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THEORY OF NUCLEAR MAGNETIC TRIPLE RESONANCE SPECTRA
IN THE CASE OF WEAK RADIO-FREQUENCY FIELDS. I

Signals observable at frequencies different from the frequencies of the
external magnetic field are well known in the high resolution NMR spec-
troscopy. The modulation of the static magnetic field [ ! ~3] or of the frequency
of a strong rotating magnetic field [ 4- 5] gives rise to those signals. Another
type of signals caused by strong rf fields is predicted by Bloch [6 ] and indi-
cated by Anders and Baldeschwieler [7 ]. In general, the steady state solu-
tion of the density matrix equation describing the multiresonance experi-
ment includes terms altering in time with frequencies that are combinations
of the frequencies of external magnetic fields. Thus, the question of observ-
able signals at these frequencies arises. A previous investigation of the
double resonance problem [B] has shown that two weak rf fields are, in
general, insufficient to cause signals at combined frequencies with an
appreciable value. It is the special purpose of this work to show that sig-
nals at combined frequencies must exist in the case of triple resonance. In
order to do that, the theory of triple resonance spectra is presented.

The following presumptions are assumed to be fulfilled below. I) The
system of nuclear spins of the representative molecule (the spin system)
consists of identical spins with a positive magnetogyric ratio y. 2) The
time-independent part of the Hamiltonian of the spin system has no
degenerate eigenvalues and equal differences of eigenvalues. 3) The three
rf fields and the relaxation may be considered as weak[6].

1. Steady-state Equations for Triple Resonance

Definitions
Signals observed in a nuclear magnetic resonance experiment can be

calculated on the basis of classical electrodynamics if the time dependence
of the nuclear magnetic polarization vector

of the liquid under investigation is known. The operator of the nuclear
magnetic polarization vector M of a solution with N molecules of actual
interest per unit volume is given by
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M =Tr(oM) (1.1)

—> ■>м = NyhF, (1.2).
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where hF denotes the summary spin of the spin system. The calculation of
—>

M requires, therefore, a knowledge of the density matrix

(1.3)

describing the average behaviour of a statistical ensemble of identical
spin systems interacting with external magnetic field

(1-4)

and with molecular surroundings. If the ensemble placed in a static mag-
netic field H 0 is in thermal equilibrium, the density matrix g 0 can be cal-
culated on the basis of the equilibrium statistical mechanics [ 9], At a not
very low temperature T the Boltzmann distribution is given by

(1.5)

In this investigation it is assumed that the time-independent part of the
Hamiltonian of the spin system

(1.6)

has Z nondegenerate eigenstates given by the equation

We further assume that equal differences of eigenvalues p do not exist.
In the presence of radio-frequency magnetic fields (1.4) the ensemble

does not remain in thermal equilibrium and the density matrix (1.3) is
time-dependent. Equations describing the time-dependence of the density
matrix (1.3) in the case of an isotropic and nonviscous liquid are given
by many authors [6Д°— 15]. In our case where Hq> H\ and the rf fields H\
and the relaxation are assumed to be weak [6], these equations take the
simpler form

In the equation (1.8) the interaction of the spin system with rf fields is
given by

(1.9)
where

(1.10)

The interaction of the spin system with molecular surroundings is taken
into account by the relaxational term Г(х). In the representation defined
by the equation (1.7), the relaxational term in the Redfield notation [u ]

Of(o=tfo+ x(0; Тга=l

-> -> 3
H = HQk -f- i]£2Hx cos сох t

(Уо 1 Q •

hW Q 4- • l Ä),
j J< к

Но 1 P > = P 1 P >- (1.7)

§ + i[Но + H(0, х]= Г (х) +iq [Н (/), Н o]. (1.8)

hH(t) =h tD+x+ D-x e
'V ,

x=i

D ±x =— - yHx F ± ; F ± =Fx ± iFu .
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contains only terms satisfying the relation r—p= t s. This is the
consequence of the weak rf fields and weak relaxation conditions

In particular, in the case of a nondegenerate spin system

where the relaxation coefficients are given by

(1.15)

In the equation (1.15) it is assumed that the molecular surroundings are
described classically and their interaction with the spin system is given by
the stationary stochastic operator G(/).

