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1. Statement of the problem and basic notions. Let X, Y be reflexive
Banach spaces with duals X*, Y* and let A:X—X* S:X—Y be linear
operators. Consider the quadratic functional f(x)={Ax, x) to be mini-
mized subject to linear equality constraints Sx=y, see [']:

min {{Ax, x) | Sx=y}. (1)

The following applications motivate investigations of the stability of
the problem (1): perturbation theory of linear regulator problem in opti-
mal control [?], linear-quadratic stochastic programs [3] etc.

Since the pioneering work of J. Daniel [*], a number of papers have
appeared on continuous dependence of solutions of approximate problems
relative to perturbations of the data. We mention here only some of them.
In [5] the variational convergence is used in order to analyze the con-
vergence of approximate extremum problems to the initial one in the
Banach space. In [®7], first the discrete approximation scheme was
suggested for the minimization of a functional subject to functional
inequality constraints. In [®], relying on the general theory of discrete
convergence of operators, originated by Fr. Stummel [°], the conver-
gence conditions for discrete compact and approximate regular [8] linear
operators, which determine the equality constraints, are presented. In
[1°], the discrete approximation scheme for the minimization of a non-
linear functional subject to nonlinear operator constraints of inequality
type (ordering defined by cone) was suggested. :

Here we consider the linear-quadratic minimization problem (1)
from [']. Although formally an extremum problem with equality con-
straints is a special class of extremum problems with inequality constraints,
the direct transformation of the convergence scheme from [1°] is compli-
cated since in ['] we essentially use the assumption on the existence
of an interior point of a cone.

In this paper, we replace the problem (1) in spaces X and Y by the
sequence of the following extremum problems in reflexive Banach spaces
Xn, yn, nEN:{l, 2, %

min {(Anxn, xn> I Snxn=yn}, (2)
x

where An: Xp—X*, Sp:Xy—> Yy, xn&X.and yp e Yo
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We present conditions that guarantee the convergence of optimal
values and optimal solutions of approximate problems (2) to the optimal
value and solution of (1).

Let us introduce some notions from the theory of discrete convergence
of mappings [!'] necessary in this paper.

Let X, Y and X,., Y, be real Bapach spaces with norms ||-|| and ||-[l.
(for the sake of simplicity denote Sorms for both spaces X, Y, X,, Y, in
the same way), and let P={p.}, Q={g.} be systems of linear connec-
tion operators, pn:X—>Xn, gn:Y—Y, with consistency of norms: for
everyxe X, yeY

lpaxlla—Tlxll,  lgaylla—ligl, neN. (3)

We say that the sequence of elements {x.}, x. = X», P-converges (or
converges discretely) to x = X if '

lpax — xalln—0, neN. . (4)
We denote this convergence by
P-limx,=x, neN.
Note that the consistency of norms (3) guarantees uniqueness of the

limit of any discretely converging sequence of elements (4).
Let X*, Y* be dual spaces of X, ¥ and let P*={p*}, Q*={g"} be

systems of linear connection operators, A0 ¢ =T, with
properties (3) (here we use for the convenience, the notations p¥, ¢7,
although in general p? % (p.)*, ¢* % (gn)").

Assume that the following compatibility conditions are satisfied
J(p:z, pax)—><{2,x), neN, VxelX, z X",
Al) (5)
l(q;w, gy ><w,yy, neN, vyt vel”
We say that the sequence of elements {x.}, x» & X,, wP*-converges

(or converges weakly discretely) to xe X, if for every P*-convergent
sequence {z.}, P*limz,=z, n N, we have

Zn, Xn) —>{2,X), neN. (6)
We denote this convergence by
wP*limx,=x, neN.
Note that if P-limx,=x, neN, then wP*-limx,=x, ne N, and the

limit of a wP*-convergent sequence is unique.
The convergence (6) is equivalent to the two following conditions:

lx:l.<<const, neN,
(P2 xn)—> (2, %), nEN, VzekX'.
The sequence of linear operators {B.}, B, & £ (Xn, Yn), PQ-converges
to the linear operator B £(X, Y) if
lgnBx — Bnxnlln—0 as P-limx,=x, neN. (7)

Again, the convergence (7) is equivalent to the two following condi-
tions

|Ball»<<const, neN,
”anx—Bnpnx”n—*O, ne N, vxe X

We denote this convergence by B,.iSB.
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We say that the sequence of sets {G.} converges discretely to the set
G in the sense on Mosco if

1) {x2}, xeGp wP*limx,=x, neN cN=>xeG;

2) Yue G3{un}, un< Gp, such that P-limu,=u, n< N.

2. Conditions of the discrete stability. Let the following assumptions be
satisfied

A2) A A, A5A%, neN,
where A*:X—X*, A% :X,—>X,, neN.
A3) (Ax, x) = clix|l?, {Anxn, x2) = cllxall>, neN, ¢>0.

Proposition 1. Let conditions A3) be satisfied and convergences
Al), A2) hold. Then i

lim inf {(Anxn, X2)=(Ax,x) as wP*limx,=x, neN.

Proof. Since {An(pnXx— Xn), pax—xa) =0, then {Anxn, Xn) =
= (AnpnXx, Xn)+<{AnXn, pnx) — {Anpnx, pnx). It is clear that {(Anpnx, xn) —
—>(Ax,x) and {Anpnx, prx)—><{Ax,x), neN. Since {(Anxn, pnX) =
={Xn, A" pnx) —{x, A*x)=(Ax, x), n& N, the statement of the proposi-

tion follows therefore. Q. E. D.

Let the bounded linear operator S be surjective, i.e.

A4) R(S)=Y.

Denote by G and G, the constraint sets of problems (1) and (2):
G={x|Sx=p}, Gu={Xa| Snta=ypn}.

