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Abstract. We revised the known results on interpolation of the measure of noncompactness
and we announce a new approach to establishing the interpolation formula for the real method.
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1. INTRODUCTION AND PRELIMINARIES

Let Ā = (A0, A1) be a Banach couple, i.e., two Banach spaces Aj , j = 0, 1,
which are continuously embedded in a common Hausdorff topological vector
space, and let

K(t, a) = inf{‖a0‖A0 + t‖a1‖A1 : a = a0 + a1, aj ∈ Aj}, a ∈ A0 + A1,

and
J(t, a) = max{‖a‖A0 , t‖a‖A1}, a ∈ A0 ∩A1,

be Peetre’s K- and J-functionals. As it is well known, for 0 < θ < 1 and
1 ≤ q ≤ ∞, the real interpolation space (A0, A1)θ,q, realized in a discrete way
as a K-space, is formed by all those a ∈ A0 + A1 which have a finite norm

‖a‖θ,q;K =
( ∞∑

m=−∞
(2−θmK(2m, a))q

)1/q

159

https://doi.org/10.3176/phys.math.2006.3.05

https://doi.org/10.3176/phys.math.2006.3.05


(the sum should be replaced by the supremum if q = ∞). We denote by Āθ,q;K the
space (A0, A1)θ,q normed by ‖ · ‖θ,q;K . This space can be defined equivalently by
using the J-functional. It turns out that a belongs to (A0, A1)θ,q if it can be written
as a sum a =

∑∞
m=−∞ um (convergence in A0 +A1), where {um} ⊆ A0∩A1 and

( ∞∑
m=−∞

(2−θmJ(2m, um))q
)1/q

< ∞. (1.1)

Moreover, the infimum of all values (1.1) over all possible representations of a as
above defines a norm ‖a‖θ,q;J which is equivalent to ‖ · ‖θ,q;K . We write Āθ,q;J for
the space (A0, A1)θ,q normed by ‖ · ‖θ,q;J . By Āθ,q = (A0, A1)θ,q we mean any of
the spaces Āθ,q;K or Āθ,q;J . Full details on the real method can be found in [1,2].

Let B̄ = (B0, B1) be another Banach couple, and let T ∈ L(Ā, B̄), that is, T is
a linear operator from A0 +A1 into B0 +B1 whose restriction to each Aj defines a
bounded operator from Aj into Bj for j = 0, 1. It is well known that the restriction
T : (A0, A1)θ,q −→ (B0, B1)θ,q is bounded and the following inequality holds:

‖T‖Āθ;q ,B̄θ;q
≤ C ‖T‖1−θ

A0,B0
‖T‖θ

A1,B1
.

Similar formulae have been established for other quantities (see [3−5]), but now
some of them require much effort to be proved. This is the case of the measure of
noncompactness, a concept that means more than only continuity but not so much
as compactness.

Given a bounded linear operator T ∈ L(A,B), between the Banach spaces
A and B, we recall that the measure of noncompactness β(T ) = β(TA,B) of
T is defined as the infimum of all σ > 0 such that there exists a finite subset
{b1, . . . , bs} ⊆ B so that

T (UA) ⊆
s⋃

j=1

{bj + σUB}.

Here, UA stands for the closed unit ball of A. The symbol UB has a similar
meaning. It is clear that β(TA,B) ≤ ‖T‖A,B , and T is compact if and only if
β(T ) = 0 (see [6] for more details on this notion).

In 1999, Fernández-Martínez and two of the present authors established the
following interpolation formula for the measure of noncompactness:

β(TĀθ;q ,B̄θ;q
) ≤ C β(TA0,B0)

1−θβ(TA1,B1)
θ. (1.2)

The proof is based on the vector-valued sequence spaces that come up when
defining the real interpolation space. Using them and certain families of projec-
tions, one can decompose and approximate the operator T by other operators
whose measure of noncompactness can be directly estimated. This technique has
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its origin in the papers [7−10]. Previous results on interpolation of the measure of
noncompactness are due to Edmunds and Teixeira [11]. The results of [11] refer
to the special case when A0 = A1, or B0 = B1, or the couple (B0, B1) satisfies
a certain approximation condition. Under these extra assumptions, the proofs are
easier and results also apply to the complex method. However, it is an open problem
if a similar formula to (1.2) holds for the complex method.

