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Abstract. Some Tauberian remainder theorems are proved for two families of triangular matrix

methods. Using these theorems, several special cases are studied. The discussed method

gives an additional way to get Tauberian remainder theorems for some normal methods of

summability not belonging to these families, but which are close to these families in some

respect.
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Let

A

+(x>

K (z2 = /—oo K(t) exp(—2mizt)dt

be the Fourier transform of the function K (t) € L(R) and

+OO

(Kx f)(t) = /_ K(t—7)f(r)dr.

Let Rz and Sz be the real and the imaginary part of a complex variable z.

Beurling (see [']) proved in 1938 the basic Tauberianremainder theorem, which

we present as the Lemma.

Lemma. Let K(t) € L(R), p > 0.5, a > s > 0, ¢ > 0, and suppose that there

is a function g(z), analytic in the strip 0 < Sz < a and

lim g¢(2)K (Rz) =l,
Sz—o-+
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g(z) <e(l+z (o<Ssz<a). (1)
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Let f(t) € L(R) satisfy the left-handed Tauberian condition

flw) — f{@) = Or(exp(—st/(p+1))) (¢ +00)

for all

to<t<u<ttexp(—st/(p+1)).

Then

(K *f)() = O (exp (—st)) (t = +o0)

implies

f(t)=Oflexp(—st/(p+1))) & > Foo).

A sequence z = {¢;} is called A\-bounded if

ližnšk =—€ A X (& — €) = O(1),

whereas 0< Ax . Let us denote by m? the set of all A\-bounded real sequences

r = {&}, and by m} the subset of m* with ¢ = 0. We define (see [2]) the set

(4, mä) by

z € (A,m)) & Az € ma,

where the method of summability is determined by the matrix A.

Let us define a family of the kernels

K(t)=) ¢, (I—exp(—t)" 'exp(-t)1(t) (cl,-..,cm €R),
V=l

where 1(t) is the Heaviside function. According to Ganelius [?], these kernels

are “related to Cesaro and Riesz summation”. The corresponding family of the

triangular methods of summability is given by lower triangular matrices A = (a,x)
with

Te((n+l-k)”-(n -k)”ank:š——(—(———l—/—(—'l:b—)l-l)u(—)) (k <n).

Let us denote

n

n = z ankék-
k=o

(2)

(3)

4)

(5)

(6)
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Theorem 3. Let o.s<p, Oo<s<l/(27), An=(n+l)*%, and pn =

(n+l)/(1+9). Let x = {£,} be a bounded seguence satisfying the left-handed
Tauberian condition

n (Em — En) = OL(1) (ng <n<m<nexp(l/up), n = +o0). =

If in the strip 0 < Sz < 1/(27) we have

d [ (v —lle,
—

—

= (;m) .Sc(1+lzl)” '

then

r € (A,my)

implies

u
iL'ETTLO.

Proof. Let us apply Lemma with the kernel K (¢) defined by (5). As the Fourier

transformK (z) of this kernel may be represented in the form

K(z) = / zcy(l — exp(—t))”"" exp (—t — 2rizt) I(t)dt
TÖO p=ll

m 400
V—l

v-l :
= zc„/ z ( , ) (—1)? exp(—jt —t — 2mwizt)dt

21/0 oN
S

V= J=

m U=l
e +OO

= zCy z (—1)" < . )/ exp(—t —jt — 2rizt)dt
V=l j=o

J 0

m =
e

= ZCUZ(—].)J( . )
v=ll j=o

J

. ll—exp((-I—j—2mißz + 2752) A)
x lm oo s

A—+oo I+3+27liz

in the half-plane Sz < 1/(27) we have

m v-l m
, ; fv-1 1 (v — 1)!cK(z) = ž c„ž (—l)J< ) )——,——„—-—— oA—,

=
; J 1474 2miz š I[r=l (T +2riz)

(7)

(8)

(9)

(10)
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We take

-1

1
-

(v—l)lc,
9(z) =

]—Z—(?) —(š I- + 27rz'z))
Considering the condition (8) in the strip 0 < Sz < 1/(27), we get

g@] <cl+]z)).

