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INTEGRATED PHOTOELASTICITY IN CASE

OF WEAK BIREFRINGENCE

1. Introduction

In integrated photoelasticity stresses in three-dimensional models are

determined using optical data obtained when polarized light passes
through the whole model in a transmission polariscope. In this respect
integrated photoelasticity may be interpreted as optical tomography of

the stress field. However, while classical tomography is restricted to the

determination of scalar fields, in integrated photoelasticity one has to
determine a tensor field.

The optical phenomena in integrated photoelasticity are very compli-
cated due to the rotation of principal axes along the light rays. However,
if birefringence of model is weak, the measurements are similar to those

with two-dimensional models and simple integral relationships between

the experimental data and the stress components are valid. This permits
to elaborate methods for nondestructive determination of stress in a three-
dimensional transparent specimen.

2. Integrated photoelasticity as optical tomography of the stress field

In integrated photoelasticity [!] we immerge the three-dimensional
model into an immersion bath and pass a beam of polarized light through
the model (Fig. 1). Transformation of the polarization of light is mea-

sured for many light rays. In certain cases the stress distribution can be
determined using this integrated optical information.

Since the determination of stresses is usually carried out by sections,
integrated photoelasticity can be considered to be a kind of optical tomo-
graphy [2]. However, this tomography has several important specific
features [ 4]. |

Fig. 1. Experimental set-up in integrated photoelasticity
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It is. essential to point out that classical tomography is scalar field

tomography. It means that every point of the field is characterized by a

single number. It may be the extinction coefficient of X-rays, scalar

acoustical refraction index, etc. Stress field, on the contrary, is a tensor

field, i. e. every point of the field is characterized by a symmetric second-

rank tensor which has six independent components.
Other particular features of tensor field tomography are the following.
The influence of a point of a scalar field on the passing radiation does

not depend on the direction of the latter, since a scalar is geometrically
represented by a sphere. The influence of a point of a tensor field

depends on the direction of the passing radiation since a tensor is geo-

metrically represented by an ellipsoid. ;
In scalar field tomography nonpolarized radiation is usually used.

In tensor field tomography polarized radiation has tobe used since it is

more informative.
Scalar field tomography is based on line integrals of the field. In the

general case of integrated photoelasticity [!] onehas to determine the

characteristic directions and the characteristic phase retardation which

are related to the stress components in a nonlinear way. Line integrals
of the stress components can be measured only in exceptional cases, as

will be shown below.
Since a scalar field is uniquely determined by the Radon inversion

[2], there is no need for a priori information about the field. In the case

of a tensor field the number of unknowns is much larger and there obvi-

ously is a need for a priori information. In case of integrated photoelas-
ticity, one has such information in the form of equations of equilibrium
and compatibility, and macrostatic and boundary conditions [*3 ¢].

3. The case of weak birefringence

As already mentioned, in the general case measurements in integra-
ted photoelasticity give nonlinear relationships between the experimental
data and the stress components [!]. Therefore, to determine the stress

distribution using experimental data is very complicated.
However, if the birefringence is weak, the optical measurements can

be simplified. It has been shown [3] that in the latter case a three-dimen-

sional photoelastic model can be investigated in a usual transmission

polariscope as if it were a two-dimensional model.

It means that it is possible to determine the parameter of the iso-

clinic ¢ and the optical path difference A on every ray. They .are related

to components of the stress tensor on the ray by simple integral rela-

tionships []

A cos 2y=C [ (0.— ox)dy, (1)

Asin 29=2C [l.x dy, (2)

where C is the photoelastic constant and oy, o, and 7., are components
of the stress tensor in the plane perpendicular to the light ray y.

Using numerical experiments it has been shown [?] that relationships
(1) апа (2) are valid if A is less than approximately 1/41 (A — wave-

length) and the angle of rotation of the principal directions does not
exceed m/6. In case of axial symmetry, A should be less than approxi-
mately 3/4.

Thus, in case of weak birefringence, the measurements in integrated
photoelasticity are similar to those in two-dimensional photoelasticity
and one may use simple integral relationships (1) and (2).
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Let us mention that Eqs. (1) and (2) have been used earlier by
several authors [%7]. However, in these papers the domain of applica-
bility of Egs. (1) and (2) has not been considered.

4, The axisymmetric state of stress |

An algorithm of integrated photoelasticity for the axisymmetric prob-
lem, using Eqgs. (1) and (2), was first published by Doyle and Danyluk
[7]. Here we present a somewhat different algorithm in order to under-
line the way equations of the theory of elasticity can be used in integra-
ted photoelasticity.