It is useful to transform the equation (1.8) into a frame rotating with
—^

angular frequency o>i&. Then any operator L will transform according
to the equation

Considering the equation (1.8) as a matrix equation given in the
representation (1.7), one obtains from (1.8) by transformation (1.6) the
equation

where the notations

(1.18)
have been used.

On the Steady-state Solution

The steady-state solution of the equation (1.17) can be obtained in the
form of a double trigonometric series

(1.19)

In the further treatment the time-independent matrix %n m is referred to as
the пт-ih harmonic of the deviation matrix x(0-

1 (r-p) - V-S) I » v-Ях, R prsl . (1.12)

-<р|Г(х) \r>=— =nUvps +w-WO). (1.13)
1pr 2 S z

<P 1 г (х) IP> ~2 (< s lxl s > </7 |xl/7 >}> <l-14)
5

Wps Rppss JpspsiP s),
+®

I <<P I G(/) Is> <Cp] G{t —x) 1S>*>£? tün dt.
oo

L = TLX“ 1 ; T =e~ hoiF z. (1.16)

§ + i[Ho + ®,F*+H(o,X'] = r(i) + i9[H(O, Ho), (U7)

H(t) =i: D +x e'Q x' + D„X e-'°x',
X—l

ßx - СОХ COl,

X(0 =ÜEb.eil' !,+B2')'

/г /и
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Since x(0 is Hermitian

(1.20)

The normalisation condition is satisfied if Tr {ynm) == 0.
Inserting (1.19) into the equation (1.17) one obtains a set of coupled

algebraic equations

In order to make the equation (1.21) more compact the following;
convention of indices has been used

As further shown the resonance property expressed by first two terms of equation
(1.21) enables to greatly simplify this system of equations. As the conditions (1.12)
are being fulfilled, the series (1.19) converges rapidly and only some harmonics will
have matrix elements with appreciable value. Then in a first approximation one obtains
from (1.21) a finite set of equations determining matrix elements of the harmonics as
a function of the parameters characterizing spin system and molecular surroundings and
of H x .

Inserting (1.19) into (1.1) one obtains the following expression for
the «/-component of the nuclear magnetic polarization vector

(1.22)

where

(1.23)

Since the nuclear magnetic resonance signal induced in the receiver coil is
proportional to—-[ 16], the expressions of vnm and unm represent absorp-
tion and dispersion signals detected by a lock-in detector at frequency
coi + nQ, 2 -)- mQ, 3 .

Usually signals at one of the frequencies wx are observed..
According to (1.23) only the harmonics xoo, Xio, Xoi will contribute to those
signals. It is then the special purpose of this work to determine conditions
of existence of harmonics упт contributing to signals at frequencies differ-
ent from co x . In order to do this, let us first write down the equation (1.21)
in matrix elements.

<rh-n.-m]p> = <p\inm\r>*.

i [H O + (OiF2,
+ + 3 )bm +

3
_ _ 3

IJE , Xn’m'] + [D—X , Xn'm'']} :; Г (Х/гт)+ 4 Ön 'o Õ m'o [D +X ,
H o]+X=l X=l

(1.21)
ЩŽj б«"о Ьщ" о [D_x , Н o].

x=i

n'=n"= n, m' —m"= m, if X= 1;
n' —n— 1, n" = n - J- 1 ? m' =m"= m, if X= 2;
n' =n"= n, m' —m— 1, m" = m -J- 1, if X= 3.

Му {t)=-Z2 vnm cos (coi + nQ2 + mQ3 ) t -J-
-n m

~h Unm sin(töl -f- n0,2 -f- tnQз) t,

M- = M* Шу ,

Vnm = mSlm{<P\lnrn\rXr\m-\p\>},
P<r

Unm = H 2 Re { < p ] Xnm I Г > < Г | M- | p > }.
P<r
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Equations of Diagonal Matrix Elements

Using the formula (1.14) and taking into account the fact that F 2 com-
mutes with H 0 one obtains from (1.21) in the case of a diagonal element

(1.24)

It is seen from equation (1.24) ; if

(1.25)

only the harmonic %0 о will have diagonal elements of appreciable value.
Neglecting further diagonal elements of other harmonics, the abbreviation

(1.26)

will be used below. In the case of elements (1.26) the equations (1.24) can
now be written in the form

(1.27)

where

(1.28)

:and use has been made of the relation (1.20).
The equations (1.27) can be represented in a more convenient form by

introducing the following row-vectors

(1.29)

With these notations the equations (1.27) are given by

(1.30)

To this equation the normalisation condition

(1.31)

is to be added.

