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Riho LEPP

DISCRETE APPROXIMATION OF INTEGRAL EQUATIONS IN THE

SPACE OF ESSENTIALLY BOUNDED FUNCTIONS

(Presented by G. Vainikko) |

1. Introduction. Consider the numerical solution of the Fredholm

integral equation of the second kind .

x(s)= [ K(s,)x(t)a(dt)+f(s), se&D, (1)
D

where x,fe L>(D,X,O)=L>(D) — the space of essentially bounded
functions y(s) with norm ;

lyll=vraisup |y(s)|.
В

вЕр

Неге с 1$ a finite regular nonnegative measure on a closed bounded set
Р < К, Х is the Borel sigma field on D and |-| denotes the Euclidean
norm of a vector.

In [!] the integral operator kx= [K(s,t)x(t)o(dt) is assumed to
be a compact operator from L*(D) to C(D) — the space of continuous

functions. Then, assuming that fe C(D) and P, is an orthogonal pro-
jector of L=(D) onto n-dimensional subspace of C(D), ме can replace
the operator equation

x=kx-+f (2)

by the approximate eguation `

_ xn=Pnkxn+Pnf» (З)

where ||Р„х— х||—0,п—> о МхЕС(О) апа |& — Р„&||->(, п—>со.
Then one сап consider the difference between the solutions of prob-

lems (1) and (3) (see [!]):

o M— xall<l7— Pak)!llllx— Prxll (4)

along with the rate of convergence. j |
In this paper we consider approximate solution of (1) when

&: 1/° (Э) —l° (Э) and/or [ L=(D). We replace the equation (1)
with a system of linear equations in R, ne N=1{1,2,3,...}. In order
to get estimates, analogous to (4), we have to introduce a system of

(linear) connection operators P={p,}, pn:L>(D) — R, such that

Ipnxll=lxll, n—>oo Vxel=(D). (5)

Condition (5) guarantees uniqueness of any discretely converging
sequences of elements, enabling thus the discrete approximation of the

equation (1) in the space of essentially bounded functions L*(D). -

In the next section some notions about discrete convergence of ele-

ments and mappings, necessary for this paper, are introduced. In Sec-
tion 3 conditions are presented which guarantee convergence of the

method, also the rate of convergence is estimated.
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2. Discrete convergence and auxiliary result. Let us restrict the mea-

sure o:

Al) o{s||s—t|=const}=o VieD.

For the approximate solution of the equation (1) we start from a

quadrature formula

šh(S)O(dS) = äh(si„)mi„+cp„ (h) (nEN), (6)

where mi, >O, sineD, i=l, ..., n, and ¢@n(h) is the remaining
part of the quadrature formula (6). Quadrature process (6) converges if

¢n(h) >0 (ne N) for every continuous function h & C(D).
The convergent quadrature process (6) defines a system of partitions

о! D,D= | Ain, #n={_{Aln,
...,

Ann}, neN, with properties [?]:
i=l ;

m'n
4) SinE Ain; 5) max ———-—>l, n—>oo; .)

I<i<n
O(Ain)

6) diamA;n—o, n—>oo; 7) O(A° )=o(4in)
(here diam A=sup |s—l{| and A° and A denote interior and closure of

s,teA

a set A, respectively). .
Collection of sets {#,} (ne N) with properties 1)—3), 7) constitutes

an algebra ZocX (see [3]).
В

Suppose that

A2) fe L= (D);
A3) K(s, ) is £y — measurable Vs D, K(-,t) is £ — measurable

VieD, sup|K(st)|<<M<oo.
s,teD

Replace the equation (1) by a system
n 1 | l

не= ®оуаК6 10(45каа 1е(65), ()

i=]1,..., n,

where x;, & R" and sets Ain, i=l, ..., n, neN, satisfy properties 1) —7).
Systems of linear equations (7) are defined in R™, the initial equa-

tions (1) are defined in L*(D), so it is necessary to introduce a system
of connection operators = {p,} between these spaces. In LP-spaces,
I<<p<Coo, these connection operators should be defined т а piecewise
integral form:

(pnX)i '————l—fx(t)a(dt) {== 1 n, пЕМ (8)п m

VO'(Ain)Am
, ПК оо , ,

where the sets Air, i=]1,..., n, neN, satisfy properties 1)—7). For the

system J= {p,} of connection operators (8) condition (5) is satisfied [3].
Let us introduce some notions from the theory of discrete conver-

gence of elements and operators necessary for this paper. These defini-
tions are taken mainly from the survey paper [%].

Let E, E, (ne=N) be real Banach spaces and let §={p,} be a

system of linear connection operators p,:E—E, (neN) such that

lprxlln—llxll as n—ooo VreE.
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Definition 1. A sequence {x,} of elements with xn&Е, P-con-

verges (or converges discretely) to x&F if llxn — puxlla—o as n—oo.

We denote this convergence simply by x,—x. - |

Definition 2. A sequence {T,} of operators, Tn:En—E, $-

converges (or converges discretely) to an operator T:E—E whenever

хп —> X > ITnXn — p (Tx) ~—>0. |
We denote this convergence simply by Tn—T.