The condition (1) of the Lemma is satisfied if we use the selection a = 1/(27).
Choosing f(t) = F(exp (t)), while

F(t)=fn (n<t<n+l),

we may represent (2) in the following form:

f(u) — f(t) = Op(exp(—st/ (p+1))) (¢t = +o0)

to<t<u<t+exp(—st/(p+1))

& F (exp(u)) — F (exp(t)) = Or(exp(—st/ (p +1))) (¢ = +00)

exp (to) < exp (t) < exp (u) < exp (t +exp (—st/ (p+1)))

&b —En =Ol (n—s/(p+1))
n — +OO, ng <n <m < nexp (1/pn)

S ln (Em — En) = OL (1)

n — +OO, np <n < m < nexp(l/un).

Using (7), we find that the last condition of this chain is satisfied. The condition (3)

may be represented in the form (9):

(K *f) (t) = O (exp (—st)) (¢t — +o0)

P /_too ž %f:))—)y—lzr (exp (7)) dr = O(1)

& /0
G

„ž%EF(u) du = O(1)

o ns-lfo šc„ (1- š)"—l F (u) du = O(1)
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& ns—l
-

nl—u
"

V=

VZ:lc,, /0 (n— w 1 F (u) du = O(1)

oni ž: v
« [

v—-

> [go [ - 16de] = O(1)

m n-1

ns 55 % (n-j)” - (n-1-j5)
v=l

v Lž:% n

J) éj] - O(l)

Sn1=001) 8 (n+l)* 7 = O(1)

x € (A,m)).

As the requirements of the Lemma are satisfied, the assertion (4) of the Lemma is

valid and we can represent it in the form (10):

f(t) = O (exp (=st/(p +1))) (t = o0)

< exp (st/(p+1)) f(t) = O(1) (? —0)

> (n+l)Y+D£, = O(1) (n —o)

OTE€E mg.

Thus Theorem 1 is proved.
As a particular case of Theorem 1 we get Corollary 1 for the Woronoi—-Norlund

method (WN, p,,) withp, = (n+ 1) —nP (p € N).

Corollary 1. Let 0 < s < 1/(27), Ay = (n+ 1)°, and n = (n + 1)5/0+P)_ Let

x = {&} be a bounded sequence satisfying the left-handed Tauberian condition

(7). Then z € (WN, (n+ 1)? — nP) ,m}) implies = € m}).-

Proof. letus apply Theorem' I with'c, ="pé;» (v ='1,.".. ;m) ,
whefe 0, p

is the

Kronecker delta and 1 < p < m. Considering this additional assumption, we get

d TEL (74 2miz) mi
A 1

>
= -š)!—zn(j—l—%riz) <c(l+Jz)?T7"

T=]l j=l
jz

and the condition (8) is satisfied if we choose p = p. It means that the assertion of

Corollary 1 is valid.

If we fix p = 1, Corollary 1 gives us the result for the method of arithmetical

means (see also [¢]).
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Using a family of the kernels

K(t)=s> cexp(-vt)l(t) (c1,...,cm ER),
U=l

where 1(¢) is the Heaviside function, we get the family of the triangular methods

of summability given by lower triangular matrices B = (b,,;;) with

el e+]F) (k<n)

Let us denote w = min,,£0 V.

Theorem 2. Let 0.5 < p, 0 < s < w/(27), An = (n +l)°, and ln =

(n + 1)/(I+9). Let z = ftr) be a bounded seguence satisfying the left-handed
Tauberian condition (7). If

d [[D=: (v + 2miz) -1—op bekN < 1 p 0 Cx 2 13

jAV

then

z € (B,m))

implies x € mg.

The proof of Theorem 2 is similar to the proof of Theorem 1. As a particular
case of Theorem 2 we get Corollary 2 for the Zygmund method Z = (Z, p) with

Pn = (n + 1)P — nP (see [°]).

Corollary 2. Let p € N, 0 < s < p/(27), An = (n+ 1)%, and py, = VAn. If
x = {&} is a bounded sequence satisfying the left-handed Tauberian condition (7)
and z € ((Z,p) ,m}), then z € mi.

