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MODEL MATCHING OF LINEAR-ANALYTIC DISCRETE-
TIME SYSTEMS VIA DYNAMIC STATE FEEDBACK

(Presented by U. Jaaksoo) .

1. Introduction

The model matching problem, i. e, the® problem of compensating a

system in order to obtain the same input-output behavior as the one of
a prespecified model, has attracted a great deal of interest during the
last two decades. Most papers consider linear systems and a number of
results have been obtained for continuous time nonlinear systems either

by tools of differential geometry [!2], differential algebra [®], by the
so-called structure algorithm [%], or by zeroing the output of the extended
system, i.e. considering the model matching problem as the disturbance

decoupling problem [€].
To the author’s knowledge, no papers have been written on the topic

of model matching of nonlinear discrete-time systems. However, the
related problems of input-output linearization [?] and decoupling [B]
have been studied. In these cases the model is respectively linear or

decoupled, but otherwise entirely arbitrary. Here lies the main difference
from model matching problem in which case the model is prefixed.

This paper deals with the model matching problem for discrete-time

linear-analytic systems characterized by rather restrictive conditions.

Actually, we consider the same class of systems as in [7B]. The justifi-
cation for considering this class of systems lies in the fact that the

problem of model matching has in this case a closed-form solution. The

solution of model matching problem is obtained via the right inverse

system. A similar approach is followed т [?] to problems of input-output
linearization and decoupling.

2. Problem statement

Consider the nonlinear discrete-time system described by equations

(D)=2 +o(x())+ Zhx®)w(t), xO)=x (1)

y(t)=h(x(1)),

where the state x (/) c R*, u(t)———gul(t) ... Un(t)]T is the m-dimensional

input vector, y(¢{)=/[y:1(f) ...yp(£)|" is the p-dimensional output vector

(ржт), : К — К®, {==o, 1 ..., т ап@ А: К — RP are analytic func-
{{опs оп &”.

In this paper we shall study the problem of using dynamic-state
feedback in order to make the input-dependent part of the input-output
behavior of (1) the same as that of a prespecified nonlinear system de-
scribed by equations

P

2(l‘+l)=2(t)_+go(2(f))+22gi(2(i))vi(t), 2(0) — 2о, (2)

y*(t)=h*(z(l)),
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where z(f) €R, v(t)=[uvi(t)...v,(t)]"=R?, y*(t) =R», g;:R—R!
and h*: R'— R? are analytic functions on R’ The dynamic state feedback
control law is described by equations of the form

, р

E(E+IT) =&(Э-На(Е(0), x(t)),+g,;b,-(§(t), x(t))vi(t),

| 3| w(t)y=c(s(o), x(0)+dE(0), x(1) v(0)
®)

in which §(f) & RY and the entries of a, by, ..., by, ¢ and d are real ana-

lytic functions defined on a suitable open and dense subset of RVXR™.

3. Preliminaries

This section briefly describes the {OOl5 which will be used т the
sequel. The more detailed presentation of this material can be found in[“’l. With a reference to the- analytic functions f(x):R"—Rn and
@(х) :К® -> К®, let us introduce the following differential operators:

®.
Lf ‹=l, '

®& п ok
ь '—i"%’:lf,-‘---f,-k 0x;...0x;

” к>!,

1 ‚®&
А==Э, ' (4)

# >0 `

® Ё ©г п oktr
Lf ®Lg .=. Z fi.'”fi„gi."'girm,—"

11?"" Jr=i 1, »

k2l, r2zl,

where fi, @; # j=1,..., n, and I denote the ith component of f, jth
component of g and the identity operator, respectively. The differential
operator A; can be used to express the composition of functions. More

ргес!sеlу, Н /: К®—>В® ап@ h:R"—RP are two analytic functions on

К», \пеп the composition (denoted by «-») of h with /4f can be expres-
sed as ;

ho I+F) x=A;h|xz,
where |x denotes the evaluation at x. More generally, if f;: R"— R,
i=l, ..., k, then

he(l4fr) ... (I4+fl)x=A, o...oAfkhlx.
The differential operator (4), the so-called operator exponent, is sui-

table to represent the evolution of the system (1) which involves the com-

positions of functions. The output evolution in ¢ step can be written as

Y(O)y=Asrtru@y°. . . *Ajetput— |xO,
where F=Tfi. |4} .

