-0(е 2 ), C=eC-f-0 (е2). (11)
1 1
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a(x, y) =Oo(x, y) +BGi (x, y) +0 (e2 ),

Oo (x,y) being the world function of the flat space-time:

where

In the first order one obtains [ 3 ]

where we have used the abbreviation
m-=f{w+y\ w+y\ w+y*, w+y^.

Concerning the Ricci tensor Rik{x), the ansatz

leads to

Finally, from the conditions (6), (7), (13), and (15) it follows that the
function W{x,y) can be expressed as

with the notation introduced by Eq. (14).
It should be mentioned that in the case of А {

=С= o, this expression
for W{x, y) was found by R. W. John i[3 ].

4. The first-order tail term

In this section we shall discuss the regular part of the fundamental
solution up to the first order in e

This function distinguishes the general case from the flat space-time
case, where l/+=o:

Using the results of the previous section, we can see that in order e
the integral equation (8) reduces to

when Therefore, using the expression (16) and the identities

we arrive, after integration by parts, to the solution

Oo{x t y)=—i\ ihqiq\

qi ; —х{ у\

1 1
Oi{x,yy=—qiq k Jz о

SiiW =!«iiW+»(e‘l
1

Rift(*)=4r (Л.л+г'д — V,tt-DTa).

д2
where Y : =У], y\ ■ =Ц lг Уы and □ : =x\ lh ■^-r^

IГ(ж,у) = I+4-9'‘/{‘?^(l-М[««]-И|.]}Л+o(е 2 ), (16)
- о 1 1

У+ {х,У)=е У+ (*, У) +0 (е 2 ).

*V+,(x - У)=- /с-МП c-m LlW (г ’ !/)“( z )+°(e2 )•

R< with R:=R'

Iг>*1 г >* 2 .1 1 1 г
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xeZ)+(«/), where qh :=zh ~yh
, S : =C+(ž/)f| C~{x) ; © 0 (z) and С±(г/)

denote the 2-form co(z) and the future and past pointing characteristic
conoids С±(г/) of the flat zeroth order space-time, respectively. This is the
representation of the tail term V+ up to the first order in e.

All the following equations are to be evaluated in flat space-time, in
which geometrical quantities should be denoted by index 0. For the sake
of clarity, we omit it in all unambiguous cases.

We shall discuss now some of the main properties of the solution (17).
From Eqs. (9) and (16) it follows that the function V+{x,y) is con-

tinuous on J+ {y) and tends to

It is worth pointing out that one can derive another, more useful
for the purposes of calculation, representation for V+{x,y). To evaluate
the integral in (17), we make a change of variables. Let us take у to be
the origin, and denote the coordinates of zby (г 1, r, tt, cp), where

The corresponding 2-form 1(0(2) on s'can be written as

where v{z,y) is a regular function. Then it follows from (20) and (19),
by repeated integration by parts, that

on D+{y).
Now, we can combine the results of Eqs. (17) and (21) to obtain;

1

V+ {Х,У%= M{}fc/ +
OJt so 1 J 1

■f[—СМ»+Д«] ) +2c+i- Л- лйио(2),
11'1 О 1 1 j

i

V+(z,</)=—i/{4[C].+ 4 (J.-l)(.[4]-J,[i?]),+8 0 1 11

+Я(Я— 1)</*(2[1=1Ла ]+<гЛ,(Х !)[□/?*])}£&
1 1

when x ->- гe C+ (г/)
,

in D+ (y).

q2=r sin cos ф

= г sin 0 sinep,

qb=r cos-d;

.©(z) = ((Уо(х, у) / (tiiqi) 2 )sin ft cl® Д dcp

with tii : =l , na : =—qa/r, (ct =2, 3,4).
Let a function U{x,y) be defined by;

u(x,y): =—Jv{zt y)(o{z), when xt=D+{y),
s

1 1

■£^У(х.У)=—;l {v.k+ h2 äX(q<[v M]-qk [nv])] a (z) (21)
S 0
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The first integral on the right hand side can be put into the form

Here 2 : =C+{y)f\ J~{x) and dhi{z) denotes the surface element of
2 defined as

where Ejhii are the covariant components of the discriminant ten-
sor With 61234=— 1.

