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Abstract. The concept of essential orders has been recently introduced into system
theory and has been shown to be useful in the solution of static and dynamic decoup-

ling problems. This paper presents an extension of this notion to the class of discrete-

time nonlinear systems, and proves the discrete-time counterparts for some results

on essential orders from the theory of continuous-time nonlinear systems.
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1. INTRODUCTION |

In [!], a new list of integer parameters of a system called essential

orders has been introduced and several eguivalent characterizations of

these integers have been provided within both the geometric and the

transfer matrix approaches. These integers have been shown to play a

key role in the solution of the input-output decoupling problem, either

static or dynamic. In [?], via the linear-algebraic framework [3] this
notion has been generalized for continuous-time nenlinear systems which

are linear in control and several properties of essential orders have been

proved. Among other results, it has been shown that the essential orders

represent the smallest structure at infinity that is achievable by a com-

pensator which can decouple a right-invertible nonlinear system. The

theory of the essential orders of a continuous-time nonlinear system
has been exploited and further developed by Huijberts, Nijmeijer and van

der Wegen [*] in order to obtain a minimal-order decoupling compensa-
tor. They showed that the essential orders display themselves explicit-
ly in the inversion algorithm and therefore this algorithm can be used

for defining as well as finding essential orders.
The purpose of this paper is to give an extension of the concept of

essential orders to the class of discrete-time nonlinear systems, and to

prove the discrete-time counterparts for some results on essential orders

from the theory of continuous-time nonlinear systems. Our approach is

based on the recently introduced linear-algebraic framework for discrete-

time nonlinear systems [°].
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2. LINEAR-ALGEBRAIC TOOLS

We briefly review a linear-algebraic framework introduced by Grizzle
[?] for the analysis of nonlinear discrete-time submersive control

systems.
Consider a discrete-time nonlinear system, described by equations

of the form

x(t+l)=f(x(f),u(t)), x(0)=xo,
(1)

y(t)=h(x(t),u(t)),

where the states х(.) belong to an open subset X of R", the controls

u(-) belong 10 ап open subset U of R™, the outputs y(-) belong to an

open subset Y of R?, and f and h are analytic functions.
Recall that a meromorphic function n is a function of the form

n=mn/0, уПеге л ап@ @ are analytic functions with 6 not the zero

function. View x, «u(0), ..., u(n) as variables and let X denote the field
of meromorphic functions in the variables (x, u(0),

...,
u(n)). |

A system (1) will be said to be submersive if

0 NK
—гап!‹ж[Ё){— (х, #) o (х, «) ]и=и(o) =n.

Note that many systems of the form (1) are generically submersive, since
this is a necessary condition for accessibility [?].

For the system (1) we define in a natural way

у(0)— фо(хо, и (0))
и(1) —) (хо, u(0), u(1))

Y (£) =pr(xO, u(0), ..., u(t)).

Note that y(0), y(1), y(2), ..., y(f) so defined have components in
the field J.

Let & denote the vector space over X spanned by {dx,, ...

vy dxn, dui(o), ..., dum(o), ..., duy(n), ...,
dum(n)}. Later, to keep

the notation compact, {dxi,..., dx.} will simply be written as dx,
{dui(j),

...,
dum(j)} as du(j), for o<<j<<n. So, é=spany{dx, du(0), ...

..., du(n)}. Observe that dy:(k) =é for all I<i<p and o<<k<n,
since

dyi(ky= 3228g 1 3 3590003PI 3 ® Си( аи(
=0 j=l ui(l)

N

Define a chain of subspaces =B, c...c 8, of 8 by &6&:=

= span{dx, dy(0),
...,

dy(k)} and the associated list of dimensions

<Ol <...« 0n by or=dimy 6, Again, dy(j) denotes {dy,(j), ...

»
dyp(j)) for O<jzn. |

In analogy with [%3] define some list of integers for the system (1)
that will be used later:

(i) The number oz of zeros at infinity of the order less than or equal
to &, I<<k<Cn, is

Qk=dim 6& —т 6 в—l==С, — Ok—l.

The structure at infinity is given by the list {oi, ...,
on}.

(ii) The total number of zeros at infinity is p | =sup {os, k=l}.
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(iii) The number of zeros at infinity of the order greater than or equal
to i, for i=2, is

p =p| — di-1.
(iv) The list {n;, j=l} with n;=card {p, =]} represents the list

of orders of zeros at infinity.
To end this section recall the following result from [s].

Lemma 1. Assume that the discrete-time nonlinear system (1) is sub-
mersive. Then the system is almost everywhere locally right-invertible if
and only if on=D.

