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Abstract. Post-Newtonian approximation is used to find the motion equation of spherically
symmetric radiating shell moving in a central gravitational potential: the obtained equation
coincides with the exact one, expanded up to the Post-Newtonian order.
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1.INTRODUCTION

In this paper we will show how to use the post-Newtonian
approximation method to calculate the motion equation of a spherically
symmemc shell with a Schwarzschild metric inside and a Vaidya metric
outside [1].

In several works the radxatmg shell was used as a model of a nova or
supernova exploswn [719). In some of these works the model is just
classical, there is radiation outside the shell and there is a star, or a
fermionic gas, or radiation or a combination of these three cases etc.,
inside the shell. In some others, a relativistic model is used, and there is a
Vaidya metric outside the shell and a Schwarzschild, or a Vaidya or a more
elaborated metric inside the shell. In this last case, the most interesting
one, to build a realistic model, the relativistic exact computation is very
difficult, while the classical model is generally a very simple one.

Therefore to have a simple method to compute the post-Newtonian
corrections of these classical models, and therefore to avoid the study of
the relativistic model is very useful. We present such a method in this
paper.

Two essential modifications must be done to the standard post-
Newtonian approximation, as explained in =
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1. The usual post-Newtonian approximation deals only with free falling
particles; we must generalize the formalism to particles that move under
the action of an external force.

2. The usual method deals with only one particle. We will work with an
extended object, a shell i.e. infinite particles, thus we must add a self-
interaction force.

Once these two modifications are taken into account the new post-

Newtonian approximation comes forth very easily. We will obtain the
approximation of the shell with a Schwarzschild metric inside and a
Vaidya metric outside, because for this case we have the compute
relativistic model well studied (cf. [], [1]). We will expand the exact result
in powers of the typical velocity and we will compare the exact equation
with the one obtained by our method. It turns out that both coincide up to
power u*/r, where u is the typical velocity and r the typical radius. This
fact shows that our method is correct and can also be used in more realistic
examples.

2. THE EQUATION OF MOTION

The general relativistic equation of motion of a particle under the action
of an absolute force f* is:

pU* d2J|cu m dx" dx)“ f "
i it C s et (2.1

Dt dt? *Ade gt m
where 1 is the proper time, D/ Dz the covariant derivative, U" = dx*/dt the
absolute velocity, I"t , the affine connection, m the particle rest-mass and

M, v,..=0,1,2, 3. The space-like part of this equation reads

dle . i dx’ dxx " 0 dx’ dx)" dx'
el & o6 S Shedtads o e idbnds i
2 o 0,
(B ol P
dt m m dt
where i, j, ... = 1, 2, 3 and 7 = x° is the time coordinate. To compute the
absolute force let us introduce a vierbein field. If e(‘: is a vierbein field of
anholomic orthonormal basis (a,B, ... = 0, 1, 2, 3 are the anholomic

indices), the relation between the holomic and anholomic components of
the absolute force or the absolute velocity, etc., are

fH=elfy, U'=eU; 2.3)

(the sub-index a means anholomic coordinates).
The anholomic components of the absolute force can be written in

function of the usual classical force F, and the relativistic energy F CO
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0 0 -~ 0 Bdca . &
fo = e UN(FLF) = e UM (F - u,,F) (2.4)

(the sub- mdex ¢ means classical), where “c is the usual classical velocity.
In fact, U =e Uu t the time-like anholomic component of the velocity
is the famxhar coefficient

0 0
0 dxa dxa dta dta =

UG gt s e s rantass 2.5
2 dt dta dt dt /I_Bz g

in special relativity, where the holomic usual cartesian basis has all the
properties of the anholomic one, and can be used as such.

3. THE EXACT EQUATION OF MOTION EXPANDED UP TO THE
POST- NEWTONIAN ORDER

Let us now consider a Schwarzschild metric (with the usual notation)
-3
de®im [1 & zi]d % [1 % 2%) dr® - 2dQ?, 3.1)
' i

where m” is the mass of the central object. (The exterior radiation effect
will be taken into account through a radiation term Lg, so we do not
consider the Vaidya metric for the moment). JLR(7) is the shell radius, the
metric on the shell will be

-1
ds® [1 o Z%Jdt 4 (1 < 2%] gr’ -r*d*Q. (3.2)

As all the shell particles move radially and (as ¢ = 1) ds? = dtz, we have

2
2m 2
dr)? 2m u’ 43 Vb
aginsar it o
_2m | 2m
R R
where u is the usual velocity of the shell particles i.e. u = dR/dt, while we

will call R to R = dR/dz. Using R Eq. (3.3) reads

(dr)z [1 5 %]

