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1. Statement of the problem and basic notions. Let X, Y be reflexive

Banach spaces with duals X*, Y* and IеЁ А : Х — Х*, S:X—Y be linear

operators. Consider the quadratic functional f(x)={Ax, x) to be mini-

mized subject to linear equality constraints Sx=y, see [']:
min {{Ax, x) | Sx=y}. (1)

The following applications motivate investigations of the stability of

the problem (1): perturbation theory of linear regulator problem in opti-
mal control [2], linear-quadratic stochastic programs [?] etc.

Since the pioneering work of J. Daniel [*], a number of papers have

appeared on continuous dependence of solutions of approximate problems
relative to perturbations of the data. We mention here only some of them.

In [°] the variational convergence is used in order to analyze the con-

vergence of approximate extremum problems to the initial one in the

Banach space. In [®7], first the discrete approximation scheme was

suggested for the minimization of a functional subject to functional

inequality constraints. In [®], relying on the general theory of discrete

convergence of operators, originated by Fr. Stummel [°], the conver-

gence conditions for discrete compact and approximate regular [®] linear

operators, which determine the equality constraints, are presented. In

[l°], the discrete approximation scheme for the minimization of a non-

linear functional subject to nonlinear operator constraints of inequality
type (ordering defined by ccne) was suggested. :

Here we consider the linear-quadratic minimization problem (1)
from [']. Although formally an extremum problem with eguality con-

straints is a special class of extremum problems with ineguality constraints,
the direct transformation of the convergence scheme from [!°] is compli-
cated since in ['°%] we essentially use the assumption on the existence

ol an interior point of a cone.

In this paper, we replace the problem (1) in spaces X and Y by the

seguence of the following extremum problems in reflexive Banach spaces
Xn, Yn, nE N=(l, 2, %

j , nlin {(Anxn, xn> | Snxnzyn}, (2)

where An:Xn—>X*, Sn:Xx>Yn, Ха ©Х, апа и„ © !,.

* Festi Teaduste Akadeemia Kiiberneetika Instituut (Institute of Cybernetics, Estonian
Academy of Sciences). EEOIOB Tallinn, Akadeemia tee 21. Estonia.

https://doi.org/10.3176/phys.math.1992.3.01

https://doi.org/10.3176/phys.math.1992.3.01


178

We present conditions that guarantee the convergence of optimal
values and optimal solutions of approximate problems (2) to the optimal
value and solution of (1).

Let us introduce some notions from the theory of discrete convergence
of mappings [!'] necessary in this paper.

Let X, Y and X,, Y, be real Basélch spaces with norms ||| and ||-|l-
(for the sake of simplicity denote nmorms for both spaces X, Y, X,, Y, in

the same way), and let P={p.}, Q={g.} be systems of linear connec-

tion operators, pn:X—> X, gn:Y—Y, with consistency оЁ norms: for

еуегу х © Х, у ЕУ
.

Ipaxlla—Nlxll, loryll=—llyl, nEeN. (3)

We say that the seguence of elements f(x-), xn€ Xn, P-converges (or
converges discretely) to x = X if

-

||an—xn||n—*o, neN. . (4)

We denote this convergence by

P-limxy,=x, neN.

Note that the consistency of norms (3) guarantees uniqueness of the
limit of any discretely converging sequence of elements (4).

Let X*, У* be dual spaces of X, Y and let P*={p*}, Q*={q’} be

systems of linear connection operators, R A, q’Z:Y*—»Y’;, with

properties (3) (here we use for the convenience, the notations p*, ¢7,
although in general p* == (p.)*, ¢* % (gn)*). —

Assume that the following compatibility conditions are satisfied

J(p:z, рах>—> <2г, х>, neN, VxelX ге Х*,

А1) (5)
\ <s* @, gup—><w, 05, neN, wer, ver..

We say that the sequence of elements {x.}, x.&X., wP*-converges
(or converges weakly discretely) to x X, if for every P*-convergent
sequence {z.}, P*limz,=2z, neN, we have

2Zn, Xn) —>{2,%x), п© М. (6)

We denote this convergence by

wP*-limx,=x, пЕЕ М.

Note that if P-limx,=x, neN, then wP*limx,=x, ne N, and the
limit of a wP*-convergent sequence is unique.

The convergence (6) is equivalent to the two following conditions:

lx:ll.<<const, neN,

(p:z, xny—><{2,x), neN, VzelX'

The sequence of linear operators {B.}, Bx & £ (Xn, Yn), PO-converges
to the linear operator B £(X,Y) if

lgnßx—Bpxnlln»—o as P-limx,=x, neN. (7)

Again, the convergence (7) is equivalent to the two following condi-
tions

|Balln<<const, neN,

”anx—Bnpnx"n—*O, nEN, VeX.

We denote this convergence by B„f-SB.
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We say that the sequence of sets {G.} converges discretely to the set
G in the sense on Mosco if

1) {х»}, ха ©G, wP*limx,=x, neN cN=xe(;
2) №и Е G3{un}, un< Gy, such that P-limu,=u, n N.

2. Conditions of the discrete stability. Let the following assumptions be
satisfied

A2) An A, ASA* neN,

where A*:X—>X*, A* :Xn—>X*, neEN.

АЗ) <Ах› x) = C"X”2, <Anxn, xn) = C"xnuz, ne N, с>> 0.

Proposition 1. Let conditions A3) be satisfied and convergences

Al), A2) hold. Then °

тlO <Алхл, Ха>=><Ах, х> а5 wP*limx,=x, пЕЕМ.

