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The action integral of a relativistic string is generalized to n-dimensional objects in
m-dimensional space. It can be brought to the action for m—n-component fields in n-
dimensional space. We call such object «sympleon». The corresponding equation is
hodograph invariant via the equivalence of the initial coordinates. In the case of
one-component field the scalar Born—Infeld equation is obtained.

The action integral for a relativistic string, which is closely related to
dual models [l>2 ], is known to be

where 1° and Š 1 are the internal parameters of the string, £° being proper
time and Š 1 any longitudinal parameter. This action is obtained by means
of a generalization of the action integral for relativistic point mass where
only one parameter g° is involved.

Such a generalization can be continued. For instance, when taking 3
parameters |°, 11,I 1 , 12,I2 , a corresponding relativistic membrane is obtained.

The action integral for an /т-dimensional object moving in m-
dimensional space (m>/z) is

where

The coordinates xl of the object are functions of the parameters

Now, one can consider /т-j-l coordinates, say x°, x l
, ..., xn

, as inde-
pendent and the remaining m— n ones as their functions

The quantities фа resemble certain m /т-component fields in n-
dimensional space.

Next, a question of interest is what Lagrangian and field equation
follow for these fields.

The matrix g can be split into two parts;
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S=-a ff.../ d\°dl' ...dl* У-det g, (2)

dxi dxi j. (i,* =O, 1. .... n,
*“ «)=—*’**' X=o, 1 m). (3)

xk = I1
, I»). (4)

ха =фа(х°, хl , х п ), (а п-\-\, . т). (5)
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(6)

Since сра are functions of x*, their derivatives can be expressed as

(7)

and (6) takes the form
(8)

where
(9)

Following the rule for the determinant of a matrix product, one can
obtain from (8)

where ~ equals the transition Jacobian between the two sets of
(j

coordinates | and x
(И)

Thus, action (2) takes the form

The integration variables could be changed via remarkable property (10)
which enables factorizing the Lagrangian to a corresponding Jacobian.
We call an object with such property «sympleon» (we keep in mind two
Greek words meaning «quite full» and «that floating together»).

If m =n-\- 1, the field ф а has only one component and it is easy to
get the' Lagrangian

which belongs to the scalar Born—Infeld equation. For n= 1 the equation
is

A relation between (1) and (14) was shown in [ 2 ] and it is of an
essential significance, because the scalar Born—lnfeld equation (14) has
soliton solutions. So there exists a certain connection between the two
equations belonging to different extended-particle models the string
and soliton ones.

Another significant feature of equation (14) is that it is hodograph
invariant, i. e., it conserves its shape when interchanging the roles of
the field function and the coordinates. The hodograph invariance is a
consequence of the fact that this equation is obtained from sympleon
action integral (2), where arbitrary coordinates can principally be taken
as field components. The fact is that every field equation obtained in this
way from sympleon action integral (2) is hodograph invariant.

For vector fields (n =3) it should be mentioned that the equation
obtained from (2) and (3) is not gauge invariant. This means that all
the derivatives cannot be involved in the forms

U a {i,k =O, 1, п,
gik =—{x', i Xllt h-\-y,i4)a,h), Ц= 0,1, П,

а =п-\-\, ..., т).

а 0фа а |х

У' { =

V \x
§ih ==z —X t iQ)v X\xt h,

jx cc ,|x
Ov =6v +'tp,v(pa •

У—detg=—ydet Ф , (10)

—=det x,iü

5= —a //.../ dx0 dx 1 ... dxn ydet Ф .
(12)

L= — а}l ,
( (li=O, 1, ..., /г) (13)

2 2(1 — Ф )о)'Ф,иН“2ф
(
lф > оф,оl —(1 —f— фд) ф,оо=o. (14)
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(15)

This is why we cannot get the Born equation Lagrangian [3 ]

(16)

which is a three-dimensional generalization of (13).
Action (2) with (3) is not the only form for a sympleon. For instance,

if the space-time dimension is even, there can be 2{n-\-\) =m-\-\ and
instead of (3) the symplectic scalar product can be applied in (2):

In case /г=3 it leads, instead of (8), to

which obviously describes a sympleon and, besides, leads to a gauge
invariant Lagrangian. Since there is no field equation corresponding
to it, one should take a linear combination instead:

but now the gauge invariance is lost again. The latter can be restored
only by declining from form (19).

When taking instead of (3)
§'ih~\~igih, (20)

where

is the first term in (6), then the Born—Infeld vector equation with Lag-
rangian [4 ]

where

can be obtained. Here the hodograph invariance is lost via cutting down
equation (6). Apparently, in the considered approach, these two sym-
metries are mutually exclusive.

The authors are indebted to A. Barring for helpful discussions.
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