M (3.4)

177



Now let us introduce the exact equations of motion of a shell movmg
between a Schwarzschild metric and a Vaidya metric (cf. [ £ [ 2 [ D.
They are

R(1-B) = m
(3.5)
1{ m_+_m_+}_l[p ﬁ'}ﬁ)
B|" R R(kR+B)| Al R R*
where
o 5 1/2
A=(1--1+RJ :
R (3.6)

5 1/2
B:n (1—i+RJ .
R

my is the proper mass of the shell and m* = i + m’, where m is the total
mass (proper mass plus energy) of the shell. From these equations we can
obtain that

-/p2 m L
R+m /R & ()2=__R, 3.7
A 2R Mo
where L, = -m (R+B) can be considered as the shell radiated
1ummos1ty reaction force (cf. [ ]). Therefore Eq. (3.1) reads
2m
dt R
—= 3.8
dt A s

This equation can be used to change the absolute velocity derivative in Eq.
(3.7) for a coordinate time derivative. We obtain

3
L—2m 7R) %3 iy "y i 5
inn_z( m ) u? L 2rr;/R)F=(d_‘c) "
) = Tm A dt
where L
& m
P -—02-—R. (3.10)
IR 'y

Now we will expand Eq. (3.9) up to the order «*/F, taking into account that
up to this order

= R(A-B) = R{ (2-21J—1—1(R2—3’£H=
R 2 R

=m —-m = m. (311)

We obtain
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4. POST-NEWTONIAN EQUATION OF MOTION

Eq. (3.12) is the equation that we must compare with the one we shall
obtain from the post-Newtonian approximation that we shall now study. In
order to perform this program we must:

1. Compute the potentials @,¥ and C from the ordinary post-
Newtonian approximation for our particular case;

2. Compute the absolute force f* in our radial motion.

Let us begin by problem 1. In general potentials ®,'¥ and C are
obtained as:

©)

3 700(”)

®(tx) < —Gj'd T (4.1)
(2
¥ (1, x) = I laq’(”‘) G1B°(tx)+(;7)"(t y [ 42
’x x| 6t2
. | (4.3)
C{(t’;):_hgjw ]

(m)
where G is the Newton's constant and 7" is the order n of the expansion
of the energy-momentum tensor (cf. ['1)). In our radial model potential ®
is simply:

o = == (4.4)

The other two potentials can be computed indirectly. In general we have
that the ratio between the proper time and the coordinate time up to the
fourth order is (cf. [ ])

2 : f5re &
(%)) =1+(20-u2]+2|@®+¥-C.u+®u’).

In our particular case we can expand Eq. (3.3) up to the order ;4, and we
obtain

(4.5)

4
(Sit))z 2m 2 2m 2 (4.6)
— ) =1-—=u"-—u",

dt R R
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or using Eq. (4.4)

(4) 2 4.7
(‘2—:) =1420- w1204,

comparing this equation with Eq. (4.5) we have
O’ +¥-C-u=0. 4.8)

Let us consider a rotating spherically symmetric body t.hat in the rest
reference system has an angular velocity o (r . From (cf. [ l] page 229)
we know that

C(tx) = %(;x}), 4.9)
r

where J is the angular momentum. In our case we deal with a static central
body then J,,- =0 and therefore { =0.
Thus

.

y=-0?=-" (4.10)

R2
Now if we write the general equation of motion (2.2) expanded up to order
u*/F, we have:

% .—_—V(<D+2(l>2+‘P)—a—C+3 E+uxVxC+4u(u V)@ -

{d: i }(4)

Using Eq. (4.4), (4.10) and é = 6, this equation, up to the fourth order,
reads
R

& 5 2 - 2 0@
b i oo (1) e )
dt R R3 R2 ) dt m m

where f®, % and m are the absolute radial force, the time component of the
absolute force and the rest mass of a small piece of shell, respectively.
Let us now face problem 2, i.e. computing f® and f°. Let us introduce a

vierbein field e(: tangent to the coordinates curves in each point of the
shell. The small increment of the coordinates measured in the vierbein will
be
B = -G bl
dxa # eudx : (4.13)

where the sub-index a means anholomic coordinates. We are only
interested in the radial and time-like components and as
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4’ X2 o -1/2
0 m R m
L (l‘ 7] A (1‘7} siion -4

the relevant components of Eq. (4.13) reads

o 172
o = [l—lJ dt,

a R
e Bt fie 4.15)
m
dra = [1——R—] dr.
In fact
2m R
2 _|_2m |,2 |  2m - ST TPY
dy = [1 2 Jdt (1 RJ dr —dta dra (4.16)
and also
- 172
0 m 0
fa = (I'TJ 4
i 31/2 4.17)
R m R
o = (“T] 4

