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1. Let |=(|i, |2, |n) T be an observable and q— (т|ь Ц2, •••, qm) T

a non-observable real-valued random vector. Denote by E the operator
of mathematical expectation.
Let

Щ= Eg, Шщ—Ец, D|=E[(| mi) (| m{) T ],

Dr)i= Е[(т) тт,) (I m 6) r ], £>n =E[(r] mr,) {ц тц) Т ].

Let R mXn
be the space of all and Rm the space of all

m-vectors with norms ||Л|| = [tr (AA T ) ]’/2 and \\a\\= {aTa)'l2
, respectively.

We shall consider the problem of the linear estimation of the vector
t| by I so that the mean square error will be minimized. If IЩ, mg,
and Di are known, the result may be found, e. g. in j l ].

In the present paper the case is considered when we do not know
mn and exactly, but a set Kc-R mXn and a set *S cz R m are given
such that
estimate for q.

л
Definition. The linear estimate q=Lo|+c o (Lo e RmXn , co^Rm) is
called the minimax estimate with respect to the sets К czR , scz Rm
if

max E[(L|+c q) T (L|+c q)] \ L=u, c=c„=
D K,m eS

Tls Л '

= min max E[(L|+c q)r (L|+c q)]. (1)
L<£R mXn’ C6EJ? m Dr\l eK,m^S

A set SaCißm is called symmetrical with respect to a^R m if Sa =S-)-a,
where Sczß m is a symmetrical set with respect to all co-ordinate axes.

In the following we shall suppose for simplicity that m% =O.
2. Let us formulate the main result of this paper.
Theorem. Let Кcz R and Sa c= Rm be closed convex bounded sets

mXn
Лand let S a be symmetrical with respect to ai= R m . Then q=Lo|+c0 is the

linear minimax estimate for q if c o=a and L o=D°D+, where45 5
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tr (^Dt^) = min iriD^DtD^)
\fK

and D+ denotes the pseudo-inverse of D%.
Proof. Transform the expression on the right side of (1).

min max E[(L|+c-ri) r№fc—П)] =
LeR , ceR D teK,m eSmXn’ m r\l t] a

= min max trE[(L|+£ rj) (L£-fc — r]) T ] =
Leß mX n’ C(Bß m Dr,i eif’ mneSa

= min max tr(LZ)|L T 2öTlšL r +Z) tl )+
LeR , D tefmXn rig

-j- min max [ (c mTI ) T (c mn)].
C(=R m gSm r\ a

It is evident that the function on the right side of (2) is convex in
n and concave in Using Theorem 37.3 [2 ] and the

fact that the rank of cannot be greater than the rank of D%, we can
rewrite (2) as

min max tr(LZ)^Lt—2Z) T]|Lt4-+ min max [(с—тц ) т {с— mn )] =

LeR D .eJT ceR m eSmXn riš m r\ a

= max min tr {LD^L T —2DniLT -\-Dr] ) + min max[(c—тц ) т {c—

D vgX L(=R ~ сей mgSr]l mXn m r\ a
(3)

= max min tr [Оц {LDz D nl)Dt {ЬОг Dnl) T ]+
D LeRr)g mXn

__

-j- min max[(c mTI ) T (c тл )].
ceR m eSm i\ a

+ 0 +

As Di it follows that the minimax matrix L 0 is equal to ,

0 4“
where minimizes tr(Al gZ)g subject to The correspond-
ing minimum exists according to Theorem 2.1.2 [3 ],

It remains to prove co—a. Using Theorem 32.3 [Ц, we have
min max [(c пгц ) т {с тц ) ] = min [{стц (c)) T {c —mn (c)) ],
cGfi m gS сейm r\ a m

where sgn (тл (c) —a) =— sgn (c —a), m n {c) belongs to the boundary
of S a and sgn {b i, b 2, ...,

b m ) T =(sgnhb sgn b
2, sgn b m ) T

. There-
fore c o=a. This completes the proof.
Remarks;
1. It follows from the proof that the maximum mean square error of
the linear minimax estimate q=L o^+c0 is

max E[(L og+co —Ti) T (Loi+c o —ii)] =
D

, <=K , m eS
Tl 5 T) a

tr(Z) n + max [(a mT] ) r (a m^)].
m eSЛ a
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2. If m| is known and not zero, we estimate q by |— mg and the
minimax linear estimate is equal to (| m|)~f-a.
3. If is known, the Cramer—Rao inequality yields e Ki, where
Ki={A RmXn :ADi AT^.D r]}. In this case we can take КП Ki instead
of K.
4. If г] and I are two jointly Gaussian random vectors, then the linear
minimax estimate for q by | is also the minimax estimate and equals
Em(qll), where E m is the conditional expectation with respect to the
least favorable distribution of q and g, i. e.

min max E [{g{l) r\) T {g{l) y])] =

geG D .eK, m eSriS ri a

■= min Em [ {g (|) q) T {g (|) —q) ]—E m [ (Lo£+c o q) T (L o|+co —q) ],
gsG

where G is the set of all measurable functions.
3. Now let us consider a simple example to illustrate the results given
above.

We consider the problem of the linear estimation of the m-vector q
in the model

' (4)
where g is an of observations, A is an n X m-matrix of known
elements, e is an n-vector of the noise, dependent on q.

Let тц , Dn, D s be known and let me=o НД^И^с2
, where c is a

known scalar such that с2 <||l)Т1 Лт || 2 .
We get

II Дгё Dr]A T \\2 =HD^elP^c2
.

It can be shown that the function tr DtA is minimized subject to
||£Л| -/М Т ll2^2 by

04=[1г(Вч Лт^ЛДп)]-,/.{[lг(ОИт О+ЛОl| )] ,'.- с [4гД+] , '.}Оч (5)
Therefore the linear minimax estimate for q by | in the model (4) isло+ о + о
= DifcDi А)щ, where is determined by (5), D%=

=ADr]A T -\-De and I is the identity matrix.
If c^\\DnA T \\2

, then D°i=o and q= mT) .
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