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Abstract. A sufficient condition is proved for multipliers on generalized Lipschitz classes
with arbitrary majorant of the modulus of continuity. Analogous result for classes with a
slowly decreasing majorant was known earlier.

Key words: Fourier multipliers.

1991 Mathematics Subject Classification: 42A45

Consider a convolution-type equation
N eu="f

One of the natural problems that arises in this context is the following: what
conditions should be imposed on the kernel K to ensure that the differential
properties of the solution u are not worse than the corresponding properties
of f. In this paper we study the above problem using the tools of Fourier
analysis and approximation theory. We discuss the case of integrable
periodic functions with a given majorant of the modulus of continuity and
the results we present are supplements to [*] and [?].

Let L denote the space of integrable 27-periodic functions with the
norm

I91=57 [ 1$@)1de

A continuous increasing function w(é) is called a majorant if w(0) = 0
and w(d; + 82) < w(é1) +w(d2) (0 < 1,62 < 00) . If w is a majorant,

160


https://doi.org/10.3176/phys.math.1994.3.02

Lip(w; L) will denote the set of all f € L for the moduli of continuity of
which the estimate

w(f,6) = sup |If(- +h) = f(-) = O(w(8))

0<|h|<5

holds. If w(é) = 6% (0 < a < 1), we get the usual integral Lipschitz
classes Lip(a; L). We say that a doubly infinite series of complex numbers
A = {Ax} is a multiplier of Lip(w; L) if

is the Fourier series of a function fy in Lip(w; L) whenever

i ckeikz (1)

k=—o00

is the Fourier series of a function f in Lip(w; L).

For the classes Lip(a; C') (0 < a < 1) of continuous functions the
problem of finding exact multiplier conditions was solved by A. Zygmund
[31in 1959. In [*] and also [°] his result was extended to classes Lip(w; C)
and Lip(w; L) with w(6) satisfying the condition

i) 2m
/Oﬁf_)dur / “Wat = 0((6) (6 04)

In [%] we found necessary and sufficient conditions for Lip(w; L)
multipliers in the case of slowly decreasing w(6). Namely, let v, A denote
the n, 2n de la Vallée Poussin means of the kernel of the multiplier

2n-1

val(z) = % 2 skA(z),

k=n
where

sal(z) = Z T

k=—n

Consider the sequence D(w) = {6,;'} (see [°], defined by induction

60 =21l’,

brar = min{aimex (55, 22500) =31 @
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Theorem1 [?]. Let w(d) be a slowly decreasing modulus
of continuity, i.e. w(8)/6'/% 1 co (6 — 0+). Let D(w) = {&} be
defined by (2) and let ny = |1/6x|. Then a necessary and sufficient
condition for A = {\r} to be a multiplier of Lip(w; L) 18

”vnk+1A e v"kA” = 0(1)

Here |z denotes the entire part of z. In the present paper we show
that while proving the sufficiency part of the theorem we do not need the
additional assumption that w(§) is slowly decreasing. In fact we prove the
following

Theorem2 Let D(w) = {éx} be defined by (2) and let
ng = |1/6x|. Then a sufficient condition for A = {Ax} to be a
multiplier of Lip(w; L) 1s

“Unk+1A o 1’"1:1\” = 0(1) (3)
If w(6) s slowly decreasing, then this condition is also necessary.
Proof. Let f € Lip(w; L) and suppose (3) holds. By v, f let us

denote the n, 2n de la Vallée Poussin means of the Fourier series of f (s, f
is the n-th symmetrical partial sum of (1))

vnf = (l/n)(snf & 5n+1f oot 52n—1f)'

By f * g we shall denote the convolution

(f*xg)x)= 2% : flz —t)g(t)dt.