3. ESSENTIAL ORDERS AND DELAY ORDERS

We now extend the definition of essential orders to the class of
discrete-time nonlinear systems (1) using the linear-algebraic frame-
work described in Section 2.

Definition 1. The essential order e; of the ith output y; of the discrete-
time nonlinear system (1) is defined by
ei=min {k=>l | dy.(k) & spany {dx, dy(0),

...,
dy(k—l),

dyj«i(k), dy(k+l),
...,

dy(n)}}, i=l,
..., p.

A differential dy:(k) as above is said to be essential in {dx, dy(0), ...

..., dy(n)}. If such a & does not exist, one sets g;=oo.

To be homogeneous with the framework of this paper, the delay
orders [®] can be defined in the following way.

Definition 2. The delay order d: of the output y; of (1) is defined as
the smallest nonnegative integer k for which dy:(k) & span {dx}. If,
for any k>o, dy;(k) = span {dx}, then d;=.

From Definitions 1 and 2 it is clear that &;>d,, i=l, ..., p.

4. THE PROPERTIES OF ESSENTIAL ORDERS

This -section is devoted to the properties of essential orders and
their connection with the input-output decoupling problem.

Lemma 2. Consider a right-invertible nonlinear system (1). Then for
all I<<i<p, e,-gn'l.

Proof. From [°] one can deduce that if {dx, {dj.(j) | I<i<k—l,
i<j<<k—l}} is a basis for Bk.l, for k>2, then there exists a vector

x consisting of some components of y such that {dx, {dj(j) | |<i<k,
i<<j<Ck}} is a basis Гог 6,. 50,

span {dx, dy(1), "”._‘fysl()'&}{dx, () | i, ijen})=
. =span (dx, (dji(j) | I<i<n'—l, i<sj<ni— 1) P

| @ span {dji(j) | I<i<n, n| <j<n).

Similarly, one has- by & ; .
span (dx, dy(1),

..., dy(n''— 1))=
| =span {dx, {dj:(j) | lisn— 1, is<j<n]— I}}



232

and the right-invertibility assumption yields 0P

span{dy(n}), ..., dy(n)}= s

=span {dy.(j), I<i<n], n]<j<n}

and

span {dx, dy(1),
...,

dy(n)}=span {dx, dy(1), ..., dy(n]— 1)} D

® span {dy(n'), ..., dy(n)}.

Then for any I<<i<<p

dim span {dx, dy(1),
...,

dy(n)}>
> dim [span {dx, dy(1),

..., dy(n]—l)} @

. ®span {dyji(n}), dy(n|+l), ...,
dy(n)}].

Thus n! Zei. bt _

Corollary. For right-invertible systems e;<<oo. .

Proof. Follows from the fact that for right-invertible systems ni <n.

The input-output decoupling problem can be stated in the linear-

algebraic framework as follows. |

Definition 3. Find, if possible, a dynamic compensator in the state-

feedback form

z(t+l)=j(2(?),x(l),v(1)),
(2)

u(ty=nhnc(z(t),x(t),v(t))

with the state z(') =Z, an open subset of R"®, with inputs veV, ап

open subset of R™ and with analytic f¢ and h®, such that

dyi(k) € spang, {dx, dz, dv(0), ..., dv;(k)) (3)

for I<<i<p, k=l and

dyi(n+n.) & spani,{dx, dz} for I<i<p, (4)

where X* denotes the field of meromorphic functions in the wvariables

(x,2,v(0),...,0v(n)). -
Eg. (3) expresses the fact that ith output depends only on ith input

and (4) (provided (3) holds) represents the right-invertibility condition.
The static state feedback

u(t)y=a(x(t),v(t))

is just a special case of dynamic compensator (2) where n.=o. Note

that no regularity assumption is made on the compensator.
Next, let us prove the discrete-time analogue of Lemma 2 т [?].

Lemma 3. The essential orders e;, i=l, ..., p cannot decrease under the

action of a static or dynamic compensator.

Proof. Assume that dy:(k) is not essential for the original system (1)
for some i {l,

...,
p} and some I<<k<Cn. Then there exist meromorphic

coefficients a;(x, u(0), ..., u(n—1)) eX, j=11,...,1, I=n(p+l),
that are not all zero such that
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[ ду;(®) ду:(&) _____д_д!/_*'ШТТо…О]= ;Ox du(0) e

ax, y(1), ..., y(n))
=[a; ... m]W'.—.,—Z—(F:—l)—)

where the coefficient relative to

õy,—(k)

o(x, u(0),
...,

u(n—1))

is zero. For the extended system, i.e. the closed-loop system consisting
of the original system (1) and the dynamic compensator, one obtains