The aim of this note is to announce a new approach to (1.2), which simplifies
the way of handling the “middle parts” of the operator. The main lines of the proof
are described in the next section. Full details can be found in the paper [12].

2. SKETCH OF THE MAIN LINES OF THE PROOF

In order to establish (1.2), we realize Āθ,q as a J-space and B̄θ,q as a
K-space. This will allow us to work with the vector-valued sequence spaces
which are implicit in those descriptions. Namely, for m ∈ Z, we denote by
Gm the Banach space A0

⋂
A1 endowed with the norm J(2m, ·), and by Fm

we mean B0 + B1 normed by K(2m, ·). Then we consider the vector-valued
sequence spaces `q(2−θmGm) and `q(2−θmFm). The relationship between the
first space and Āθ,q;J is given by the metric surjection π{um} =

∑
m∈Z um. The

connection between B̄θ,q;K and `q(2−θmFm) is given by the isometric embedding
ιb = (. . . , b, b, b, . . . ). The relevant diagram to keep in mind is

`1(Gm) π−→ A0
T−→ B0

ι−→ `∞(Fm)
`1(2−mGm) π−→ A1

T−→ B1
ι−→ `∞(2−mFm)

`q(2−θmGm) π−→ Āθ,q;J
T−→ B̄θ,q;K

ι−→ `q(2−θmFm)

.

Besides π and ι the following sequences of operators will be useful for
establishing (1.2):

Pn{um} = {. . . 0, u−n, . . . , un, 0, . . .}, Q+
n {um} = {. . . 0, 0, un+1, un+2, . . .}, and

Q−
n = I − Pn −Q+

n . They satisfy

‖Q+
n ‖`1(Gm),`1(2−mGm) = 2−(n+1) = ‖Q−

n ‖`1(2−mGm),`1(Gm)

and
‖Pn‖`1(Gm),`1(2−mGm) = 2n = ‖Pn‖`1(2−mGm),`1(Gm).

Similar equalities hold when these operators are considered acting on the couple of
`∞-spaces modelled on {Fm}.

Since π is a metric surjection, we have

β(TĀθ,q;J ,B̄θ,q;K
) = β(Tπ`q(2−θmGm),B̄θ,q;K

) ≤ β(TπP2n) + β(Tπ(Q+
2n + Q−

2n)).
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To deal with the first term, we use a functional which is equivalent to β. Given
S ∈ L(A,B), let γ(S) be the infimum of the set of all σ > 0 for which there is a
Banach space Z and a compact linear operator R ∈ L(A, Z) such that

‖Sx‖B ≤ σ‖x‖A + ‖Rx‖Z for all x ∈ A.

It turns out that 1
2β(S) ≤ γ(S) ≤ 2β(S). This equivalence allows us to establish

that
β(TπP2n) ≤ C β(TA0,B0)

1−θβ(TA1,B1)
θ for all n ∈ N.

For the other terms, we have

β
(
Tπ(Q+

2n + Q−
2n)

) ≤2β
(
(Pn + Q+

n + Q−
n )ιTπ(Q+

2n + Q−
2n)

)

≤2
[
β(PnιTπQ+

2n) + β(PnιTπQ−
2n)

+ β(Q+
n ιTπQ−

2n) + β(Q−
n ιTπQ+

2n)

+ β(Q+
n ιTπQ+

2n) + β(Q−
n ιTπQ−

2n)
]
,

where the last six operators act from `q(2−θmGm) into `q(2−θmFm). We estimate
each of these terms by the norm of the corresponding operator. Using properties of
Pn, Q+

n , Q−
n , it follows that given any ε > 0, there is N ∈ N such that

β
(
Tπ(Q+

2n + Q−
2n)

) ≤ (1 + ε)Cβ(TA0,B0)
1−θβ(TA1,B1)

θ for any n ≥ N.

Full details can be found in [12]. It is also shown there that this approach
works to estimate the measure of noncompactness of operators interpolated by the
general real method (A0, A1)Γ. The spaces (A0, A1)Γ are defined by replacing the
weighted `q-norm of (A0, A1)θ,q by a more general lattice norm (see [13]).
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Mittekompaktsuse mõõdu interpoleerimine

Fernando Cobos, Luz M. Fernández-Cabrera ja Antón Martínez

On revideeritud tuntud tulemusi mittekompaktsuse mõõdu interpoleerimise
kohta. On esitatud uus lähenemine interpolatsiooni valemi tõestamiseks reaalse
meetodi puhul.
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