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Abstract. In the mainstream categorical approach to typed (total) functional programming,
functions with inductive source types defined by primitive recursion are called paramorphisms;
the utility of primitive recursion as a scheme for defining functions in programming is well

known. We draw attention to the dual notion of apomorphisms — functions with coinductive

target types defined by primitivecorecursion and show on examples that primitive corecursion

is useful in programming.
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1. INTRODUCTION

This paper is about the categorical approach to typed (total) functional

programming where datatypes and codatatypes are modelled as initial algebras
and terminal coalgebras. Our object of study is the notion of apomorphisms,
which are functions with coinductive target types defined by primitive corecursion.

Apomorphisms are the dual of paramorphisms, functions with inductive source

types defined by primitive corecursion. The widely used term paramorphism was

introduced by Meertens ['] (mapa — Greek preposition meaning “near to”, “at the

side of”, “towards”), the term apomorphism is a novel invention of ours (amo
— Greek preposition meaning “apart from”, “far from”, “away from”). Our aim

is to show that apomorphisms are a convenient tool for a declaratively thinking
programmer, often more handy than anamorphisms, i.e. functions defined by
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coiteration, in much the same way as paramorphisms are frequently superior to

catamorphisms, i.e. functions defined by iteration.

The tradition of categorical functionalprogramming that we follow in this paper
started off with the Bird-Meertens formalism [2], which is a theory of the datatypes
of lists. Malcolm [3] and Fokkinga [*] generalized the approach for arbitrary

datatypes and codatatypes, inspired by the work of Hagino [°].
Geuvers [o] presents a thorough theoretical analysis of primitive recursion

versus iteration and demonstrates that this readily dualizes into an analysis of

primitive corecursion versus coiteration. In general, however, primitive corecursion

has largely been overlooked in the theoretical literature, e.g. Fokkinga [*] ignores
it, neither do we know of any papers containing interesting programming examples,
the most probable reason being the young age of programming with codatatypes.

We shall proceed as follows. In Section 2, we give a short introduction to

the categorical approach to (co)datatypes and (co)iteration and its application to

program calculation. In Section 3, we introduce the scheme of primitive recursion

for inductive types and prove several of its properties. Afterwards, by introducing
primitive corecursion, we dualize theseresults for the case of coinductive types and

show the usefulness ofthis scheme on several examples. Section 4 includes possible
directions for further work and conclusions.

Proofs in this paper are carried out in the structuredcalculational proof style [7].

2. (CO)DATATYPES AND (CO)ITERATION

2.1. Preliminaries

Throughout the paper C is the default category, in which we shall assume the

existence offinite products (X, 1) and coproducts (+, 0), as well as the distributivity
of products over coproducts (i.e. C is distributive). The typical example of a

distributive category is Sets — the category of sets and total functions.

We make use of the following quite standard notation. Given two objects A,

B, we write fst : Ax B —> A and snd : Ax B — Bfo denote the leit

and right projections for the product A x B. For f : C — Aandg : C — B,

pairing is the unique morphism ( f,g) : C — A x B, such that fsto (f,g) = f
and snd o ( f,g) = g¢. The left and right injections for the coproduct A + B

are inl : A > A+ Bandinr : B - A+ B. Forf : A — Cand
g : B — C, case analysis is the unique morphism [ f,g] : A+ B — C,
such that [ f,g] o inl = f and [ f,g] o inr = g. Besides, given an object C,
we have the unique morphism !¢ : C — 1. The inverse of the canonical map

[inl X idg,inr X idg] : (A X C) + (B x C) — (A+B) x Cis denoted by
distr: (A+ B) x C — (A x C) + (B x C). Finally, given a predicatep : A —

1+ 1, the guard p? : A — A + A is defined as (snd + snd) o distro (p,idy ).
The identity functor is denoted by /. For a functor F' : € — C, its application

to a morphism f : A — B is denoted by F'f : FA — FB.
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2.2. Dialgebras

Categorically, datatypes (of natural numbers, lists, etc.) are traditionally
modelled by initial algebras and codatatypes (ofconatural numbers, colists, streams,

etc.) by terminal coalgebras. Hagino [°] introduced the notion of dialgebras
which generalizes both concepts and is rich enough also to model many-sorted

(co)algebras and bialgebras [*].

