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ON THE DEGREE OF THE MINIMAL EQUATION
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(Presented by А. Humal )

In this note \ve deal with the first-order single-mass wave equations
(1)

As it was shown in fl ], the minimal equation of (5° matrix must have the
form

(2)
Proceeding from the quite general assumptions, Umezawa and Vis-

conti proved that L = 2sm —1, where sm is the maximum spin in тр
pepresentation [2 ]. Although the latter relation is valid in the case of
many equations, it is not universal. In [3 ] it was demonstrated that it is
possible to get equations, where L>2s m —1. The Umezawa-Visconti con-
dition was also analysed in [4 ], where it was proved that 2s

sm — 1 (s is the physical spin in (1)). As it was demonstrated in [ s ],
there are no general spin-dependent expression for L, the degree of the
minimal equation (2) depends on a general matrix structure of (3°.

The problem of the degree of the minimal equation becomes actual
due to the consistency problem of high spin wave equations. It turns out
that in the presence of external fields equation (1) becomes acausal if
(3-matrices contain nilpotent sub-blocks (L> 1). Therefore the acausality
depends on the general algebrale structure of (3-matrices and on the
knowledge of upper and lower bounds on L. In some recent papers
[ 6~B ] the restrictions on L were re-examined anew. As we shall show, the
resultš based only on group-theoretical argumehts are not, in general,
valid. One must take into consideration also the number of irredueible
representations with a given spin s and the existence of free parameters.

Letus examine the general structure of (3° matrix and elarify the
restrictions which one must take into consideration calculating L. Suppose
ip is deeomposed into direct surn of irredueible representations i=
= {ki, U) : 10 20 .., or. Then (3° is written in the following general
form [ s ]
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(3)

where а,ц are arbitrary free parameters, Aj are matrices which are
expressed with the help of spin projection operators ts

{
.

(^)

where the summing is over all common spins in i and /. Only these tij
are nonzero which correspond to linked representations i and /. Coeffi-
cients aij(s) are uniquely determined by i and j [s ].

Ii is useful to decompose (3° into the sum [ 5 ’ 9 ]

(5)
where (3S indudes spin projection operators" tB

.. of a given spin s. The
investigation of minimal equation (2) reduces to the investigation of
rhinimal equations of (3 S . As it is shown in [ s,э ], the minimal equations of
(3 S are:
1) equation (1) describes partides with spin Si

(6)

where {a t = 0 only in the case of Dirac bispinor);
2) equation (1) do not describe partides with spin Sj

(7)
where bj^ 2. The degree L has a general upper bound

(8)
The reason why some of the (3 S must be nilpotent and satisfy (7) or

contain nilpotent sub-blocks (if at~> 1) lies in the fact that in general
the decomposition (5) contains more spins than one wants to describe by
equation (1).

In [ s ] \ve have shown that minimal equations of (3 S are limited by the
number of irreducible representations {kiji) which carried spin s. When
there are n irreducible representations which carried spin s, the investi-
gation of (3 S reduces to the investigation of some nyn matrix formed
from ciijarj (s). The upper and lower bounds for ai and bj depend on the
dimensionality n and on the choice of free parameters aij, and therefore
have not uniquely determined. The maximal upper bound is determined
by the maximal dimensionality nm of reduced |3S matrices, and L cannot
exceed nm . Analogical results are also given in [6 ], using similar argu-
ments to those in [ s ],

As we have mentioned, the minimal equation of (3° depends also on
the existence of free parameters
ent parameters is restricted, it depends on a given representation,
linkage schema and additional restrictions, as the parity conservation
and derivability from lagrangian. As it is shown in [ lo ], the number of
free parameters restricts the structure of possible equations with a given
representation. The representation (1, V2)0 (0, V2)0(V2,0) 0 (V2,1), for
example, admitsthree types of single-mass equations with L— 2, 1 and 0,
respectively [5, 9, ioj н еге we have no spin-dependent expression for L.
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Also, the lower bound proposed in [7 ] does not take place. From [ 7 ] one
must have L^2- 3/ž —I=2,

In [B ] it is supposed that onehas a general lower bound L>2s —1,
where s is a physical spin in (1). The representation (s, 0) 0 (s±V2, Vz)
and parity-doubled representation gives us the example where L= 1
independently on spin s (L = 0 only for Dirac bispinor), so the above
condition is notin general valid.

The restrictions on L given in [ 3 > 4 - 7-8] are derived using similar
general arguments >to those in the original work of Umezawa and Visconti
[ 2 ], These proofs based on the existence of Klein-Gordon divisor and its
general group-theoretical transformation propertieš. Since the existence
of independent parameters is nottaken into consideration, the results
are not, in general, valid. Also the supposition that Klein-Gordon divisor
transforms like ф 0 ф or like symmetrical tensor contained in x\) 0 aj), is
not correct. Klein-Gordon divisor d{p) is a polynomial in [ 5 - 7 ],

and in Lorentz transformations p~+p' we get d{p)-> d{p') . Also, the
transformation propertieš of (3K |3^(3’ J , ... are not correctly interpreted.
S_l (A) (A) =A%(3U is an invariance condition of equation (1) and
means nothing more than the op representation is composed of linked
irreducible representations, i.e. that SO(V 2,

l /2 ) td S.
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