Z Wps {<S I \nm |s> <p\tnm\p>} = i{nQ2 +

3
+ mQ3 ) <p j Xnm \P>+i H <P I [D +x, Xn'rn ]P > +

X=l

4“ <C P\ { D-X, Xn"m" ] I P^>

02 , Q WpSt yH x

< P I Хоо ]р> = lp

Л wps (Xs - хрУ= ŽiSК-Z Кр >.
S А=l гур Г<,р

lpir = 2lm{ < p \ Xoo Ir> < г I D_! |p> },

/f= 2 Im { < p j xio I r > < r J D-г j p > },

/Г= 2 Im{ <p j xoi I r > < r j D_ 3 | p > },

X = {la, lb, • - -
}

Wp = {Wpay wpb,. .
.

rpp =-2 wps
S--¥= p

vp -x=-tl2ir-2:iT }.
>—l гУр r(p

H Is = О
s
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Let now the row-vector удг denote the solution of the system of equa-
tions

(1-32)

One can then be convinced that the solution of equations (1.30), (1.3!) is
given by the superposition

(1.33)

The system oi Z • 1 equations {1.32) is in fact a system of equations
of diagonal elements that is received by considering the monoresonance
problem [ 6]. Bloch has shown [6] that the solution of equations (1.32) can be
expressed as

(1.34)
where the row-vector

(1.35)
is the solution of equations

(1.36)

The components of the row-vector (1.35) depend, therefore, upon the values
of relaxation coefficients (1-15) and upon the position of the transition pr
on the energy level diagram, but they do not depend upon a>x, Hk .

Inserting now (1.34) into (1 .33) one obtains

(1.37)

It follows from (1.29) and (1.37) that

(1.38)

(1.39)
where

-4 ENSV TA Toimetised F * М-4 67

* 5^r =o,if s p, r

2Jx£ =O.
5

z X=l p\r

xT = /f трг,

fpr = (Tpj , 7f.... }

rp
■ = 1,

Wr‘TPr = —1,

l^s • 7^r =O, if sp£ p,r
v JV"- —o.

5 5

■» 3
x у i^r T- rr .

x=i р<г

•b,-x, = SZSif T&.
s < t X= I

ГSt rpSl nr*Si
prl *■ p * г •
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The population differences are, thus, given by

(1.40)

Inserting (1.40) into (1.21) one obtains a system of equations con-
sisting only of the off-diagonal elements of the harmonics (in particular of
those appearing in the signal formula (1.23)). The quantities (1.39) can
be calculated by solving the system of equations (1.36) with the use of
direct current electrical analogue [ 6] or analytically as in [ l7 ].

Equations of Off-diagonal Matrix Elements

To bring out the importance of the selection rules of the matrix ele-
ments of the operators D ± xin the representation (1.7), we introduce a.
new upper index denoting the order of off-diagonal elements

and Mp denotes the eigenvalue of the operator F 2 in the state |p >. With
the notation (1.41) the relation (1.20) is now to be written in the form

(1.42)

It is further to be noted, that only the matrix elements of the order k I
are included in the equations (1.23), (1.28).

By taking into account the above-mentioned selection rules, one con-
cludes that the following formula holds

(1-43).

In the case of k = +l and n—m —O, the expression (1.43) includes also diagonal ele-
ments (1.26). These elements will be excluded and further it is to be understood that
expressions like (1.43) do not contain diagonal elements.

With the use of these conventions the equation (1.21) in the case of art
off-diagonal element is given by

(1.44).

where
(1.45>

The system of equations (1.44), (1.40) forms the basis for the further
discussion of the triple resonance spectra.

Ppr = q{r p)+{%p—fr)=q{r—p)+ Tpri,
s<J X=l

<P I Inm \Г >=<P 'j ySm\ Г>,if Mp Mr = k. ( 1 .4 1 >

< Г J X-n-m I p > <=< p 1 xS 1 />*.