Definition 1. Let F, G : C — C be endofunctors.

e F,G-dialgebra is a pair (A, ), where A is an objectand ¢ : F A — G A is

a morphism of the default category C.

o Let (A, p) and (B,) be F,G-dialgebras. A morphism f : A — B of C

is an F, G-homomorphismfrom (A, ) to (B,) if the following diagram
commutes:

(ie. Gf oo =9o Ff).

It is easy to verify that the composition of two F,G-homomorphisms is

also an F, G-homomorphism. Moreover, the identity morphism idg :A - A

is an F, G-homomorphism which is both a left and a right unit with respect to

composition. It follows that dialgebras and homomorphisms form a category.

Definition 2. Let F,G : C — C be endofunctors.

e A category of F,G-dialgebras DiAIg(F,G) is a category where objects
are F, G-dialgebras and morphisms are F', G-homomorphisms. Composition
and identities are inherited from C. The categories of F-algebras and

G-coalgebras are defined as Alg(F) = DiAlg(F,I) and CoAlg(G) =

DiAlg(I,G), respectively.

e An F,(G-dialgebra is initial (resp. terminal) if it is initial (resp. terminal)

(as an object) in the category ofF, G-dialgebras DiAIg(F,G). The initial

F'-algebra is denoted by (uF, ing), the terminal G-coalgebra is denoted by
(vG, outg).

Note that initial and terminal dialgebras may or may not exist. In fact, we even

do not know any simple criteria for their existence in the general case of dialgebras.
In case of algebras, an initial F'-algebra is guaranteed to exist if a functor F' is

w-(co)continuous. (A functor is w-(co)continuous iff it preserves the (co)limits of

w-chains.) Dually, if a functor G is w-continuous, then a terminal G-coalgebra

FA—=GA

lFf le
v

FB—Ž—=-GB
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is guaranteed to exist. All polynomial functors (i.e. functors which are built up
from products, sums, identity and constant functors) are w-(co)continuous and,

consequently, the corresponding initial algebras and terminal coalgebras exist. We

do not pursue this question any further here and refer the interested reader to [4].

2.3. Initial algebras and catamorphisms

The existence of the initial F'-algebra (uF, inr) means that, for any F'-algebra
(C, 1), there exists a unique homomorphism from (uF, ing) to (C, 1). Following
Fokkinga [*], we denote this homomorphism by (% )z, so (% )r : uF — C is

characterized by the universal property

foinp=yoFf = f=oY)r cata-CHARN.

The type information is summarized in the following diagram:

FuFAZ uF

A
Morphisms of the form (% |) ¢ are called F-catamorphisms (derived from the

Greek preposition kaTa meaning “downwards”); the construction (|-|)r is an

iterator.

Example 1. Consider the datatype Nat of natural numbers, with constructor

functions zero : 1 — Nat and succ : Nat — Nat. It can be represented as an initial

N-algebra (Nat, [ zero, succ]) = (uN,iny), where NX =l+ X and Nf =

id; + f. Given any N-algebra (C,[c, h]), the catamorphism f = (| [c,h] |y is

the iteration f(n) = h"™(c). For instance, the curried sum of two naturals can be

defined as .

addn = (|[n, succ] )n.

Example 2. The datatype List 4 of finite lists over a given set A, with constructor

functions nil : 1 — List 4 and cons : A x List 4 — List 4, can be represented as

an initial algebra (List4, [ nil, cons]) = (ur,,ing,),where Ly X = 1+(A% X)
and L 4 f = idy+(ida X f). Given any L 4-algebra (C, [ ¢, h]), the catamorphism
f = ([¢,h] )L, is an application of the standard fold function on lists. For any

function g : A — B, the function map ¢ : Lists — Listp, for instance, can be

defined as

map g = ( [nil, cons o (g X idrist,)] Dr,-

Catamorphisms obey several nice laws, of which the cancellation law, the

reflection law (also known as the identity law), and thefusion (or, promotion) law
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are especially important for program calculation (the cancellation law describing a

certain program execution step):

(Y)rpoinp =9 o F(v¢)F cata-CANCEL

id,pr = l inr)r cata-REFL

fop=woFf > folp)r=(oY)r cata-FUSION.

All three follow directly from the characterization cata-CHARN. These laws

(originally for the special case of lists) form the heart of the Bird—Meertens

formalism.