Before presenting convergence conditions of optimal values of prob-
lems (2) to the optimal value of the problem (1) let us verify that opti-
mal solutions of problems (1) and (2) exist and are unique.

Due to condition A3) every minimising sequence {x.} x.< G, such
that

{AnXxn, xn) — inf {(Ax, x)|Sx=y}

is bounded. Hence it is weakly compact. The set G is closed and convex,
hence weakly closed. The cost functional (Ax, x) is weakly lower semi-
continuous (taking in Proposition 1 X,=X, x»n= X, A,=A, n= N). Con-
sequently, the optimal solution Z exists and due to A3) it is unique. The
same arguments are valid for problems (2) too.

Let the following convergences hold

T e

2) s*=5.8°

Q
3) Yyn—>y.
Proposition 2. Let conditions Al), A4), A5) be satisfied. Then
G.—~G, neN

discretely in the sense of Mosco.
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Proof. Let wP*limx,=x, x,& G,, n N. Consider the linear form
(q* W, Snxn— Yn)={q’, W, Snxn) —{q, @, Yn)=XS, 4, @, xn) —<q, @, Yn) —~
—(S*w, x) — (w, y)=<(w, Sx—y), n= N. Since the equality Sx=y is
equivalent to the equality {w, Sx — y)=0 Vw & Y*, then we can conclude
that the limit point x of a weakly discretely convergent sequence {xn}
of admissible elements is admissible for the problem (1), i.e. x= G.
Consider now the «there exists» part 2) of the discrete Mosco-convergence
of {G.} to G. Take an x such that Sx=y and let us construct a P-con-

vergent sequence of elements from sets G,, n = N. Take ;n as a minimum
point of the auxiliary subproblem

min {IIXn—anH |San=yn}- (8)
7 s

The minimizing sequence {)Ac,,} is bounded, hence it is wP*-compact. Let
wP*-1im 2,,=u, neN cN,

and suppose in contrast that us~x. Since the equations Sx=y and Su=y
are equivalent to equalities (w,Sx—y)=0 and <(w, Su—y>=0 then
we get for the adjoint operator S* that (S*w, x)=<(z, x)=(S*w, u)=
={v, u). Hence, S*w=2z and S*w=v which contradicts to A4) since S*

is one-to-one. Consequently, wP*-lim:r,.=x, neN’, i.e. for any x= G
there exists a subsequence from {G.} P-converging to x. Q. E.D.

Remark 1. The «there exists» part 2) of Mosco-convergence is
valid only for a subsequence. Nevertheless is it enough to guarantee the
convergence of optimal values.

Denote by f* the optimal value of the problem (1) and by [ the

optimal values of problems (2).
Theorem 1. Let conditions A1)—A5) be satisfied. Then

f*=f* as n—oo

and all P-limit points of sequences of solutions of problems (2) are
solutions of the problem (1).

Proof. Let z, be the solution of (2). Then [|Z.l2<<c '{AnZEn, Tn)<<

<{(Anxn, xn)<<const (x. is a solution of the auxiliary subproblem (8)),
i.e. the sequence of solutions of problems (2) is wP*-compact. By propo-
sition 2 its limit point x is admissible, i.e. x & G. Then, by Proposition 1,
F*<{Ax, x)<lim inf {A,%n, Tn)=Iim inf ¥

Prove the opposite inequality. Let ¥ be the solution of (1). Auxiliary
subproblem (8) guarantees that for the (admissible) element x there

exists a sequence {;c,,}, ne N’, of (admissible) elements which converges
to . Then f* — [*={AnZn, Tn) — (AT, T)<{Ankn, Xn) — (A, E)<e for
n>=n, neN'. Consequently, liminff* =>f* and limsup][; <™
neN, ie.
limf* =f*, neN.

The remaining part of the theorem follows from the condition A3):
C“-i:n_‘pnini = <An(-'fn e pn-’f), En — pn.f> = <Anfn, Tn) — (Anpn:f, Tn) —
— {AunZn, prx )+ {AnpnX, pux) —0 as n—oo. Q.E.D.
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Remark 2. Differently from papers [!] and [*] we need not the
compactness (or compact convergence) assumptions for operators S
and S, neN.
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KITSENDUSTEGA EKSTREEMUMULESANNETE DISKREETSEST STABIILSUSEST

On esitatud lineaarkitsendustel minimeeritava ruutfunktsionaali diskreetse stabiil-
suse tingimused. Vérduskitsendustega iilesanne refleksiivses Banachi ruumis on asen-
datud vorduskitsendustega iilesannete jadaga teistes refleksiivsetes Banachi ruumides.
On esitatud sellise asenduse stabiilsuse tingimused.

Puxo JIEINII
O JLUCKPETHOM YCTOMYMBOCTHU 3AJAY YCJIOBHOM ONTUMHU3ALHH

INpuBefeHs yCJOBHs AHCKPETHON yCTOHUHBOCTH 5KCTPEMAJbHOM 3alauM ¢ KBaapaTHi-
HbIM  1leJeBbIM  (DYHKIMOHAJOM M JIHHEHHBIMH orpaHuueHHsaMH, 3ajada C OnepaTopHLIMH
OrpaHHuEHHSIMH THNA PaBEHCTB B pedJekcHBHOM 6aHaXOBOM TNPOCTPAHCTBE  3aMeHseTCH
[10C/Ie10BATENBHOCTBIO 3324 C OrpaHHYeHHsIMH THIA PABEHCTB B APYTHX PedIEKCHBHBIX
GaHaXoBHIX TpocTpaHcTBax. [IpHBeleHbl YCJOBHS YCTOHYMBOCTH 3TOH 3aMeHBI.
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