<p|[D*x.bm]|r> = <p|[D± x,x‘^ I) ]|r>
if Mp —M,= k.

Apr <p 1 y}nm 1r 4“ i jžj <p 1[D+X , Хл'/п' 1 r -f-X=l

+ f^i <p|[D_x,x№) 3k>= (1

i (ÖÄlÖn'oöm'O <PI D+ r 6fe,-iõn”oö m"o <PIDx| r } Ppr ,

Aprr— +f{p r -)- nQ 2 mQ 3) .
1 pr 2
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2. Weak rf Field and Weak Relaxation Approximation

The Resonance Property

Below the equation (1.44) will be referred to as the equation of the mat-
rix element < p [ r }>. This matrix element is termed to be in resonance
if

(2.1)

If <p \ y. (

nm \ г is in resonance, the conjugate element will also be in
resonance. The matrix element < p \ x!S 1 r > (and the corresponding con-
jugate element) is termed to be off-resonance if

(2.2)

Dividing the equation (1.44) by the term (1.45) one can represent
(1.44) in the form

(2.3)

where xlt x2 ... denote the off-diagonal elements of the harmonics, and
"Z3

(2-4)

The parameter e expresses the order of magnitude of the absolute value of
I < p I O_)Д I S > Iterms as . The terms a\ 2, a\ 3 •

• .consist of matrix elements of
Apr

the type < p I F+ 1 s > and of phase factors. The term q(p p)\
(coo denotes the Larmor frequency) has its origin in (1.40) and determines
the order of magnitude of the absolute value of elements of %{t).

The function е(А(о) has a sharp maximum at exact resonance (Acü=o).
If the matrix element xx in (2.3) is off-resonance, it follows from (2.4),
(2.2) that

In this case e may be considered as a small parameter and in the first
approximation X\ 0. If, on the other hand, the matrix element X\ is in
resonance, ef« yH\Tpr 2 1 and in the first approximation X\ 0.

The conditions (1.12) enable us (at fixed frequencies cox) to distribute
all off-diagonal elements of the matrix %{t) to those being in resonance
and to those being off-resonance. In the above-mentioned first approxi-
mation the system (1.44) includes only the matrix elements being simulta-
neously in resonance.

In the case of the equation of the harmonic Хш > X lO or XoV the right hand side of (1.44)
includes terms with off-diagonal elements. These matrix elements are to be included in
the left-hand side of the equation (2.3)- As a consequence of this the quantity Tpr2 in (2.4)
and in (2.2) is to be replaced by an effective quantity

I Äo> 1 = nQ2 + fnQ 3 ) —{r—p) |< jX- .

' i pr 2

I Аса 1 y~—) уН\.
I pr 2

X\ ecl\2%2 EÖI3X3 ebiqcüQ,

yH \Т j)r2

V 1 -}- (АсоТрт-д) 2

YH\ (2.5)
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(2.6)

Thus, the width of the resonance region will increase by increasing the rf field strength.
Nevertheless, the weak rf field strength condition (1.12) enables to neglect the off-reso-
nance matrix elements if in addition to (1.12)

(2.7)

Further it will be shown: if the matrix element s | xly It Z> occurs in
the equation of the matrix element < p ) sh\ r > then the later matrix ele-
ment occurs also in the equation of the former matrix element. Both matrix
elements and their equations are referred to as being coupled. Thus, the
system of equations (1.44) in the above-mentioned first approximation (in
the weak rf field and weak relaxation approximation) consists of equations
of matrix elements being simultaneously in resonance.

The system of equations can, in general, fall into subsystems of coupled
equations. In order to have a nontrivial solution, the subsystem must have
an absolute term. Thus, at least the equation of one of the matrix elements
of the harmonics xoo , X

(i и or xoV must be in the composition of the subsystem.
To construct the subsystem one can start from the equation of one of those
matrix elements. Further, all the matrix elements being in resonance and
being contained in this initial equation, are to be determined. Forming the
equations of all these matrix elements, a part of the subsystem is
constructed. If in this part new matrix elements occur, the equations of
these elements are to be set up, etc.