To show the usefulness of above-mentioned laws, we prove the following
lemma (first recorded by Lambek [%]):

Lemma 1. The morphism inp : FuF — uF is an isomorphism with the inverse

inp = (Finr)r:uF > FuF.

Proof.

inpo (| F inp )p
= — cata-FUSION —

(I ing DF
= — cata-REFL —

id,r

G Finp|poinp
= — cata-CANCEL —

FinpoF(Finp ))
= — F functor --

F (inpo (]FinF Dzr)
= — above —

Fid,r
= — F functor —

idFyuF

2.4. Terminal coalgebras and anamorphisms

The existence of the terminal G-coalgebra (vG,outs) means that for any
other ~G-coalgebra (C,p) there exists a unique homomorphism
from (C, ) to (vG, out). This homomorphism is usually denoted by [ w ], so

[¢]c : C — vG is characterized by the universal property

outgof=Gfop = f=[¢]e ana-CHARN

The type information is summarized in the following diagram:

Morphisms of the form [ ¢ ] are called G-anamorphisms (derived from the Greek

preposition ava meaning “upwards”; the name is due to Meijer [°]), and the

C—a—cCe

I
vG —— GuG.
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construction [- ] is a coiterator. Like catamorphisms, anamorphisms have various

properties including the following cancellation, reflection, and fusion laws:

outgo[ple =Gleleoy
idvyc = [outG ]G
Ppof=Gfoyp > [YWlcof=[v]c

ana-CANCEL

ana-REFL

ana-FUSION.

Also, out is an isomorphism with the inverse out(_;1 = [G outc ]a:

Example 3. Consider the codatatype Stream4 of streams (infinite lists) over A,
with destructor functions head : Streams 4 — A and tail : Streamy —

Stream 4. It can be represented as a terminal coalgebra (Stream 4, ( head, tail )) =

(vSa,outg,), where S 4 X = A x X and S 4 f = id4 x f. Anamorphisms
are used to construct concrete streams. For instance, the stream of natural numbers

nats : 1 — Streamyq; and “zipping” of two streams zip : Stream4 X Streamp —

Stream 4« p can be defined as follows:

nats = [ (idnat, suce) ]Sxz ° zero

zip = [(fst X fstand X snd) ofouts, X oute. )]s, »-

Example 4. The codatatype of colists (possibly infinite lists) List’y
can be represented as a terminal coalgebra (vL4,outr,) of the functor

Ls(X) =l+ A x X. Given apredicate empty : List’y — 1 + 1 and two partial
functions head' : List'y — A and tail’ : List'y — Listy, the terminal coalgebra
morphism outy,, can be defined as outy, = (! + (head’, tail')) o empty?.
Anamorphisms for List’y correspond to applications of the unfold function from

functional programming.

3. PRIMITIVE (CO)RECURSION

Clearly, not every morphism f : uF' — C is a catamorphism by itself, which

means that the results of the previous section cannot be applied as they stand. For

instance, the factorial function specified by equations

fact(o) = 1

fact(n+l) = (n+l)xfact(n)

is not acatamorphism. The problem here is that, to compute the value ofthe factorial

for a given argument, one needs notonly its value for the previous argument, but also

the previous argument itself. Meertens ['] has shown that any function which can

be characterized similarly to the factorial function is definable as the composition
of a left projection and a catamorphism. The relevant result is the following.

Lemma2. Given f : uF — Cand ) : F(C x uF) —C,

foing=4oF(f,idyr)= f=fstol(¥,ingoFsnd))r.
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Proof.

> foinp =l%oF(f idur)
f . .

= — pairing —

fsto (fvid#F>
= — cata-CHARN —

(faidflF) 2 inF
= — pairing —

(foinp,inp) ;
= — F' functor —

(foinp,inpo Fid„p)
= — pairing —

(foinp,inp o F (sndo ( f,id,r)))
= — <, F functor —

(¢°F<f7iduF>’inFoFSlldOF(fviduF))
= — pairing —

(¥,inpo Fsnd) oF( f,id,r)
fsto ((%,inpo Fsnd) )F

> f=fsto((¢,inpo Fsnd)|F
f oinp

= -<J -

fsto((y,inpoFsnd))roin
= — cata-CANCEL —

fsto(wy,inpoFsnd)oF((,inroFsnd))r
= — pairing, 2X —

WpoF(fsto((Yy,inpoFsnd))p,sndo ((,inroFsnd))r)
= — <, cata-FUSION —

sndo (I,inp o F' snd)
. = — pairing —

inF o F snd

PpoF(f,linr)r)
= — cata-REFL —

Ü oF (fa id/.LF )