Õyi (k)
—

-

a(x, z, v(0), ..., v(n—1))
" ;

—

ду: (&) _‹Шс‚ u(O),...,u'(n——l))
_

—

д(х, и(0),..., и(п—1)) д(х,г, 9(0), ..., 9(п—1))—
— а.. а]
II) 0 (),..., u(n—1))

—НН
d(x, u(0), ..., ü(n—1)) д(х,г, 9(0), ..., 9(п—l))`

So,

0y:(k)
— а..ой

-I01I)
a(x, z, 9(0), ...,

o(n—D)PI 324512
B(x, 2, 0(0),...,o(n—1))

The latter shows that dy:(k) is not essential for the closed-loop system.
Next, let us prove some more discrete-time analogues of the results on

essential orders [?].

Lemma 4. The essential orders &, i=l,
...,p are invariant under a

regular static state feedback u(t)=a(x(t), 9 (Р)).

Ргоо!. The regularity of a(’) means that da(’)/dv is nonsingular for all

(x,v) = XXV, and proof of Lemma is an immediate consequence of the
chain rule

RIS M. .o 0))
— xYOD I) s

° (x, v(0),...,o(r—1)) — 9(x,u(o), ..., u(n—1))
where

- %U(0), ~ «(#— ))
|

-
—

9(x 0(0),
...,

0(n—1))

is a square full-rank matrix.

Lemma 5. If there exists a (static or dynamic) compensator C that

decouples the system P, then

|d:(P-»C)z>e:;(P), i=1,...,p (5)

where P-C denotes the decoupled system.

Proof. To prove Lemma, note that for any decoupled system P-C,
one has

di(P-C)=e/(P-C), i=1,...,p.
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From Lemma 4, we have that under a static or dynamic compensator,
e; cannot decrease for i=l, ..., р. Thus, .

gi(P-C)=>ei(P)

and relation (5) is true.

Lemma 6. Consider a right-invertible nonlinear system (1) with an

equal number of inputs and outputs. Then for all 1 <<i<p, e;=d; if and

only if the input-output decoupling problem is solvable via a regular
static state feedback.

Proof. Necessity. Assume that system (1) can be decoupled by a regular
static state feedback. Then d;(P-C)<|ei(P)=c¢i(P-C) since for any

decoupling compensator d;(P-C)=e¢;(P) and since the essential orders

are invariant under a regular static state feedback. For every system
e.=d; by definition, so we obtain -

а; (Р.С) ==в;(Р).

Since the delay orders are also invariant under a regular static state

feedback, d;(P)=d;(P-C), we obtain

а; (Р) ==в;(Р).

Sufficiency. Follows from the fact that the decoupling matrix has a full

row rank iff d;(P) =e:(P).
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DISKREETSE AJAGA MITTELINEAARSETE SUSTEEMIDE °

OLULISED JARGUD

Ulle KOTTA

Diskreetse ajaga mittelineaarsete siisteemide klassile on laiendatud
lineaarsete siisteemide teoorias hiljuti kéibele voetud oluliste jarkude
moistet. Olulistel jarkudel on tähtis osa nii staatilise kui ka diinaamilise

dekomponeerimise iilesande lahendamisel. On defineeritud siisteemi téis-

arvuliste struktuuriparameetrite hulk, mida nimetatakse olulisteks jarku-
deks. On toestatud rida oluliste jarkude omadusi, millel on analoogid
pideva ajaga mittelineaarsete siisteemide teoorias. Muu hulgas on nai-

datud, et olulised jargud on invariantsed regulaarse staatilise tagasi-
side rakendamise suhtes.



235

СУЩЕСТВЕННЫЕ ПОРЯДКИ НЕЛИНЕЙНОЙ СИСТЕМЫ С

ДИСКРЕТНЫМ ВРЕМЕНЕМ

Юлле КОТТА

Работа посвящена изучению распространения концепции существен-
ных порядков, недавно введенной в рамках теории линейных систем

и нелинейных систем с непрерывным BpeMeHeM, на класс нелинейных

систем с дискретным временем. Существенные порядки играют ключе-

вую роль в решении задач статического и динамического расщеп-
ления, т. е. в задачах нахождения такого управления в виде либо ста-

тической, либо динамической обратной связи, чтобы в замкнутой
системе {-й скалярный вход управлял только /-м скалярным выходом

У, не действуя на остальные.

Определяется множество целых чисел, называемых существенными

порядками. Доказывается ряд <войств существенных порядков, имею-

щих свои аналоги в теории нелинейных систем с непрерывным време-
нем, в том числе свойство их инвариантности к применению регулярной
статической обратной связи по состоянию.
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