We can now consider the situation that arises when the supports of
the functions Al

, C and Gik are contained in an interior of a world-tube Г
which meets Q. The Eqs. (22) and (23) imply that a sufficient condition
for the vanishing of the tail term V+(x,y) on a neighbourhood D of у is
given by

On the other hand, if a region of space-time D* cz D+{y) is such that

then the second and third terms on the right hand side of (22) vanish
and V+{x,y) takes the form

(Note that the 2-surface 5 is the spatial boundary of 2). We can apply
this to the case when the metric satisfies the Einstein gravitational field
equations. These can be written to the first order as

where x is the gravitational constant and the quantities 7Д are the cova-
riant components of the energy-momentum tensor of sources on the
zeroth order flat space-time. Thus, with the conditions xP* . =0(e2 ) and
supp T ih cz Г, we may express the corresponding energy-momentum vec-
tor P as

(P* are the contravariant components of a Lorentz vector on the zeroth
order space-time). It then follows from (24) thatДог x<=D*,

1

П (*■»)■ l/ 'q> ( / X2 'Л[?я) ю (г) } -

S S
where

Gh. : =Rb—-^—bhß.
1 г 1 г 2 г 1

J (qifVdX[G* i ]) m (z)=(m(x,y))-'fa'4(z)dZi (z). (23)
SO 1 2 1

d2f(z): = f-g (z) BjftK Д dzh Д dz*,
b

2 Я Г=o, УхеД

С+ {у) ПГс2 with sf) Г=o, VxeD*,

V+(x,y) = --~- (ao{x,y))-Vfsnr Gi(z)dSi(z) on D\ (24)

e Gih = 8n% Ti h -f-0 (e 2 ),
i

%Р'= (е/8п) /г П г o‘к (г) d2» (г) +0 (е*),

eV+ (х, у) =—2х (ао (х, у))~2у {Р{
. (25)
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Consequently, on the space-time region D* the first order value of the
tail term is determined only by the energy-momentum vector P of the
gravitational field sources.

Recently the authors of [7 ] have obtained analogous results in the
particular case of a static gravitational field with A h =C =O.

5. Comparison and conclusions

The integral equation (8) has been used to derive the formulae (17),
(18) and (22) for the first-order tail term V+{x,y) of the forward funda-
mental solution. Some properties of V+{x, y) are given in the following
consequences of Eqs. (17), (18) and (22); ,
1. The tail term V+{x,y) vanishes for every xefi and if and only
if the coefficients of the differential equation (1) satisfy the conditions:

This result follows directly from (17) and (18). It is worth to remark
that these conditions in the analytic case were given by P. Günther i[B ].

2. Suppose that only in the world-tube Г the conditions (26) are not
valid and that the space-time region D {x :я e J+ {y), 2f|Г= 0} is
not empty. Then the tail term V+{x,y) vanishes for every xgD;
3. If the metric satisfies the Einstein equations and if the supports of the
sources of gravitational field as well as the supports of A j and C are
contained in a world-tube Г, then on the space-time region D* ; =

C+(t/)f]Tc2, sf|F=o} the V+{x, y) is determined
only by the energy-momentum vector of sources.

In particular, if Г can be approximated as a time-like world-line and
уe Г, then the sets D* and D+{y) coincide. Hence V+(x,y) is to the
same approximation determined by (25) on D+{y). The singular beha-
viour of V+{x, y) on the neighbourhood of the null-cone C+{y) is gene-
rated due to the point source approximation. This corollary is in agree-
ment with the result of [ 9 ] where it is shown that the tails of the radial
outgoing scalar waves appear in the first order in e if and only if the
multipole expansion of the gravitational field contains terms describing
either a gravitational mass or a linear momentum of the source; the other
multipole moments do not contribute to the tail.

The author would like to thank Dr. R. W. John and I. Piir for many
valuable discussions.
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R. MANKIN
LAINEVÕRRANDI FUNDAMENTAALLAHEND KÕVERA AEGRUUMI KORRAL

Kasutades arendust väikese parameetri e astmete järgi, on uuritud hüperboolset tüüpi
lineaarse skalaarse teist järku diferentsiaalvõrrandi fundamentaallahendit. Esimeses
lähenduses on esitatud selle lahendi regulaarne osa (E+) integraalse avaldisena. Oninäi-
datud, et erijuhul, kui võrrand kirjeldab skalaarset välja punktallika põhjustatud gravi-
tatsioonivälja foonil, on V+ esimeses lahenduses täielikult i määratud allika energia-
impulsi vektoriga.

Р. МАНКИН
ФУНДАМЕНТАЛЬНОЕ РЕШЕНИЕ ВОЛНОВОГО УРАВНЕНИЯ

В ИСКРИВЛЕННОМ ПРОСТРАНСТВЕ-ВРЕМЕНИ
С помощью разложения искомых величин в ряд по степеням малого параметра е иссле'
дуется фундаментальное решение общего линейного скалярного дифференциального
уравнения второго порядка гиперболического типа. Регулярная часть (V+) этого реше-
ния в первом приближении представляется в виде замкнутого интегрального выраже-
ния.

В случае скалярного поля во внешнем гравитационном поле точечного источника,
в частности, показано, что в первом приближении V+ определяется полностью вектором
энергии-импульса источника.
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