In order to make this procedure more rational, it is important to know
the coupling rules of the matrix elements. It is seen from (1.40) that all
the matrix elements of the harmonics xoo, Хи) , X('i are coupled. Another
type of coupling (direct coupling) is based on the terms of the type (1.43)
in the equations (1.44).

Direct Coupling Rules

It is seen from (1.44) that the equation of the matrix element
P i у}пт I r contains the matrix element <s | yjf |/ }> only in the case

if the following conditions are fulfilled;

A. p= s or r= t (a common energy level);
B. l k —l or I = k 1;
C. if I=k —1, then i= n' and / = m'\

if l = k-]-1, then i =n" and j= m".

In order to represent these rules in graphical form, let us express any
matrix element < p '] y}nm | rf>. in form of an arrow on the energy level
diagram directed from p to r. An analogous arrow can be used to represent
the matrix element sj D +x| t

This method of graphical representation of coupling rules is illustrated
in Fig. 1. The diagram I in this Figure denotes that the equation of the mat-
rix element <C a contains the matrix element <С^|Хгуl с > in
the form of the term i<aj D +x jb>< b '] x (//1 c The diagram II deno-

Tpr 2pr 2 l + |<p|D+x 1r>\*TP/pl Tpr2 '

У НА 1 Ун\ Kpl 1«1(г—Р)it —s) |.
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tes the fact that the equation of
the matrix element + b \ \ c^>
contains the matrix element
< a 1 y}nm 1 c ± in the form of the
term i<Cb | D_ x '] a><a | xS 1 c>.
Both equations are, therefore, di-
rectly coupled.

Fig. 1. Graphical representation of the
direct coupling rules of matrix elements.

Note that the arrows of the elements <C a | D +xl b > and < b I x/y I c >

represent the arrow of the element + a j x«™ ] c + as a vector sum. Asso-
ciating to the matrix elements of the operators D ±x harmonic numbers and
orders as follows

it is seen from В and C that in addition to the vector sum rule an algebraic
sum rule holds for any index. So, for example, on the diagram I & = / + 1,
n = i-\- 1, m = j if Я ~2. Taking into account the above-mentioned sum
rules by constructing the diagrams of the types I and 11, all the conditions
А, В, C are satisfied.

Since a diagram of the type II corresponds to any diagram of the type I,
the coupling between +a \ jc + and + b | x/y (c ±> is mutual.

The following simple but important consequence is directly seen from
(1.45) and (2.8).

D. The matrix elements + a ] | c ± and + b \ x/y | c + are simulta-
neously in resonance only in the case if the difference between the non-
common energy levels is equal to the corresponding frequency o>x .

Triple Resonance Schemes

Let us now consider the simplest case of triple resonance with all the
frequencies co x in resonance

but with a, b, c, d, e, f all different. Because of this the condition A is not
satisfied and the matrix elements +a \ xoo 1b +, <c | xio |d +,

< e \ XoV I f + are not directly coupled with any other off-diagonal element.
Together with the conjugated elements they are the only nonzero off-dia-
gonal elements in the weak rf and weak relaxation approximation. The
system of equations (1.44), (1.40) reduces then to

k n m
D-ti +1 О 0
D ± 2 ±l+l 0 (2.8)
D ±3 ±1 o+l

СО 1 Ь— О, (02 d С, 0)з f— 6

<cl j XjJJ Ib>= i < a ] D+l 1b> Paö ,

Acrf < с I xVo 1 d > = i < с I D+2 1 d > P cd, (2.9)
Atf <e I Xoi

} If>= i < e \ D +3 |f > P e{ ,
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(2.10)

where

(2.11)

The solution of this system of equations is considered in the next part. At
this place we shall deal with the case of monoresonance only.

If only со lis in resonance, only <a | xoo 1b > 0 and /2 =/3= 0. Then
from the first equation of (2.9) (2.11) one obtains the well-known [ S J
result

where
AOJI —со 1 —(b —a). (2.13)

In the above-mentioned simplest triple resonance case only the first-
order matrix elements of the harmonics Xoo, Xio, XOl have nonzero values.
In order to possess nonzero matrix elements of other orders and of other
harmonics, at least two of the above-mentioned first-order matrix elements
must have a common energy level. This is the direct consequence of the
coupling rule D. Therefore, two first-order matrix elements corresponding to
the frequencies coi, (02 and possessing an energy level in common will give
rise to one additional matrix element of the order two or zero. In accord-
ance with this, one receives two possible types of double resonance sche-
mes given in Fig. 2. The double resonance scheme on the left side of

Fig. 2 is referred to by Freeman and
Anderson [l9] as type A= 2 scheme,
the scheme on the right side of Fig. 2
corresponds to the type A = 0.