‚

For each output y;, i=l, ..., p, let d; be the delay order defined
as the smallest integer such that the following two conditions hold [7]:

1) А, ®l, ®...®1,, A% hilx=o,

Yx, Yr<di Y, Y,
...,

kE(,
...,

m);

2) 3p and a sequence iy,
..., i, such that

A, ® Г, 0...0Ly, °A‘f’thi|x#=o
9

й 1 0
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Vi<V, where V is some open subset of R™. Here A}=As-...cA;
(r times). ; :

It can be shown that ft=d;+l is the first instant of time at which

the ith output is affected by at least one input at time ¢=o.

In the sequel we shall consider only the systems for which the condi-

tion (5) holds:

A, OL;, V...OLy, AY (hi) | x=o, (5)

\Ух Е\, \у2> 2, , ..., & © (1,..., т}, i=1,...,p. а

The class of systems we consider includes bilinear systems and non-

linear systems with linear output function if all orders of delay d;=o.
Of course, this class of systems is quite restrictive but it is characterized
by the following fact. Provided the system is right invertible, the problem
considered here and the related problems of decoupling, feedback lineari-

zation and disturbance decoupling have the closed-form solutions.. e

4. Right inverse system

The right invertibility 'problem can be defined inthe following way.
The system S is right invertible if there exists another system S;! such

that the input-output map of the composition of S7! and S is the identity

тар,
В

|
. S°S—l;l=lp.v , |

It never holds, however, that a system (1) is rightv invertible in the

above sense. Consequently, the notion of the delay right invertibility
will be used here. We say that the system S is (di+l,

...,
dp+l) —

delay right invertible, if there exists another system S7! such that -

S-S t=diag {z-47... 2%1} p. _

Here z~! is the delay opefator, z7ly(t)=y(t—l). Let us introduce
the matrix A(x)==[gi;{x)}], i=1,....p; j==l, ...,

m and the vector

6(х) = [6, (х) ], k=l, ..., p defined by

| а; ()C)‘=}Afo X Lfl °A'ž: (h;) lx,

õk(x):=A<š:+i Й» |х-

Theorem 1 ["]. Consider the system (1) for which the condition

(5) holds:/If the rank of the pXm matrix A(x) is equal to p in some

ореп апа dense subset V of R, then the system (1) has in V a (di+l, ...

...,
dp+l) — delay right inverse, which is defined by equations

x(t4+l)=x(t)+fo(x(t)) —F (x(t))AR (x(#))8(x(?)) +

+F (x(8)) [lm— AR(x(1)) A (x(2) ) 1&g (x () )+ - |
ЖЕ(+(0))А"(к(2))@(, — | | (6)

j(t)y=—AR(x(1))8(x(t)) +AR(x(t)) & (t) +

| +[lm —AR(x(t))A(x(2)) 1€(x(2)), - (7)

where AR=AT(AAT)-! and the vector function g(x) is arbitrary. In the

seguel we will assume that the assumptions of the Theorem hold.
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_ ‚° . 5. РгоЫет solution via right inverse system

‘We look for the feedback control law such that the input-output
behavior of the closed-loop system coincides with the input-output beha-

vior of the model system (2). Let the input-output maps of the original
system and model system be denoted by S and M respectively, and the

input-output map of the compensator be denoted by C. In that case we

have | . |
| о

5. С==М. |
If we choose

—

В
C=SB1 {zdH ...24t} -M,

we attain the desired goal. So, to obtain the required control law, we

must feed into the output equation of the right inverse system the

appropriate shifts о! the outputs of the model system Y*(f) =

=[y](t+di+l) ...y (t+dp+l)]"T and then express Y*(f) by =z(f)
and v(f).