The left-hand side of the equivalence corresponds exactly to the specification
by primitive recursion. For instance, for the factorial function specification above,
it reads !

fact o iny

= [succ o zero, mult o (idygt X succ)] oN ( fact, idnge)
= [succ o zero, mult o (fact x succ)]
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and consequently we get the definition of the factorial

fact = fst o (| ([ succ o zero, mult o (Idygt X succ) |,iny o N snd) |y.

From the lemma above it follows that at least every primitive recursive function

can be represented using a catamorphism as the only recursive construction. In the

presence of exponentials, one can even define Ackermann’s function as a (higher-
order) catamorphism, so the expressive power of the “language of catamorphisms”
is bigger than the class of primitively recursive functions. In fact, Howard ['°]
has shown that the functions expressible in simply typed A-calculus extended with

inductive and coinductive types are precisely those provably total in the logic 1D~
(the first-order arithmetic augmented by finitely-iterated inductive definitions).

3.1. Paramorphisms

To make programming and program reasoning easier, let us introduce a new

construction and find out its properties. For any morphism v : F(C x uF) — C,
define a morphism (% ) :uF— C by letting

(v )F==fsto((¥,inpo Fsnd)|p para-DEF .

Morphisms of the form {1 )r are called F-paramorphisms (the name is due to

Meertens [']). The construction { - |is a primitive recursor.

From Lemma 2 we get the characterization of paramorphisms by the following
universal property:

foinp=9YoF(f,idyr) = f=(¥)rF para-CHARN.

The type information is summarized in the following diagram:

Example 5. The factorial function can be defined as a paramorphism:

fact =4 [ succ o zero, mult o (idnat X suce)] -

The calculational properties of paramorphisms are similar to those of

catamorphisms. In particular, we have “paramorphic” versions of the cancellation,

reflection, and fusion laws:

(Y Droinp =9y o F ({4 )r,idur) para-CANCEL
idyp = (inpo Ffst)p j para-REFL
fop=l9oF(f xidyr) = fo{eblr=(%)r para-FUSION.

F uF —a — uF

F(f„id„zr)l [f
F(C x uF) AM g .
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The reflection law is proved by the following calculation:

id,r
= — para-CHARN —

ing
= — F functor—

inF oF iduF
= —pairing—

inp oF (fst o( id,p,id,F ))
= — F functor—

inpoFfstoF(id,p,id,r)
q inpo F fst DF

The fusion law is proved as follows:

> fow=loF (fxid,r)
folelr

= — para-CHARN—
f o <|(p r oinp

= — para-CANCEL —

fopoF(4lp)r,idur)
= -]-

YoF (f xiduyp)o F({¢)r,idur)
= — F'functor—

' Yo F((fxidur)o({@)r,idur))
= —pairing—

poF(folplhr,idur)
(¥ )r

By definition, every paramorphism is the composition of left projection and a

catamorphism. In converse, paramorphisms can be viewed as a generalization
of catamorphisms, in the sense that every catamorphism is definable as a certain

paramorphism:

(Yv)r=(¢oFfst)r para-CATA.
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This property can be verified by the following calculation:

(Y)r
= — para-CHARN —

(Y)roinr
= — cata-CANCEL —

YWoFIY)r
= — pairing —

poF (fsto((¢)Fr,lidur))
= —

F functor —

YpoFfstoF((9Y)r,idur)
(o Ffst)p

3.2. Apomorphisms

Let us now dualize everything we know about paramorphisms. For any

morphism ¢ : C — G(C + v@G), define a morphism [¢ )] : C — vG as the

composition of a certain anamorphism and left injection:

[ole =[[yp,Ginrooutg]|]goinl apo-DEF.

Let us agree to call morphisms of the form [¢ )¢ G-apomorphisms. The

construction [- ] is, of course, a primitive corecursor. Thecharacterizing universal

property for apomorphisms is the following:

outcof=G[f;idwc]op = f=lwp]c apo-CHARN.