Proof. Since <{An(prx— Xn), ох — ха> 2> 0, then <(Anxn, Xn) =
= (Anpnx, Xn)+{AnXn, pax)—{Anprx, pax). И 15 clear that <Anpnx, Xn) —

—> <Ах, х> and <{Anpax, pax)—><{Ax,x), neN. Since {AniXn, pnx) =

={Xn, A" pnx) = {x, A*x)=(Ax, x), nEN, the statement of the proposi-
tion follows therefore. Q. E. D.

Let the bounded linear operator S be surjective, i.e.

A4) R(S)=Y.

Denote by G and G, the constraint sets of problems (1) and (2):

G={x|Sx=y}, Gn={%n|Snxn=lyn}.

Before presenting convergence conditions of optimal values of prob-
lems (2) to the optimal value of the problem (1) let us verify that opti-
mal solutions of problems (1) and (2) exist and are unique.

Due to condition A3) every minimising sequence {x.} x.< Gn, such

that

{AnXn, xny — inf {{Ax, x)|Sx=y}

is bounded. Hence it is weakly compact. The set G is closed and convex,
hence weakly closed. The cost functional (Ax, x) is weakly lower semi-
continuous (taking in Proposition 1 X,=X, xn,=X, А„== 4А, пеЕ М). Соп-
sequently, the optimal solution z exists and due to A3) it is unique. The
same arguments are valid for problems (2) too.

Let the following convergences hold

A5) —1) 5„—>5,
О*Р*

2) s:-»s*

Q

3) Уп—> У.

Proposition 2. Let conditions Al), A4), A5) be satisfied. Then

Gn>G, neN

discretely in the sense of Mosco.
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Proof. Let wP*limx,=x, x» & G,, nN. Consider the linear form

(G* W, Snxn— yn)={q’,W, Snxn) —<G,@, Уп)==<57, G, @, Xn) — LG, @, Yn) —

—(S*w, x) — (w, y)=(w, Sx—y), пЕЕМ. Утсе the equality Sx=y 15

equivalent to the equality (w, Sx—y)=o Vw < Y*, then we can conclude

that the limit point x of a weakly discretely convergent sequence {xn}
of admissible elements is admissible for the problem (1), i.e. x€ G.

Consider now the «there exists» part 2) of the discrete Mosco-convergence
о {С„} to G. Take an x such that Sx=y and let us construct a P-con-

vergent sequence of elements from sets G,, n = N. Take X, as a minimum

point of the auxiliary subproblem

min {||x, — paxll | Snxn=yn}. (8)
Xa

s

The minimizing sequence {:Ё„} is bounded, hence it is wP*-compact. Let

wP*-lim £„=u, neN cN,

and suppose in contrast that us=x. Since the equations Sx=y and Su=y
are equivalent to equalities (w,Sx—y)=o апа (w, Su—y)=o then
we get for the adjoint operator S* that (S*w, x)=<(z, x)=(S*w, u)=
==(0, и). Hence, S*w=2z and S*w=v which contradicts to A4) since S*

is one-to-one. Consequently, wP*-]im;c,,=x, neN’, i.e. for any x=G
there exists a subsequence from {G,.} P-converging to x. ©. Е. D.

Remark 1. The «there exists» part 2) of Mosco-convergence is
valid only for a subsequence. Nevertheless is it enough to guarantee the

convergence of optimal values.
Denote by f* the optimal value of the problem (1) and by [* the

optimal values of problems (2). ;
Theorem 1. Let conditions Al)—A5) be satisjied. Then

fas n>

and all P-limit points of seguences of solutions of problems (2) are

solutions of the problem (1).

Proof. Let ž, be the solution of (2). Then ||rnl?<c-KAnžn, žr) <

.<<A„xn,š„><const (;c„ is a solution of the auxiliary subproblem (8)),
i.e. the seguence of solutions of problems (2) is wP*-compact. By propo-
sition 2 its limit point x is admissible, i.e. x & G. Then, by Proposition 1,
I'<<KAx, xy<<liminf (An%n, Zn)=lim ini f*.

Prove the opposite inequality. Let ¥ be the solution of (1). Auxiliary
subproblem (8) guarantees that for the (admissible) element x there

exists a sequence {;c,.}, ne N’, of (admissible) elements which converges

to Then f* —f*=(AuZn, Tn)—(AT, TY<(Ankn, Xn) — WA, >Ze Юг

n>=n, neN'. Consequently, liminff* Р апа limsupf; <[,

п е М, I.е.

limf’;=f*, neN.

The remaining part of the theorem follows from the condition A3):
cllžn — prž?< (An(Tn — PnE), Tn— prX) = (AnZn, Zn) — (AnpnZ, Tn) —

— <Anžn, pnž>+<Anpnž, pn„ž>—*o а5 И—> ©O. Q E D



181

Remark 2 Differently from papers ['] and [®] we need not the

compactness (or compact convergence) assumptions for operators S

and S,, ne N.
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KITSENDUSTEGA EKSTREEMUMULESANNETE DISKREETSEST STABIILSUSEST

On esitatud lineaarkitsendustel minimeeritava ruutfunktsionaali diskreetse stabiil-

suse tingimused. Vorduskitsendustega iilesanne refleksiivses Banachi ruumis on asen-

datud vorduskitsendustega iilesannete jadaga teistes refleksiivsetes Banachi ruumides.

On esitatud sellise asenduse stabiilsuse tingimused.

Puxo JIEIIII

O ДИСКРЕТНОЙ УСТОЙЧИВОСТИ ЗАДАЧ УСЛОВНОЙ ОПТИМИЗАЦИИ

Приведены условия дискретной устойчивости экстремальной задачи с квадратич-
ным — целевым — функционалом и линейными ограничениями. Задача с операторными

ограничениями типа равенств в рефлексивном банаховом пространстве — заменяется

последовательностью задач с ограничениями типа равенств в других рефлексивных
банаховых пространствах. Приведены условия устойчивости этой замены.
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