Let us express the stress components in a section of the model in

cylindrical coordinates as follows:
:

m

Or= 2 a%sz: ; (3)
k=o

S m

og=— 2 Ь%@”‘‚ | ` (4)
k 0

| о,— E Czwak, (5)
h==o

Tzr= 2 d?.h—iQ'Zk_i’, (6)
h=l / .

where (Fig. 2)
o=r/R,

=

(7)

Qop, бэк, Сн апа аж are coefficients tobe determined, and R is the

radius of the section. At a distance Az of the main section we take an

auxiliary section (Fig. 2) which has the radius R’ and where we denote

the stress coefficients by a prime: a,, b,, с Фа

Since on the z-axis we have 0,=09, we may write

bo= bo. (8)

If the external axial load P, is known, we have

| 2л 1

Рff 0.:0 do d9=—z—-=o;'. : (9)
. 8

л

Introducing expansion (5) into Eq. (9), ме obtain

. m 1
S/ Cop ———=o". (10)

к— k+l ž

Fig. 2. Investigation of an axisymmetric state of stress
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Additional relationships for the unknown coefficients may be obtained

using boundary conditions.
We have to determine four functions of the dimensionless radius g:

or, oe, 0; and t,,. However, on every light ray we may measure only two
values: ¢y and A. Consequently, we do not have sufficient information for

determining the stresses directly from experimental data. To decrease
the number of independent coefficients, we have to use the equations of
the theory of elasticity.

. If expansions (3) to (6) are introduced into the compatibility equation

д От — ©6

оо [99— №(о--ог)]—(-Ни) A—-=O, (11)

where u is the Poisson ratio, and into the eguilibrium eguation

ÕO',-( С, —Og дтгт
—

St ~ (12)

we obtain after some transformations

—

2k 2k+ltp и

TIT ВНа ба 9)

2kp (k+l) 1+ (2k+l) pb —_—— —И
B

)=1
T

ORI ба (14)

where

”
1

/
| R Bk—l

ay ===l() -t (15)

2Az
Ad=—rrr.

RIR " (16)

According to Fig. 2, the following relationships are valid

Ox==o7r СO5? 0--ав 5102 0, (17)

Tiax=—Tzr COS 6. (18)

Introducing Eqs. (6) and (18) into (2) reveals

A sin 2y m

=3 'dop
1

Top 1, 19
-

ICR š 2—lT 2hi (19)

where _
‚ Yi—x,2

T 7= f 021 cos 0 dn=x;Ga_2, (20)
0

| PReSRTRGRIG ST ULBT (21)
1° 2k+l 2k+l 1

;

x y
—_— — =—=— , 22X1

R
, n

R
( )

If ¢ and A are measured on many light rays, Eq. (19) reveals a system
of linear algebraic equations for the determination of the coefficients

dop—l.
For the determination of the coefficients ap— ¢y and cai, using Eq. (1),

ме obtain the following system of equations
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Асоs 2р
,

;

cr +a(Khzx+KoFar) =

m

= (ao — СО) Gd+kZlCZk(KlF2k+K3H2h— GZk)) (23)

where K; are certain functions of £ and Hax, Ez. are described in [4].
Boundary or macrostatic equilibrium conditions permit to separately

determine ао апа со. The coefficients as, and bsx can be calculated from

Eqs. (13) and(l4). Thus, all the stresses can be determined. .
As an example, in Fig. 3 stress distribution in a grooved cylindrical

rod is shown.

In case of the residual stresses we cannot use the compatibility
equation. However, it is possible to determine the distribution of the shear
stress 1, using Eq. (19). Н is also possible to determine the distribution
of 0,. For that, let us consider equilibrium condition for direction x of a

three-dimensional segment ABC cut out from a body of revolution (Fig. 4).

Shear force in the direction of x at the upper surface of the segment
Ty can be expressed as _

R

Tu=[ (Jt dy°) dx, (24)

and at the lower surface as _
R

Ti= [ ([Txdy’)dx. (25)
х

Fig. 3. Stress distribution in a grooved cylindrical rod: unbroken line — Neuber’s theo-
retical solution [B], broken line — integrated photoelasticity (with 6 terms in the poly-

nomials (3) to (6)).

Fig. 4. Explanation of the equilibrium condition of a three-dimensional segment
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Let us use the following notations for experimental data for the

lower surface of the segment

Vi=Acos29=C[ (0,— ox)dy’, (26)

We denote the same values for the upper surface of the segment by V',
апа ~

Condition of equilibrium of the segment for direction x reveals .
B R’ R —.