The type information is summarized in the following diagram

The laws for apomorphisms are just the duals of those for paramorphisms:

outgofwle=G[[ele,idvg]owp
idyc = [G inlo oute ]e
Ppof=G(f +idwc)ov = [¥Jeof=[¢lc

apo-CANCEL
apo-REFL

apo-FUSION.

As paramorphisms are a generalization of catamorphisms, apomorphisms are a

generalization of anamorphisms:

[ple =[Ginlop]qg apo-ANA.

C —I G(C +v6)

fl lG[f,id„G]
vG — — — GvG
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Example 6. Consider the function maphd f : Stream4 — Stream4, which maps

a function f : A — A onto the head of a stream and leaves the tail of the stream

unchanged. Using anamorphisms, it can be defined as follows:

maphd f = [[(f o head, inr o tail ), ( head,inr o tail)] ]s, o inl.

Clearly, such definition is not very convenient, as the tail of the resulting stream,

which is unchanged, is also constructed element by element. Atthe same time, using
apomorphisms, the definition looks as follows:

maphd f = [(f x inr)oouts, ]sa
= K(thead,inrotaz'l)]sA-

Now, the tail of the stream is returned directly without any inspection inside of it.

Example 7. Assume that the set A is ordered linearly by a relation (<) : A x A —

1+ 1. The function insert : A x Stream4 — Stream4 that inserts a given element

into a sorted stream so that the result will also be sorted is specified as follows:

( head, tail) o insert o (z,ys)

>

] (z,ys) if x < head oys
~

| (head oys,inserto (z,tailloys)) otherwise .
In this specification, the input stream is traversed and copied to the output stream

elementwise to the point at which the input element is inserted; the remainder of

the input stream is entered to the output stream as one whole. Formally, this idea is

captured by the following categorical definition:

insert o(xz,ys) = [[(xzo!inr), (id4 X inl)] otest(x) ]s, °ys,

where test(z) : Stream o — Streamg + S4 Stream4 is

test(z) = (fst + snd) o ((<) o (x2o!,fst osnd))? o (idsiream,,oUts, ).

Example 8. Consider the function on colists concat : List'y x List'y — List'y
which concatenates two colists. It is naturally representable as an apomorphism
which copies the first colist and, while arriving at the end of it, returns the second

one:

concat o (z,y) =[[Lainroouty, oy,inr]o Lyinloouty, Jl, o z.

In order to illustrate the utility of the laws introduced above, we show that the

concatenation of colists is associative:

concat o ( concat o (z,y),z) = concat o (z, concat o (y,2z) ).
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First, let us introduce a shorthand notation for the apomorphism occurring in the

definition of the function concat:

c(y) =[[Lainroouty, oy,inr]o Lginlooutr, I,

So, the definition of concat is equivalent to concat o (z,y) = c¢(y) o z, and the

equation we want to prove looks as follows:

c(z) oc(y) or = c(c(z) oy) or.

The proof is carried out according to the following informal plan. First, we twice

use the apomorphism characterization to “open” the bodies of both apomorphisms
on the left-hand side of the equation. Then we “push” all subexpressions as far

to the right as possible and simplify the resulting expression. Finally, we “pull”
the simplified subexpressions back to the left and use again the characterization of

apomorphisms to “close” theirbodies. When “pushing” subexpressions through the

case operation, we shall repeatedly use the following intermediate result about the

functor L4:

La(f,idpisy, ]o[Lainrog,inr]o Lyinl =[g,inr]o Lyf.

The validity of the equation (x) follows directly from the definition of the functor

L4 and the properties of the coproduct:

La(f,idpy, ]o[Lainrog,inr]oLyinl
= — case analysis —

[Lalf,idpiy, |0 Lainrog, La[f,idyie, Joinr]o Lsinl
= — L4 functor, case analysis, L 4 functor —