Let us feed into the output equation of the right inverse system (7)
the appropriate shifts of the outputs of the model system (2) )

и (#) ==— А (х () ) 6 (x(t))+ [lm— AR(x(1) )A (x (1)) 1g (x(t) )+

+AR(x()) [y7(t+di+l) .. 9% (+d7+D]T. (8)

Let us 'assume that the characteristic numbers of the model system
d* are egual or greater than those of the original system, i. e.

д | A, ®Lg ®...®Lg,A 7 hi].=o, (9)

> MYr<di W, Yi,..., kef(1,..., p i=1,...,p 01

Moreover, assume that either d;>d; or, if not, y’(t+di+l) is also

linear in the input ov(¢) (i=l, ..., p). Then we obtain from equations
of system (2)

] P

jk (t+di+l) =AU2+DJA, OL, »Auhtleus(t),
1

0 0

N ep
(10)

The equations (8) and (10) show that the dynamic feedback

р ,

Z(f*+l)=Z(t)-.+go(2(t))+.šgi(2(f))vi(i),
11

ü(t) =—-AHx() )õ(x()) +n— AHx(D)A(x(O)]e(x())+
1)

+AR(x(1)) N(2(t))+Aß(x(£)) M(2(t)) v(t), ——
where

N(z(t))=[ni(z)], =l, ..., P, M(z(t)):[m„(z)],

і’і`=l7'°°яр› : :

. 1 (#)=л4н "Ё'д
-

че —аГА.
probably solves the model matching problem. We will formulate this

result as a Theorem. i
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Theorem 2. Consider the system (1) for which the condition (5)
holds and the rank of the p)Xm matrix A(x) is equal to p in some open
апа dense subset V of Rn. If the delay orders of the model system (2)
are equal or greater than those of the original system and in case of their

equality also for model (2) condition (5) holds, then the model matching
problem can be solved by dynamic state feedback given by equations (11).

The proof of Theorem 2 is given in the Appendix.
Notation 1. If the characteristic numbers of the model system are

equal to those of the original system, yet the condition (5) does not hold
for the model (2), then the model matching problem is still solvable,
only the dynamic feedback becomes more complicated. Namely, it will be
a polynomial in v;(¢), j=l, ..., p.

Notation 2. From the condition
3

| y(t+i)=y*(t+i) .
it follows

`

©(2(7)) = Н (х()), (12)

where
`

©Т (г) =[^ Ag„ ht +e Ag;h:, A h';), Ago h’;, ra Až:h;],
НТ(х)=(№и, A s, ..., Adihy, ..., hp, Afohp,

+ Abhal.

Let us denote 3 (di4+l) by m. If the uX! matrix д0(г)/дг Баз
: i==l

гапК и, then, from the eguations (12), one can recover w components of

z, denoted by 2z; and expressed as functions of x, and of the remaining
I—u components, denoted by » zi=q(x, 22).

In that case the dynamics of compensator (11) can be replaced by re-

duced order dynamics
Р

22(l+1) =22(t) +g0(22(7), x(t))+,§g,«(z2(t), x(t))vi(f).

This compensator is equivalent to compensator (11), provided 2;(0)=
=(x(0), 22(0)). _

И I==й, еп zy=2=l(x) and the static state feedback law

u(t)y=—Aß(x(t))B(x(t))+[lm—AR(x(t))A(x(t))]&(x()))+
AR(x (1) )N (b() +AR (x(1)) M () )0 (6)

solves the model matching problem. Note that in the last case the delay
orders of the model must coincide with those of the system, otherwise >p.

Notation 3. Our paper can be interpreted as a generalization of

the results of [7], where the linear model is considered. Moreover, they
assume that d*=d; and /=y. In any other sense their model is arbitrary.

Monaco and Normand-Cyrot [7] do not assume the full row rank of

the matrix A(x). Instead, they require the solvability of the system of

equations
А (х) [а(х) ЕВ (х) ] ==[6(х) : М], (13)

where M is a constant matrix whose elements are defined by the model.