and using Egs. (2.4) and (4.14) we have

i ﬂ[l—z—'"iJF“,

Cdt R ¢

" (4.18)
0= R,
or ©

where Ff and FS = Ff ufare the ordinary classical radial force and the
ordinary classical energy of the small piece of shell, and uf is the ordinary
classical velocity measured in the vierbein, related with u = dR/dt by

dR N-1 -1

X (1-21] o [1-2ﬂj u.  (4.19)
v dt, R dt R

Thus, from Eq. (4.18) we have

£R = (1—2—’"-}%",
'y

-1
gores rdes ibmiais
R 3

(4.20)

Let us now analyse the term m™ (f& - £O) of Eq. (4.12). Using Eq. (4.20),
we have:
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3 \2 )
[ Zm} 2
l-—1'+4

Ladt ok R

R 0

A f—u = (4.21)

m m mdt ¢ Py

et

L R J
that, taking into account Eq. (3.3), it reads
% R 0
Loife ol s 4.22)
m m mdt ¢

Replacing this equation in Eq. (4.12), we finally have (up to the fourth
order).

@
5 2 ; Fr
@z_ﬁz 2m - if%uu(d_f)_c, 4.23)
dt R R3 R dt’ m

This is the equation of motion of a small piece of the shell. If now we
consider the whole shell the equation will not change because the ratio
Ff /m is the same for every part of a homogeneous shell. Finally if we
realize that three forces are acting on the shell:

1. The central body attraction.
2. The exterior radiation force: - Lg.
3. The shell self-gravity force:

I (see ref. [4] Eq. (3-K))

2R?
and that the first force is already taken into account.by the Schwarzschild
metric, we then have

mim
s —LR—;;E, (4.24)

thus, our post-Newtonian approximation method yields the motion
equation
(C))

du  m 2m? 3m o (d:)T 1w Lg

— = -—t—— 4t —uU+|—

dt R2 R3 R2 dt
that coincides with Eq. (3.12), the one obtained expanding the exact
equation of motion up to the order u/r, as we have promised to
demonstrate.
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5. CONCLUSION

We have found a recipe to use post-Newtonian approximation in the

case of the shell dynamics. The recipe is as follows:

1. Write the post-Newtonian equation of motion with exterior forces
(4.12).

2. Compute the potentials using only the central body.

3. From the external ordinary forces (self-gravity of the shell included)
considered as forces measured in a vierbein, compute the absolute
forces as in Eq. (4.20).

As all this procedure is logical and straightforward, and yields the

correct result in the case we have studied, we believe it can be successfully
used in other more complicated cases.
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KERASUMMEETRILISE KESTA DUNAAMIKA NEWTONI TEOORIA
JARGSES LAHENDUSES

Roberto O. AQUILANO, Mario A.CASTAGNINO, Luis P. NEIRA

Tsentraalsiimmeetrilises gravitatsiooniviljas litkuva kerasiimmeetrilise
kiirgava kesta liikumisvorrandid on leitud ldhendusmeetodi abil, mis
voimaldab arvutada jdrkjdrgulised parandused Newtoni teooria
liikkumisvorranditele ( nn. post-Newtoni lihendusmeetod). On néidatud, et
saadud vorrandid langevad iihte tdpsete relativistlike liikumisvorrandite
vastavate arenduste esimeste liikkmetega.
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IMNOCTHBIOTOHOBCKOE INPUBJIMZKEHHE U1 THHAMHUKH
CO®EPUYECKOH OBOJIOYKH

Po6epro O. AKBHIIAHO, Mapno A. KACTAHBHHO, Jlync TI.HEHPA

[Ipy MOMOIIM MOCTHBIOTOHOBCKOTO MMPUOJMXCHUS BBIYHCIICHDI
YPaBHCHHS JBUXCHHMA CECPUYECKH-CHMMETPHYHON  HM3JTydalomieics
000JIOYKH, ABUXYIICHCS B ICHTPAIBHO-CHMMETPUYHOM IPaBUTAlIHOHHOM
nosie. JloKa3pIBacTcs, YTO C TOYHOCTHIO JO MOCTHBIOTOHOBCKOTO
NpUOJINKCHUS  TOJyYCHHBIC YPAaBHCHUS  COBIAJAlOT C  TOYHBIMH
PEJIATUBUCTCKUMH YPAaBHCHUSMH JBUXCHHUS.
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