Fig. 2. Two possible types of double
resonance schemes. The A—2 type on
the left, the A = 0 type on the right.

Unlike the diagrams in Fig. 1, the arrows corresponding to the matrix
elements of the operators D

± xare omitted in the diagrams of Fig. 2. In
fact, the arrows of the second and zeroeth order elements in Fig. 2 are
vector sums of the first-order elements and the algebraic sum rule of the
indices holds as well. This is the consequence of the fact that the first-order
terms and the corresponding elements of the operators D ± x have the same
indices (see Eq. (2.8)). Thus, both diagrams in Fig. 2 present a system of
three directly coupled equations of the type (1.44). Because of the import-
ance of this double resonance problem in the theory of triple resonance
spectra, it will be discussed in the next part.

If two matrix elements in resonance corresponding to the frequencies
(.01 and o) 2, respectively, are coupled according to a double resonance scheme,
but a third first-order matrix element in resonance corresponding to fre-

Pab = <?o>„ - Tt , /, -Щ, h - П'а l /3,
Prf = <?«„ - Tfcl /, - /2 - Tja /3,
РеГ=Ч<л*-Т% U-Tfe, h-r,U /3,

Л= 2 Im { <a 1 xou I ь > < b I D-, | a > },

/2 2 Im{ < с I xSo | dXd | D-2 I c > }.

/3 = 2 Irn { < e I %\lil f > < f I D_3 I e > }.

/л I .“f) IA \ <o i D +lJ b > Tah2qtoo {i 4- /ою\<. a I Xool о>—- ■■ д - ;тт~l7Vab" T—I \ 2Л2)
1 + (Aö)ira &2) 2 +2I < a D + i) b>|2 T bal Tа ь2
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quency co 3 has no energy level in common with the first two, a type of triple
resonance appears, the analysis of which is possible on the basis of the
solution of the double resonance problem. This type will also be considered
in the next part.

If now to a double resonance scheme a third transition corresponding
to frequency co 3 and possessing a common energy level with the double
resonance scheme is added, one gets a triple resonance scheme of matrix
elements. The five possible general types of triple resonance schemes are
given in Fig. 3. In this Figure only the transitions corresponding to first-
order matrix elements are given. The arrows with double direction on some
diagrams denote the fact that both conjugated matrix elements corre-
sponding to one transition are to be included in the coupled system of
equation (1.44). The arrows with broken lines correspond to the first-order
matrix elements giving rise to signals at combined frequencies.

Fig. 3. General types of triple resonance schemes

Each diagram in Fig. 3 consists of four energy levels. The diagrams
differ in the distribution of these levels between different values of the
quantum number M (the eigenvalue of the operator F 2). Each diagram is
denoted by a type number giving the energy level distribution by increasing
(or decreasing) the value of M. Note that by this convention the double
resonance types in Fig. 2 are to be noted as type 111 and 12, resp.

In the case of a double resonance scheme a zeroeth or second-order ma-
trix element appears (in addition to the initial first-order matrix elements).
Those zeroeth and second-order matrix elements also occur in the triple
resonance schemes. In the case of types 13 and 112 they will cause only the
coupling of the initial first-order matrix elements. As there are more matrix
elements than in the case of double resonance, more complicated shapes of
lines in a frequency-swept spectrum are to be expected.

In the case of types 1111, 121 and 22, new types of matrix elements
appear. Starting from a second-order matrix element a third-order matrix
element can appear (type 1111). Starting from a second or zeroeth-order
matrix element a new first-order matrix element can appear (types 121 and
22). It may be shown that the arrow of the new first-order matrix element
is a vector sum of the initial first-order matrix elements and the algebraic
sum rule of indices holds. The harmonic numbers of the new first-order ma-
trix elements, therefore, differ from the harmonic numbers of the initial first-
order matrix elements. Since first-order matrix elements occur in the sig-
nal formula (1.23), these new first-order matrix elements will cause signals
at frequencies different from the initial frequencies cox. These signals (and
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spectra) will be further referred to as signals and spectra at combined
frequencies.

