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In a recent paper [*] there were given two new causal s= 0 wave' equa-
tions, using higher ränk representations. It was also stated that equations
with nilpotent (3-matrices need not be inconsistent. It is well known
that the acausality in minimal electromagnetic coupling is necessarily
connected with nilpotency of p-matrices. The examples of causal equations
with nilpotent (3-matrices [ 2 ] showed that in this case the nilpotency is
not essential but is caused by barnacles (ballast cornponents). Then the
equation is equivalent to a simpler equation with diagonalizable p-
matrices which is known tobe causal [ 3 ].

In this note we demonstrate that the causal s= 0 equations with
higher-rank representations given in [*], are barnacled equations equi-
valent to the Kemmer-Duffin s= 0 equation. Therefore these equations
are not physically interesting, and indicate that the introduction of higher-
rank representations is not useful.

Неге we treat only the equation with representation (1,1) 02 (1/2, 1/2)0
0(0,0), since the other example with representation (1,0)0 2(1/2,1/2)0
0(0, 1)0(0, 0) may be treated similarly. In the notations of the paper
['], the equation is

(1)

Неге {dpA v} s = 1/2(дрЛу+дуЛр — l/2gq lv dp/lp) . There are imposed the fol-
lowing conditions on the coefficients

(2)
(3)

(4)

The condition (2) guarantees the nilpotency of s= 1 block, and leaves
only s= 0 states. The condition (3) gives a unique s—ostate, and (4)
gives the mass term.

Now \ve, using (2) and (3), demonstrate the barnacle structure of
the equation (1). Depending on the choice of the condition (3), we get
different types of barnacles.
1 cas e. bib3-\-bzbi=O.

Letus introduce new vector fields and Dц
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j5)

where a and (3 satisfy
(6)

Using (1), (2), (5), and (6), we get a new system for С й ,

and Ф

(7)

From (7) we can see that Сц =O, and Therefore for Z)
M and Ф

we have a separate equation

(8)

The equation (8) is equivalent to the well-known Kemmer-Duffin s= 0
equation.

As we can see, and are the ballast components (barnacles) [4 ]
and are not playing an essential roie. Introducing the minimal electro-
magnetic coupling by substitution ieO 11, where Фц is the
electromagnetic potential, we do not change the general structure of the
equation (7), and, since C |X=S |XV =O, we have the minimally coupled
Kemmer-Duffin equation, which is causal. In [4 ] it is mentioned that
the ballast components can play an essential roie only in such coup-
lings which change the structure of a given equation, therefore the
coupling must be nonminimal.

The coefficients а and (3 are arbitrary except for the condition (6).
Since one of the coefficients, b i or b 2, must be nonzero, the condition
(6) may be easily satisfied.
2. case. Ип&з+Ы?4 =O.

Now we introduce the following fields and D^
(9)

where a and (3 satisfy d=bzs ЪшфО.
For Cfx t and Ф we get the following system

(10)

From (10) we have a different barnacle structure. For and Ф
we have the Kemmer-Duffin equation. Now, and Сд do not vanish
identically. Using the nilpotency condition (2) which elirninates s=l,
it is possible to verify that S^ v and CV are uniquely determined by the

C(j,=: Ь [А 2В

Dц,=аЛ (i-f- [3 В м

d=b ifi Ь 2аф 0.

S(XV {^|4,Cv}s>
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solution of Kemmer-Duffin equation for D^L and Ф (most easily it may
be verified choosing a= b l and (3 =b 2). Therefore and are ballast
components which do not play an independent roie.

The minimal substitution ieO |t does not change the general
structure of (11), and therefore (10) is causal.

In this note we have shown that the inessential nilpotency (caused
by barnacles) does notlead to the acausality. The essential nilpotency,
asin s= 0 equation with the representation (1,1)0 (1/2, 1/2)0(0,0)0
0 (1,0) 0 (0, 1), gives the acausal equation, as has also been demonstra-
ted in f l ]. So we can see that the usage of higher ränk representations
does not help us to deal with causality problems. Higher-rank represen-
tations always introduced additional spins which had tobe removed by
nilpotency. therefore the higher-rank representations allowed low-spin
eqtiations with nilpotent |3-matrices. If the nilpotency is essential, we
have acausality; otherwise we have barnacled equations which are equi-
valent to the simpler equations without higher-rank representations.
In conclusion, the introduction of higher-rank representations is not
useful.

In our case the barnacles are caused by the repeated representations
(two vectors Лц and В») . As it was first demonstrated in [s ], in the case
of repeated representations onehas an additional freedom to mix them
by unitary transformations and eliminate some of the linkages (see, for
example, the Amar-Dozzio equation in [ 4 ]). This freedom means that
using repeated representations one, in general, gets the barnacled
equation (contrary to the proposition [ s ] stating that we get independ-
ent equations).
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