The device for computing the solution of this system is the generalized
inverse A—(x) of the matrix A(x). The equation (13) has a solution if

and only if the consistency condition for the equation (13)

[p — A(x)A-(x)] [õ(x) ;M]J =0
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is satisfied [®2]. If the matrix A(x) has a full row rank then AR=

=AT(AAT)~I serves as A-, and the consistency condition is automatically
satisfied. So, the assumption of Monaco and Normand-Cyrot [7] is less
restrictive than ours, and it extends the possibilities if the model is arbit-

rary. But it does not contribute anything essential to the case of fixed
models: for systems which have not a full row rank matrix A(x), the
amount of models which can be matched is very small. This is one of
the reasons we have chosen the assumption of a full row rank. The other
reason is that our paper can also be interpreted as a generalization of
the results on input-output decoupling [®]. In this paper the assumption of
the full row rank is essential.

6. An example |
Consider the process which produces single-cell protein from yeast

grown on methanol. This process is described hy the following eguations
[*]

°

ю (ННI) =(0-ННа-р ()—На( s (8),
K-+xo(t)

H Xz(t)b 4 1)22y (1) ——m %3() — Hx(t)u(t)+Huw(t),x (1+1) =x(b) —н Kt (7) x 4 (1) .xz( ) 1(1) +-Низ(2)

‚ y1(f)=X1(t),

Y 2 () =xa(l).
The delay orders of the system are dy==o, do=o. The condition (5) is

satisfied and the matrix A(x) is given by

18 -—H)CI 0]А(Х)— [—Нх2 H `
which is nonsingular in the subspace V=R?— {х/хls=o}. Мо!е аё Бу
x; is denoted the biomass concentration and, therefore, we may assume

that it is not equal to zero. The inverse system is given by equations

x(t4+l) =x(t)+[y: (t+l), g 2 (t+l)7,
uy (1) = pmx2 (1) / (K+22(l) ) — g 1(14-1) / (H x 4 (1) ),

s(t) = pmx2 (1) (Rx2(t)+-x1(2) )/R (K+x2(t)) —

— *2(2) 1 (#--1) / (На (5)) — y2(£4-1) /H.
In case of the model . ‘ | :

21(t4l)=2l(1)Fvi(l),

° #2(&-+НI)==22(7) +-22(1)01 (7)--02(7),

y; (t) =2z (1),

Y, () =22(?)
the delay orders of the model are dj=d=O, p=l[=2 and the static

state feedback

us (t) =pmxa(t)/(K+-x2(t)) — 1/H — 04 (8) / (Hx1(2)),

и2(7)==т (7) (Rx 2 (£) +xl(t) ) / (R(K+x2(t))) —%2(t)/H—
— (%2(2) / (Hxl(2) )+x2(t)/H) 04 (¢) — v2(t) /A

solves the model-matching problem.
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In case of the model

21 (1--1)=2›(1),
‘2o (t4-1 =2l(f)4v:(1), В

23(t'+1)=24(t),
2 (t+l) =23(f) 0.(1),
y; (1) =z(t),
y, (t) =2s(t), |

the delay orders of the model are d*'=dž=l and the dynamic feedback

гэ (7--1) ==х1 ()-Н-01 (7), |
24 (1--1) =хз()--02 (7), .

-

1 ; X2(t) '
)Cz(t) l ' X 1 (t)

() =йт э
|-=

K+x%x2(t) xz(t)+-—XI() H| x2(i)
R sz(t)'i-ä(t)

solves the model-matching problem. '

7. Conclusions |

Here we have tackled the problem of compensating a multivariable

linear-analytic discrete-time system in order to obtain the same input-
output behavior as the one of the prespecified linear-analytic discrete-time
model. The considered systems are assumed tobe |
1) (di+l, ..., dp+l) — delay right invertible,
2) such that y;(t4+di+l), i=1,...., p are linear in е input u().

For this subclass, the given problem is solvable by dynamic state
feedback which is linear in the new input if the orders of delay of the
model system are equal or greater than those of the original system and
in case of their equality y;(t+di+l) is also linear in the input v(?).