[9,La[f,idpiq, |oinr]o Ly inl

= — def. of L4, case analysis —

[9,inro(ida x [f,idrise, ])] oLa inl

= — case analysis —

[g, inr] o (idl + (idA X [f, idListiq ])) o LA inl

= —def. of L 4 —

[g,inr]o L 4 [f, idList’A ]oLyinl
= — L4 functor, case analysis —

[g,inr]o Ly f :
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Now, the proof of associativity is the following:

c(z) oc(y) o x

= — def. of c, apo-CHARN —

outz, oc(z) o c(y)
= — def. of c, apo-CANCEL —

La[c(2),idrise ]o [Lainrooutz, 02, inr|o L4inl

o outr,, o c(y)
= -(*) -

[outr, oz,inr] oLa (c(z)) o outr, o c(y)
= — def. of c, apo-CANCEL —

[outr, oz,inr] o La (e(2)) o La[c(y); idrise, ] °

o[LA4inrooutz, oy,inr] oZA inlooutz,
= --

[outy, o z,inr]o L 4 (c(z)) o [outy, oy,inr] o L (c(y))
oouty,

= — case analysis, def. of La —

[outr, oz,inr]o[Ly (c(z)) ocoutr, oy,inr]o Ly (c(2))
oLy (c(y)) oouty,,

= — case analysis, L4 functor —

[[outr, 0 z,inr]o L 4 (c(z)) ocouty, oy,inr]o L 4 (c(z)
oc(y)) o outr,

= - (*) -

[Da [c(2),idrise, ] [La inrooutr, oz,inr] o Da inl

oouty, oy, inr] oLa (e(z) oc(y)) o outr,
= — apo-CANCEL, def. of c —

[outz, oc(z) oy, inr] oLa (e(z) oc(y)) o outzr,
= —(*) -

La(c(z) o c(y),idpsy,|o [Lainroouty, oc(z) oy, inr]
oLjinloouty,

c(ec(z)oy)ox

4. CONCLUSIONS AND FURTHER WORK

We have described the notion of primitive corecursion forcoinductive types that

is dual to primitive recursion for inductive types. Both of them are generalizations
of more basic operations — iteration and coiteration, respectively. While the value

of an iterative function for a given argument depends solely on the values for its

immediate subparts, the value of a primitive recursive function may additionally
depend on these immediate subparts directly. Dually, the argument of a coiterative

function for a value may only determine the arguments for the immediate subparts
of the value, whereas the argument of a primitive corecursive function may

alternatively determine these immediate subparts directly. Primitive corecursion,
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being more permissive than coiteration, makes it easier to write programs and to

prove properties about programs.

Codatatypes and related notions such as coinduction and bisimulation are

widely used in the analysis of processes specifiable by transition systems or state

machines ['!]. If processes are understood as functions from states to behaviours,

sequential composition of two processes becomes a natural example of a function

elegantly definable as an apomorphism. This leads us to believe that apomorphisms
may turn out a viable construction in the modelling of processes. Checking out this

conjecture is one possible direction for continuing the work reported here.

In ['?], we studied programming with (co)inductive types in the setting
of intuitionistic natural deduction. Besides simple (co)iteration and primitive
(co)recursion, we also considered course-of-value (co)iteration. A categorical
treatment of these schemes is a subject for further work.
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FUNKTSIONAALPROGRAMMEERIMINE APOMORFISMIDEGA

(KOREKURSIOONIGA)

Varmo VENE ,ja Tarmo UUSTALU

On kisitletud kategooriate teoreetilist ldhenemist tiilipidega funktsionaal-

programmeerimises, kus andmetiiiipe ja koandmetiilipe modelleeritakse vastavalt

initsiaalsete algebratena ning terminaalsete koalgebratena. Peamiseks uurimis-

objektiks on apomorfismid kui funktsioonid, mis on defineeritud lihtkorekursiooni-

skeemi abil. Apomorfismid on duaalsed lihtrekursiooniskeemi abil defineeritavate

funktsioonidega — paramorfismidega. Sel ajal kui paramorfismid on leidnud laial-

dast kisitlemist nii teoorias kui ka praktikas, on apomorfismid seni suhteliselt

tagasihoidlikku tdhelepanu pdlvinud. Siinses t6os on ndidatud, et apomorfismi-
del on mitmed olulised algebralised omadused, mis lihtsustavad korekursiivselt

defineeritavate funktsioonide formaalset késitlemist. Samuti on vaadeldud reaal-
seid nditeid koandmetiitipidega funktsionaalprogrammeerimisest, kus apomorfis-
mid (korekursioon) on kasulikud konstruktsioonid.
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