Definition 3. A sequence {B.} of operators, B,:En,—E,, con-

verges compactly to an operator B: E—E if B,—B апа the [ollowing
compactness condition is fulfilled:

XnEEn, — х„ <<сопs!=> {Bnxn} is §-compact.

Remark 1. For T, (En,En), Teh(E,E) the convergence
T,—T is equivalent to the two following conditions:

{а) IT.ll<const (пееМ), |b) ||Т„рпх—р (Тх) 1„—>0, п-ноо Мхе Ё.

Let us introduce another partition {sB;} of D, Br={Sw, ...,
Sk}

(k=N) with properties
k

SI) D= U Sir; $2) $5„©Е Х, j=11,..., 4k;
—

.

S3) SuNSw=», iskj ' S4) Brc Bry

(the last inclusion means that every set from ~ except sets with

o-measure zero, can be presented asa sum of sets from ).
Let P, denote the following projector from L*(D) onto the subspace

L= (D) of simple functions with & values (see, e.g. [?], IV 8, 17):

(P2 в) =—а® / г(s)о(4s)х, ), 09К
()'(S]h)

=1 :S„,
хв,к ,

where | .
1, 5 ЕС,

xc(s)= 0,5& С.
Let

.

1
А4) vraisup max IK(S, tin) —fK(s, t)o(dt) l—rO, n— 00.

seD I<j<n
o (Ajn)

А

Denote by &, the following operator from R™ to R™: |

(Rnxn)i ——Zn'———i——fl((sr ) o (ds) XjnM; i=l n
nAnjin

j=lÜ(Ain) .
› 5)& jnn >+t 0a

.

Let

А5) vraisup su lzh' ! fK(s t)o(ds)x. (s) —K(s,t) ‘—›Оser teg i=l o(Sir) s,
' Х5 '

. а5 В — оO.

"Remark 2. Under condition A5) the operator k:L=(D)— L=(D) is

completely continuous.

Proposition 1. Let conditions A3) — A5) be fulfilled and let the

quadrature process (6) converge. Then k,—k compactly.
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Proof. First of all, let us show that if x, = x thenk,x,=kx, n— оO.

This convergence is equivalent to the following two conditions (see
Remark 1): |

la) |kn|]| <const (neN), |
1b) #прих — pn(kx)|>O, n—oco Vxe& L>(D).

Consider the condition 1a): ||k,ll= max ||knx»/|= .
lx, 11

1 n .
% = max max '-——TZ_'fK(s, tin)o(ds)xjnmin l < KD
:

G Ix,<1 I<i<n
0( i")

j=l Am =

| << сопs! max——l——fzn'U((s tin) |mino(ds) < ; |
: KDD

igicn SAin)£ —
°° ? —^

‚ IIN -, in =1
c

+, S const vraisupzn,’ | K(s, tjn)| mjn<const
seD — j=i

since žm,'„gconst (ne N) (boundedness of the last sumis guaran-
. =1

teed b]y the convergence (6)). |
Consider the condition 1b): ||Bпрпх—рл(ёх)|— _

1 n 1
= max l————Z K(s,tin)o(ds)——— | x(t)o(dt)m;jn—

i<icn | o(Ain) j=ll§£ "
O(Ajn) ,'Ä,/,: S

— ——— K(s;t)x(t)o(dt)o(ds Ig -o(Am)„A[! (5, )x(t)o(dt)o(ds) |
< max

! f[žlK(st ) (DnX) | |=
—

» jn п^ ))т -—
s

TN
Am — j=t AD

—— [K(s,t)o(dt) (px)im|mim ]o(ds) +
G(A]n) A,,;

1 n Mjn
+ max —[3|/кео)[ (га эна (От

I<i<n
G(Ain)'Ä,/,:š A{ ТА o(Ain) | :

. 1
—х () ]o(dt) Io(ds)< max ——A—-—[ f max IK(s, tin) —

I<i<n
o(Ain)

A, I<j<n :
1 3 |

——— |K(s,t)o(dt) |3} | (PnX) jn|min Jo(ds)+ |
G(AJ"') Ajn j=l |

] n Mjn
М тах———— | [ (PnX)inX, (та—T
i

о (Ат) А{і=2l A"/’: ey n o(Ajn)

1
— x(1) ]o(dt) Io(ds) < const max —Tf max \K(s, tin) —

I<i<n
o (Ain)

A, I<i<n

1
— ——— | К(5, t)o(dt)lo(ds)-]— . |

o(Ajn) ;{‘ |
n Min+м.3SI(et © —к( о9 < —

=1 A,
G(AJT!) ”
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<C.const vraisup max 'K(s, t,-„)———Al——— fK(s;t)a(dt)|+
вЕр I<j<n

o (Ajn)
Ay

n т.п -
+M3 [] (pa)in2а — () — 2(0|o(db). |

=1 A,
O(A]n) " `

It 15 clear that (condition A4) thefirst part in the last sum tends {0 zero as

п — 00. Consider the second part of the sum. Take a continuous function

Xc(t), xee C(D), and n so large that

a) [|x.(t) —x(t)|o(dt)<<e and ВЕ
D и

n

mJn
b) B [] (pax)inxa () — (Pnko)inxa (1)| o(dt) <2e.