It turns out that the concept of right inverse plays a central role in

the solution of this problem. In fact, the required feedback law can be

given by the output equation of the right inverse system if we feed into
it the appropriate shifts of outputs of the prespecified model system
coupled with the equations of the model. _

If the second assumption does not hold, either for original system (1)
ог for model system (2) in case di=d], the problem is still solvable,

but in that case the feedback is polynomial in the new input. However,
we have not considered these cases here.

Appendix: Proof of Theorem 2

The closed-loop system (1), (11) is also the linear-analytic system

Z(t4+l)=Z(t)+fo(Z (1)) +F ((t))v(?), (14)
| y(t)="(Z(1)), | |

where

Fr(t)y=[x"(t), 2" ()],

-
X ilX)ailx,2л2 — [fo<)+šf( ) ›]‚

go(x) ‘
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. "

т , m

p , — '_'‚›х i'x„z...: i (X)Bi x,Z
F@=l7l - ..f„(m-———-«[šf ()8u(2,2) --- h Bip(* ’], .

gi(z).............gp(;): D
Ь

h(ž)=h(x),

[а (х, 2) . .. am(%, 2)]T=—AR(x)8(x) +AR()N (2) +

— +[m-AMo)A()]g(x),
—

(15)

b [ В (х, #) .- Pia(%, 2) ] — А (х) М (г). (16)

Bmi (%, 2) ... Pmp (%, 2) |

The input-output behavior of the linear-analytic systems (2) and (14)

can be described by Volterra series [*] |
т t .

g=w(t+l)+3 Zw, (e,@+о
і‚=l 1,0 j P ,

| т ее t ‘R

+ D X №... 2 ю; (Н, т., Tk) H”i, (tij))+ ---

£, ip=l T=o T=l, T=T,,
ti j=l :

where Volterra kernels of the model system (2) аге

wo(t+4l) =A;+%h*| %

| о, НА, п) = Аоа, ®а АН

| ;vi.....i„ (-Нl, лао
+

1) =.АЁ.„ - Äg., ®B AT

°Ago ®_›Ьві= ° Атгіо—т!_і" .. . ° Ago ®'Lgin °Atg:T“ h*l z,’

For compact expression of the kernels, the following notation has been

used (here A—fl has not been defined and carries no meaning)

а @l, ТАаНа @Ly, SоВАа@ у

:

=ril Ago ® Ьгі‚ ® Lgiz ® ...® Ьді‚, r22. (17)

Volterra kernels of the closed-loop system (14) are | |
нн | ` :

wo(t'+l)=Af~° fil;fi,
% t—,

w; (t4l, n)-—;A;o oA;fl ®L}-. °A;o. fil;o,

t ‹›l t 12._1'_1

w,i""ix ( + »Übt Th)__—A;o OA;o ® L;“i, OA;o . -

_ - L ' Tk | -<а ` i 4
b BLy by potes- Ryt Oilgd0 B

Letus de_no.te by 'щ{(__і; the .jth-; co'mfion.enf of the .kernel Wb s
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We shall show that Volterra kernels of closed-loop system (14) will

coincide with Volterra kernels of model system (2), except wi (£+l) for

t<d;.
Let us first observe that

A:f—o h«.:A
fo+’3 f,a,hi:

m m M.a
= 3 > A OL ®...® 1 him—— .

8220 n,,+m2o
L h Hm ni! ..

nm!

n+ n,=s

If d;>o, then

° A]:o hi="Af° hi. |
Similarly,

@

| “A;o hi=AP;ohi, g A;;o fii=A‘fi:hi,

but
ь

ан
я A

m
я

мна гадмтовуннсь Воа @1 та
J=

because of the assumption (5). Taking into achunt (15), we get

оан j
>

ÖA; hi=A(;'+i hi — A‘}’t‘“ hi4+ni(z) =;АЁГН h*.

Furthermore,

2
ан h* вн h*t — AU+2h*

AÄ. fii=A;o °Ag'., hi=Ag,°Aglo hi=Ag: R,

ап@ 50 on. :

Therefore, ;

[;A; hi, if /di
t 9

5 h*":lA; ь, Ног>4

Next, ме shall show that

t
- - -—А .—' o At h*

'Af.. ®ijl ®...® Ь’з'‚. Af. fi,—Ag. ®Lg].l ®...® ngh Ag„hi' (18)

Really, Н / < di, then

Af. ® L;J'; ®...® L?J‘;. oA‘fohi=

—
o At ,'—Аі„+2!.-щ® [‘г.г.-в.-‚-[ ®...® Ь“‹Вц_ Af., hi.

