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ON g-CONCAVE FUNCTIONS AND PROBABILITY MEASURES

The notions of convexity and concavity play an important role in many
aspects of mathematical programming. To extend the classes of convex
and concave functions, various concepts of generalized convexity and
concavity have been introduced and investigated by several authors, e. g.,
[ l—7 ]. In particular, Avriel and Zang [*] introduced the notion of G-con-
cave function. In the present paper the concept of G-concavity is, in a
slightly modified form, applied to probability measures and investigated
from the stochastic programming point of view. The results generalize
those of Prekopa [2 ].

Let g:Gi -> G 2, where Gb G 2 SR\ be a strictly monotone increasing
function.

Definition 1. A function f:Fx -+F2, where Fx^R n is a convex
set and F 2 sG b is called g-concave (g-convex ) on F\ if g{f{x)) is con-
cave ( convex) on F x .

In other words, f{x) is g-concave on F x if

for all xh x 2 eFi and Z [O, I].
It is obvious that if f{x) is g-convex on some set F then —f{x) is

g-concave on this iset.
The concept of g-concavity differs from that of G-concavity introduced

by Avriel and Zang [ ! ] only by the fact that gis a strictly monotone
increasing function, whereas G is supposed to be only strictly monotone.

The logarithmic concavity [3 ] is a particular case of the g-concavity.
In this case g(/) = In/. On the other hand, there are functions which
are not logarithmic concave but are g-concave. For example, f{x) = x 3,

xe R l is negative on the set and hence it cannot be logarithmic concave
3_

but it is g-concave if g(/) = yt.
Let us establish some properties of g-concave functions.
Theorem 1. A function which is concave on F x is g-concave on F x

with respect to every g{t), concave on F 2.
Proof is based on the fact that a monotone increasing concave

function of a concave function is concave.
Theorem 2. Let g(/) be a differentiable function on F 2. If f(x) is

differentiable and g-concave on F x then it is pseudo-concave * on F x .

* A differentiable function h: F x -+F 2 is called pseudo-concave on F x if for any
x b x 2 eF x h'(x x ){x2 —xd sg 0 implies h{x2)
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Theorem 3. A function which is g-concave on some set is quasi-
concave ** on that set.

Proofs of theorems 2 and 3 are readily obtained from [ l ].

The converses of the theorems 2 and 3do not hold. One can find
pseudo-concave and, all the more, quasi-concave functions f{x) for which
no such strictly monotone increasing function g(t) exists that g(f(x)) is
concave. For example, let us consider the function

where R l
. It can be easily shown that this function is pseudo-

concave. To show that ф(х) is not g-concave we ishall prove the following
lemma.

Lemma. On the set [a, oo] concave, monotone decreasing and
bounded function h{x) is constant on this set.

To prove this statement, let us denote m inf h{x) and Nl=
x<= [a, oo)

= sup h{x)=h{a). If h{x) is not constant then M>m. Let us choose
xe [a, oo)

|—e>o, x so that h{x) <w+e, xi a and x 2 so that x =—-—. Because

of the concavity of h{x) we have =h h{xi)4-

+~h{x2 ) =-^-A4+-^-/i(x2 ) Therefore, m+e>-(M+m).
y\q fYi rn-\-A 4If we take now e— - >O, we come to the contradiction —-—>*

Z £

m-4-M
i> —-— and, hence, h(x) must be constant.

Let us assume now that there exists a strictly monotone increasing
function g(t) so that g(cp(x)) is a concave function. Then g(t) must be

defined on the set —oo, n j. Therefore go=g(cp(0)) —g( 4
~ )

and g 1 = g(cp(-foo)) —g — -—-j are finite. So g('cp(x)) is a concave

monotone decreasing and bounded function on the set [O, 00). By the
lemma, g(q)(x)) is constant. But this contradicts the condition that g{t)
is strictly monotone.

Theorem 4. If f(x) is g-concave on F it X F 1 is a convex set and
maxf(x) exists then g(maxf(x))=maxg(f(x)).
xel lei xel

Proof. Let maxf{x)=f{x*), Then for every
xel

xeX. As g(t ) is a strictly increasing function, g(f(x)) ). Con-
sequently, max g(f(x))=g(f(x*) ) g(max f(x)).

x<=X xeX

Theorem 4 can be used to replace the problem maxf(x) with an
jcel

equivalent concave problem max g(f{x)) as soon as f{x) is g-concave.
xel

In stochastic programming problems containing probabilistic cost func-
tions or restrictions it is important to have conditions under which these

** A function h{x) is called quasi-concave on a convex set Fi^R n if h{Xx 1 +
+ (I—X)x2 ) min[h{xi), h{x2)] for every xu and every X<= [O, I].

\——*4 т—, if
фОО= < 4 4

I —arctgx, if x~>\.
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functions are g-concave. For this purpose we shall introduce the following
notion.

Definition 2. A probability measure P, defined on a o-algebra
2of sets from Rm

, is called g-concave if for every pair of convex sets
A, Вe 2 and Äe (0, 1) the inequality

(3)

holds.
'

This notion is a generalization of the logarithmic concave probability
meaisure considered in [2 ].