The frequency at which the new signals are to be detected can be cal-
culated on the basis of harmonic numbers or simply with the use of the
algebraic sum rule of the initial frequencies tox. So, for example, this fre-
quency in Fig. 3 equals to toi +Q2+Qs= «2 + ®з coi- To calculate line
shapes and line intensities in these spectra, the system of equation (1.44) is
to be set up and solved.

The author is greatly indebted to L. V a h t r a for her kind help in cor-
recting the manuscript.
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V. SINIVEE

TUUMSE MAGNETILISE KOLMIKRESONANTSI SPEKTRITE TEOORIA
NÕRKADE RAADIOSAGEDUSLIKE VÄLJADE PUHUL. I

Esitatakse üldine probleemi käsitlemise formalism.

В. СИНИВЕЭ
ТЕОРИЯ СПЕКТРОВ ЯДЕРНОГО МАГНИТНОГО ТРОЙНОГО РЕЗОНАНСА

В СЛУЧАЕ СЛАБЫХ РАДИОЧАСТОТНЫХ ПОЛЕЙ. 1

На основе квантовокинетических уравнений Блоха—Редфильда рассматривается
теория спектров ядерного магнитного тройного резонанса высокого разрешения. При
этом предполагаются выполненными следующие условия: система ядерных спинов ис-
следуемого типа молекулы гомонуклеарна, не имеет вырожденных уровней энергии и
равных разниц энергии, радиочастотные магнитные поля и релаксация слабые (в бло-
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xoBCKOM смысле). В настоящем, первом сообщении представлен общий формализм для
трактовки проблемы.

Кинетическое уравнение (1.8) преобразуется с помощью преобразования (1.16) и
рассматривается в энергетическом представлении (1.7). Стационарное решение преоб-
разованного кинетического уравнения (1.17) ищется в виде двойного тригонометриче-
ского ряда (1.19). Это приводит к системе алгебраических уравнений (1.21), связы-
вающей матричные элементы вообще различных гармоник. Путем введения подходя-
щих параметров релаксации (1.35), (1,39), определяемых системой уравнений (1.36),
проблему нахождения диагональных матричных элементов (1.26) можно отделить от
проблемы недиагональных элементов. Последние подчиняются системе уравнений (1.44),
(1.40). В случае слабых р. ч. полей и слабой релаксации (1.12) только ограниченное
число недиагональных элементов, «находящихся одновременно в резонансе», в первом
приближении отличны от нуля. Поэтому система (1.44), (1.40) содержит в рассматри-
ваемом приближении ограниченное число уравнений. Решение этой системы уравнений и
подстановка результата в (1.22), (1.23) позволяет вычислить форму и интенсивность на-
блюдаемых спектральных линий.

Число недиагональных элементов, отличных от нуля, зависит от взаимного распо-
ложения частот внешних магнитных полей (основных частот) на схеме уровней энер-
гии. Существует пять различных типов расположения основных частот на схеме уров-
ней энергии таких, что переходы, соответствующие основным частотам, связаны общи-
ми уровнями энергии. Кроме этих схем тройного резонанса основного типа сущест-
вуют схемы, где только две основные частоты связаны общим уровнем энергии или
такового вообще нет (схемы побочного типа). Системы уравнений недиагональных эле-
ментов, соответствующие различным схемам, имеют различную структуру. Соответст-
венно этому формулы спектральных линий у различных типов схем различны.

В качестве нового явления теория предсказывает существование сигналов на неко-
торых частотах, являющихся комбинациями основных частот (сигналы и спектры на
комбинационных частотах). Спектры на комбинационных частотах возможны в случае
двух типов основных схем тройного резонанса. Эти спектры представляют собой отбор
некоторых линий из соответствующего спектра монорезонанса. Форма и интенсивность-
линий изменены. Существует простое правило для определения комбинационных ча-
стот: переход, соответствующий комбинационной частоте, является результатом трех
последовательных переходов, соответствующих основным частотам. При этом предпо-
лагается, что каждый из четырех переходов удовлетворяет правилу отбора AM = +l.
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