Proof. Let us apply Theorem 2 with ¢, = põu,p (V=1,... ,m) andl <p<m.
As w = pand

d TE 271i d1 2ni 2
G i) :‘__(pmm)':lfllz_fl,dz

p Hš:l (j + 2miz) dz p p P

the condition (13) is satisfied if we choose p = 1. It means that the assertion of

Corollary 2 is valid.

(11)

(12)

(14)
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For a normal method of summability which belongs neither to the family (5) nor

(11), but is in some respect close to these families, Tauberian remainder theorems

can be obtained in the following way.

Remark 1. If a normal matrix method D satisfies the condition

(AD—l) ma C ma

then the assertion of Theorem 1 stays valid if the condition (9) is substituted by
z € (D,m}).

Remark 2. If a normal matrix method D satisfies the condition

(BD_l) mä C mä,

then the assertion of Theorem 2 stays valid if the condition (14) is substituted by
z € (D, m}).

REFERENCES

1. Subkhankulov, M. A. Tauberian Remainder Theorems. Nauka, Moscow, 1976 (in
Russian).

2. Kangro, G. A Tauberian remainder theorem for the Riesz method, 11. Acta Comment.

Univ. Tartuensis, 1972, 305, 156-166 (in Russian).
3. Ganelius, T. Tauberian Remainder Theorems. Springer-Verlag, Berlin, 1971.

4. Tammeraid, I. Wiener’s Tauberian remainder theorems and summability with rapidity.
Trans. Tallinn Tech. Univ., 1994, 738, 45-50.

5. Tammeraid, I. On the comparison of Tauberian remainder theorems. Proc. Estonian Acad.

Sci. Phys. Math., 1996, 45, 234-241.

JÄÄKLIIKMEGA TAUBERI TEOREEMID KAHE

SUMMEERIMISMENETLUSTE PERE JAOKS

Ivar TAMMERAID

On uuritud jdédklikkmega Tauberi teoreeme kahe maatriksmenetluste pere
korral, ldhtudes A. Beurlingi tdestatud teoreemist. On kisitletud ka moningaid
erijunte.'On esitatud vote, kuidas lisatingimustel leida jidkliikmega Tauberi

teoreeme normaalse maatriksmenetluse korral, mis ei kuulu kummassegi neist

peredest.


	b10720984-2000 no. 3 01.07.2000
	Official publication of the Estonian Academy of Sciences and Tallinn Technical University
	PROCEEDINGS OF THE ESTONIAN ACADEMY OF SCIENCES EESTI TEADUSTE AKADEEMIA TOIMETISED

	PHYSICS MATHEMATICS FÜÜSIKA MATEMAATIKA
	CONTENTS
	2-SEMIPARALLEL SURFACES IN SPACE FORMS 1. Two particular cases
	2-SEMIPARALLEELSED PINNAD RUUMIVORMIDES 1. Kaks erijuhtu

	PARALLEL AND SEMIPARALLEL SYMPLECTIC SUBMANIFOLDS IN THE SYMPLECTIC SPACE
	SÜMPLEKTILISE RUUMI PARALLEELSED JA POOLPARALLEELSED SÜMPLEKTILISED ALAMMUUTKONNAD

	TAUBERIAN THEOREMS FOR GENERALIZED SUMMABILITY METHODS IN BANACH SPACES
	TAUBERI TEOREEMID ÜLDISTATUD SUMMEERIMISMENETLUSTELE BANACHI RUUMIDES

	TAUBERIAN REMAINDER THEOREMS FOR TWO FAMILIES OF SUMMABILITY METHODS
	JÄÄKLIIKMEGA TAUBERI TEOREEMID KAHE SUMMEERIMISMENETLUSTE PERE JAOKS
	CHRONICLE
	Untitled
	Untitled

	INSTRUCTIONS TO AUTHORS
	Untitled
	Untitled
	The following table should be used for transliteration:
	Untitled




	Illustrations
	Untitled
	Untitled
	Untitled
	Untitled

	Tables
	The following table should be used for transliteration:
	Untitled