=

Consider the series (my = |nx/2])

Z(vﬂk-’-l f)\ — Un, fz\) = Z(v2‘nk+1f — Um, f) * (Uﬂk+1A — Uny A)'
k=0 k=0

Since f € Lip(w; L), we have

[V2np 42 f — Vmy £l = O(w(1/mi)) = O(w(1/n))-

In view of (2) we have w(1/n;) = O(1/2*). Hence this series converges
in integral metrics. So the definition of f is correct.
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Next let us estimate the modulus of continuity of f. Let
Anrf(z) = f(z + h) — f(z) denote the first difference and f5 the moving
average of f

1 /8
= — dt.
fo(z) = o5 /_6f($+t) t
It is well known that if f € Lip(w; L) then
If = fsll = O(w(9)) (4)
and

I f5]l = O(w(8)/9). : (5)
We also have Apv, f = v,Apf. Let0 < h < é. Then

1801l = || S A4S} * {mays A vy M -
k=0
= “ i{Ah(WnHlf —vm, f)} * {v"k+1A o vnkA}“ <

Z ”Ah v2nk+1f Umy f)|”|vnk+lA =4 vnkA”' (6)
k=0

The second factors in the last sum are bounded, it remains to estimate
the first ones. We have by Jackson’s theorem and the properties of the
de la Vallée Poussin means

||Ah(v2nk+lf — Umy,, f)” < 2||U2n,,+1f " vmkf” =
= O(w(1/mx)) = O(w(&k))- (7)

On the other hand, we have

Ah('v2nk+1f — Umy f) — Ah(v2nk+1(f 5 f6k+1) + V2ng4q f6k+1 =
— Um, (f =3 f6k+l) B vmkf6k+l )’

hence,
”Ah(v2nk+1f o vmkf)” S ||Ahv2nk+1(f e f6k+1)” +
+ ||Ahv2"k+1f5k+x ” + ”A"”mk(f o f5k+1)“ + ||Ahvmkf6k+x “ . (8)

Applying Bernstein’s inequality in integral metrics we obtain

b))

”Ah.'U?nH.x(f i f5k+1) ” - O(hnk+1w(6k+l)) - O ( 6
' k+1
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Since ||v, f|| < 3||f|| and by (5)

hw(8k+1)
||Ahf5k+l ” S h“fék.}.'l ” - 0 (Tﬂ—— -
we get
hw( 6%
[ARV2nx 41 forgall < 1V2nays Anforya |l = O ( (5(k+:-l)) ;

Analogous estimates may be obtained for the remaining two terms in (8).
Thus

= hw(5k+1)
N N R ) B O
As
)~ w(éx)min{1,8/8} = O(w(6))
R=0

(see [®] we get from (6), combining (7) and (9)
|Arfall = O(w(8)).

It follows that f € Lip(w; L) , which proves the Theorem.

N o t e. Analogous theorem may be proved for multipliers on the class
Lip(w; C) of continuous functions.
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FOURIER’ MULTIPLIKAATORID ULDISTATUD LIPSCHITZI
KLASSIDELE

Jiri LIPPUS

Artiklis toestatakse tarvilik tingimus suvalise pidevuse mooduli
majorandiga iildistatud Lipschitzi klassidele. Analoogiline tarvilik ja
piisav tingimus aeglaselt kahaneva pidevuse mooduli majorandiga
funktsioonide klassidele oli toestatud varem.

MYJIbTHIUIHKATOPBI ®YPLE OBOBIIIEHHBIX KJIACCOB
JIAITIITAIA

[Opu JIMITITYC

JlokaspiBacTCs  JOCTAaTOYHOE YCIOBHE IS  MY/IbTHIUIHKATOpPOB
06061meHHbIX KJ1accoB JIMMNIIMLIA [IPU IIPOU3BOIBHOM MaXOpaHTE MOXYJIsA
HETPEPBIBHOCTH. AHAIOTMYHOE HEOOXOAMMOE M IOCTaTOYHOE YCIIOBHE
VIS KJIacCOB €  MCEUICHHO  yOBIBAalOIEH  MaXOpPaHTOM  MOXYs
HETPEPBIBHOCTH OBUIO IOKA3aHO paHee.
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