,
Т

Р.,
1Аг!ахсіу =Tu——Tl=?õ—;[ Vzdx——?õ! Vzdx (28)

and, taking into account Eq. (26),
B

1
R' R | V

z
—

-

/
—

__....__l.!а‚ау =(fиах vazdx) 3
(29)

Thus, integral of o, can be expressed through the experimental data

obtained for two neighbouring sections. Knowing integrals of o, the

distribution of the latter is determined using the methods of the scalar
field tomography.

As an example, Fig. 5 shows the distribution of axial stress o, in a

section of a Soviet champagne bottle before and after opening.

5. The general three-dimensional state of stress

Let us consider an investigation of stresses in a three-dimensional

body of arbitrary form. Passing light through the body in section z=

=const measurements on every ray y’ (Fig. 6) give two relationships
analogously to (1) and (2)

И, (1, 9) == С ] (о; — ox)dy, (30)

У›(1, 9) ==2С[т dy'. (31)

V. A. Sharafutdinov has shown [?] that if experimental data (30) and

(31) are recorded in two adjacent sections Az apart, it is possible to
determine the distribution of do,/0z in the section xy. Starting with a

plane z=2, where distribution of o, is known, it is possible to recursively
determine the distribution of o, in the whole model.

However, recursive determination of o, is sensitive to experimental
errors.

Let us show that it is possibleto determine the distribution of o, inde-
pendently in an arbitrary section z=const [“].

Fig. 5. Distribution of axial stress o, in a Soviet champagne bottle before (unbroken
line) and after (broken line) opening.
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Considering the equilibrium condition in the direction x” of the three-
dimensional segment y’y)x’ (Fig. 6) of thickness Az we obtain analo-

gously 10 Eq. (29)
W x x/

g | l : )И,‚ Р,
,—//ГО —

,
2y[ody ЭСА (_[ У, ах _/У2ах C+Az (3)

where P, is the external load in the direction of x” at the external sur-

face yx’y, of the segment.
Since relationships (32) can be obtained for all rays with parameters

1 and 0, the determination of o, is reduced to a problem of scalar field

tomography. ‚

As an example, Fig. 7 shows the distribution of axial residual stress
in a cylindrical fibre preform with elliptical core and cladding.

If external loads meet certain restrictions (absence of twist), the
distribution of o, permits to calculate also the values of other components
of the stress tensor.

6. Conclusions

It has been shown that in case of weak birefringence the measure-

ments and theory of integrated photoelasticity are considerably simpler
and it is possible, with some restrictions, to determine also the general
three-dimensional state of stress.

Birefringence is often weak in glass specimens, in models made of

plexiglass, in specimens of NaCl and KCI, etc. One may also use models

of optically sensitive materials like epoxy resin. However, in the latter

case the model should be free of initial birefringence and the load

should be kept low.

Fig. 6. Investigation of a cross-section of an arbitrary three-dimensional body.

Fig. 7. Cross-section of a fibre preform and axial stress distribution along axes x and y
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INTEGRAALNE FOTOELASTSUS NÕRGA KAKSIKMURDVUSE KORRAL

Peapingete suundade podrdumise t6ttu on integraalses fotoelastsuses optilised néh-

tused keerukad ning poordiilesande lahendamisel tuleb kasutada mittelineaarseid seoseid

pingevilja parameetrite ja katseandmete vahel. On ndidatud, et ndrga kaksikmurdvuse
korral lihtsustuvad oluliselt optilised mdotmised ning katseandmed avalduvad pingeten-
sori komponentide integraalidena. See voimaldab vilja töötada meetodeid ruumilise

pingevilja mittepurustavaks madramiseks ldbipaistvates katsekehades.

Хиллар АБЕН Сийм ИДНУРМ Альфред ПУРО

ИНТЕГРАЛЬНАЯ ФОТОУПРУГОСТЬ В СЛУЧАЕ СЛАБОГО ДВУПРЕЛОМЛЕНИЯ

Вследствие вращения направлений главных напряжений оптические явления B

интегральной фотоупругости являются сложными, а решение обратной задачи базиру-
ется на нелинейных соотношениях. Показано, что в случае слабого двупреломления

оптические измерения значительно упрощаются и данные измерения выражаются HH-

тегралами от компонентов тензора напряжения. Это позволяет выработать методы

для неразрушающего определения трехмерного поля напряжений в прозрачных телах.
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