Theorem 5. If f{x, y) is quasi-concave on R n+m
,

x(= R n and
уe R m is a random vector corresponding to a g-concave probability
measure P then the probabilistic function v{x) P[f{x, y) 0] is g-
concave.

Proof. Let us denote H (x) ={y : f {x, y) o}. Then
v{x) =P[H{x)]. (4)

As the function f{x, y) is quasi-concave, so

f(UT+(l— Я)х2, Ьух+{l Х)Уг)> min [f{Xi,yi), f{x2,y2)]. (5)

Any element of the set XH {x — X)H{x2) can be expressed in the
form XyiA~ (1 — X)y2 , where yl^H{xl), y2^H{x2), i. e., /(*i, gi) and
f (x 2, g 2) Because of (5) f{Xx i-F(l — X)x2, XyiA~ (1 —X)«/2 that is
Xyi +(l—X)y2 <= H (Xxx +(1 X)x2 ). Therefore, H [Xx y -f (1 X)x2 ) 3
=>XH{Xi) + { l—X)H{x2 ) andP{H{lxiA-{\-'h)x2)}^P{lH{xi)A-{\-l)X
X#(x2)}. Taking into account the monotonity of g{t) and the g-concavity
of the measure P we get g{P[H{XxiA~ (1 — X)x2 {x
+(1 X)H{x 2)]} Xg{P[H{x l )]}-{- (1 X)g{P[H{x2)]}, and hence,
because of (4), g(u(Ui+(l A)x2)) >Ä,g(ü(*i))H-(l Ä,)g(ü(*ž>).

In conclusion we shall demonstrate that the probability measure cor-
responding to the one-dimensional Cauchy distribution is not logarithmic
concave but it is g-concave if g(7)=tg [я (t — 1/2)].

In one-dimensional case a convex set is a segment, a semi-segment
or an interval, i. e., it is determined by a couple {u, v), where u, v are
either numbers or +°°, or —OO and u<gv. If A = {uu v\), B = {u2,v2) then
ЯЛ+(1 —X) B =(kUiA- (1 — X)u2, Ä,üi-p(l X)v2) and (3) takes the form

g {P{Xu 1+ (1 X) u
2, Xv x+ (1 —X) v 2)} >Xg {P{uu v 1)}+(l X) g {P{u2, u 2)}

that coincides with the condition of g-concavity of a function of two
variables.

Let us show that the function P{{u, u)} =~(arctg v arctg u) cor-
я

responding to the one-dimensional Cauchy distribution is g-concave if
g{t) l/2)] but is not logarithmic concave. To demonstrate it
we shall evaluate the matrices of second order derivatives of the func-
tions In [l/я (arctg v arctg w)] and tg v arctg u) — 1/2)]

(—
14-2и(arctg u— arctgw) 1 \

(1+^2 ) 2 ' 0+«2 ) (1-И2У
1 —1 —2u (arctg v arctg u)

■(l+m2)(1+u2) (1 + 2 ) 2

(6)
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and

(7)

respectively.
If —1 -j- v arctg u) C> 0 (e. g. и = 1, v —4) then the ele-

ment in the first row and first column

Consequently, (6) is not a negative semi-definite matrix for every
u, v e Rl .

But it is easy to see that the matrix (7) is negative semi-definite for
every u,v <= R l and hence the function tg[tt(l/ji(arctg v arctg и) — 1/2) ]
is concave.
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Eh a TAMM

g-NOGUSATEST FUNKTSIOONIDEST JA TÕENÄOSUSMÕÕTUDEST

Defineeritakse g-nõgusa funktsiooni ja g-nõgusa tõenäosusmõõdu mõisted kui vasta-
valt logaritmiliselt nõgusa funktsiooni ja logaritmiliselt nõgusa tõenäosusmõõdu üldistu-
sed. Vaadeldakse g-nõgusate funktsioonide omadusi ja esitatakse tingimused, millal lõe-
näosusfunktsioon u(x) =P[f(x, y) on g-nõgus. Näidatakse, et ühedimensionaalsele
Cauchy jaotusele vastav tõenäosusmõõt on g-nõgus, kuid ei ole logaritmiliselt nõgus.

Эбу TAMM

О g-ВОГНУТЫХ ФУНКЦИЯХ И ВЕРОЯТНОСТНЫХ МЕРАХ

Определяются понятия g-вогнутой функции и g-/вогнутой вероятностной меры
как обобщения логарифмически вогнутой функции и логарифмически вогнутой веро-
ятностной меры соответственно. Рассматриваются некоторые свойства g-вогнутых
функций и даются условия, при которых функция вероятности v (х) =•P[f(x, у) 0]
g-вогнута. Показывается, что вероятностная мера, соответствующая одномерному
распределению Коши, g-вогнута, но логарифмически пеногнута.

2 / l-f-u2 —uv —1 \

{и ü)3 V— uv —l 1+м2 ./

l+2M(arctgi» arctgw)
(arctgt» arctg w) 2 (l +w2) 2
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