If {<d;, the last expression is equal to zero because of the definition

di. 1f t=d; апа k > 2, then this expression is equal to zero because of

the assumption (5). In both these cases

c

А&’@Ьд‚.' ®...®nghoA‘goh’:=o

because of the assumptions about the model system made in the Theorem 2.
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И t=d; and k=l, this expression is equal to

m

: е АЙ й. —т ; — о
Л@, *

because of the assumption (5) and the equality (16). If ¢>d;, then

t
A: ®L~ ®...®L~»A ki=4A- ®[. ®.. - oAI h*=j.® j,‘® ®ij. Af.h; A’°®th® .®ijh A‘.hi

= o At * :A ®Lg, ®...® Ly,AL .

Now, consider the ith component of the kth-order kernel wi ^1

(t+l, 71, ..., ©) of the closed-loop system (14) (i and & arbitrary). If

Th=Th—l= ... =Thr>Th—r, I =O,

then by (17) and (18) °

wgl-—-ž. (t+l, 1, 72, .

.., TR)=

4
L

T 4 LRй
=445, 8L; A, A7 ® Iега .

' —-
.‘A, ®Lg, ®..®Lg A ht=

4 4A Фнр внр 1

=Ae.°AE..®L‘J',°AE., °Аг„®[“:'2°"'°Ае. ° .
е

: °A3o®ngh—r®...®ngh°Ago hi’

which coincides with the ith component of the kth-order kernel of the
model (2).
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Ulle KOTTA

DISKREETSETE LINEAAR-ANALÜÜTILISTE SÜSTEEMIDE SOBITAMINE

DÜNAAMILISE TAGASISIDEGA OLEKU JÄRGI

On vaadeldud mitme sisendi ja mitme véljundiga diskreetse lineaar-analiiitilise
siisteemi kompenseerimise ülesannet eesmirgiga saavutada kompenseeritud siisteemi
sisend—valjund-kujutise kokkulangevus fikseeritud mudelsiisteemi sisend—valjund-kuju-
tisega. On leitud nimetatud ülesande lahendamise piisayad tingimused (d,41, ...

..., dp+l) mnihkega paremalt pooratavate siisteemide klassi jaoks ]а nende tingimuste
tdidetuse korral tuletatud oleku jargi kompensaatori vorrandid diinaamilise tagasiside
kujul. Otsitav tagasiside.on middratud mudeli diinaamika wvorrandite ]а parempoolse
poordsiisteemi vdljundvorrandiga, kui viimase sisenditeks votta mudelsiisteemi véljundid
sobivate, mittelineaarse siisteemi struktuuri poolt mdédratud nihetega. ;

Юлле КОТТА

СОГЛАСОВАНИЕ ЛИНЕЙНО-АНАЛИТИЧЕСКИХ СИСТЕМ

ДИСКРЕТНОГО ВРЕМЕНИ С ПОМОЩЬЮ ДИНАМИЧЕСКОЙ
ПО СОСТОЯНИЮ ОБРАТНОЙ СВЯЗИ

Рассматривается задача построения компенсатора, обеспечивающего совпадение

вход—выход отображений замкнутой системы и заранее фиксированной линейно-ана-
литической модели. Для класса с (@\+Нl, ... , @р--1) — сдвигом обратимых справа
линейно-аналитических систем со многими входами и выходами предполагаются до-

статочные условия разрешимости рассматриваемой задачи и при выполнении их най-

дены уравнения компенсатора в виде динамической по состоянию обратной связи.

Искомое управление определяется уравнениями динамики модели и выходным урав-
нением правой обратной системы, если подставить в качестве входов в это уравнение
подходящие, определенные структурой нелинейной системы .сдвиги выходов модели.
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