j=l
U(AJn)

A]n
jn m

The ineguality b) holds for n st.lfficiently lärge since |
a | |т

п^ ) т — nic)in t
=3 оаа Л| в)а(0 —(а от(|о4) <

=

ja

<const3 [] (pr(x—x))in |x4,o(dt) <

jél Ajn ‚ :

<const f |x(t) — xc(t)]o(dt)+e as n> |
D

(for a small e=>o one can find an index n, such that for all n = по

| 3 |(рь(х —хо))ун|о(Ау) — / 1х(0) — х (0) 19(40|< ‹
J=

(discrete convergence in L'(0))).
Taking n, so large that for all n == n, the inequality

n mjn I
s

„— — х1 <3А] |. та ха() — #(0) о()<
holds, ме have finally for л2> max {no, ni}, that

n Mijn ‚ 'уп— t) —x(¢ <ž[|dna O—o |olt) <, |
=1 A N :

<3[ | рнг эн д () — (Prx)inxa, () | o(dt)+\j-i G(A]n)
A

?
Aln

7
A!n

=

jm

n

m]n
43 [ оннн O —xo] olt)+ ~

j=t Ap

+[ | xc(t) — x(f) |o(dt) < 4е. В
D

Now it is clear that both components in the last sum tend to zero as

n—00. Consequently, if x, -x, then k,x, —kx, n— 00.
‚

-~ Let a bounded sequence {x.}, ||x.||<const (n<N), be given. Consi-
der the sequence {knxn}. > -
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Define the function zn(s)= 2 K(s,tjn)xjnmj, (n&N) and consider the
j=i .

difference vraisup | (Pkzn) (5) —zn (S) | <
зЕр

о
-

<C vraisup IZ[Z———— fK(s, tin)o(ds)x, (s)—K(s, і‚-„)]х…т… | <
seD —— jat i

(SŠik)
5к

®

<
rai ' s ! f K(s,t d

KN
< vralzup 122‹ šm (s, tin)o(ds) %, (S) —

вЕ isn i=l Sk

— K(8, tin) | 27 ka |M: ‘
j=l | |

Assumption A5) guarantees now that the last expression tends to-zero as

k— oo uniformly by neN. S
Let us show that {z,} contains a fundamental subsequence. Takea

small e>o and any meN. Consider the difference 2„—znimll <
< llzn — Prznll4+ || Przn — Prznsmll4+llPrznim— Znymll. It is clear that
there exists K(e) such that ||z, — Przall<<e, ||2n+m—Przžnymll <e Vk>
= K(e), ne N. Since the range space of mappings Px, kN, is finite-
dimensional, P, maps a bounded set into compact. Thus there exists
a fundamental subsequence (denoteit also by {Przn— Pr2aim}) such
that ||Przn— Prznim||<<e Yn= N(g). Consequently, for a fundamental

subsequence {2,— Znym} We have ||z, —2Znimll<<3e as n = N(e). Since

L>=(D) is complete, a fundamental subsequence converges to an element
from L(D). Consequently a subsequence of {p.z,} converges discretely
to an element of L*(D) [‘. Q.E.D. >

3. Convergence of the method. Denote by р„ the vector
1 ;

,
''О_—(АіТ)‘А_‘/’:і(З)О'((іЗ), l=l, e,

R.

Theorem 1. Let conditions Al)—As) be fulfilled and let the homo-

geneous equation _
х(5) = [K(s, t)x(t)o(dt) | (10)

D

have only trivial solution x=o. Let quadrature process (6) converge.
Then the equation (1) has a unique solution x(s) in L*(D) and the

system of equations (7) has a unique solution for a sufficiently large n.

The discrete convergence x,— x, n— 00, holds with an estimate

Clen << lx, — Рпх"<< Сэёл,
where ¢y, c2>o апа

B .My S g e
En= max IZ—————-—— K(s,tin)o(ds) ———| x(t)o(dt)mjn—-

i<ign jai
Ain) Ä,/,: ‚ 9(Ау) А{

1 : .| — ma K(s,t)x(t)o(dt)o(ds) |

Proof. By proposition 1 the sequence of operators {k,} converges
to operator k& compactly. Due to condition (10) and complete continuity
of k the operator I — k is invertible. Compact convergence k, -~k (n< N)
guarantees for л2>n, the existence and boundedness of ([, —kn)™*,
| (/n — kn)~tl|<<const, where [, is the identity operator in R™. Then from
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discrete convergences paf—>f, (Un—kn)t—>(l—k)t (nesN) we

receive that the convergence

ха== /а —а) 'ра—> (I —k)'f=x (n&N)

holds and the error estimate K

Cien << llxn —-an” << C2Bn
KD

follows, where са == 10 1// — В„Й, с» == вир || (/, — Ё„)—!| ап@а en

# 3O
в1 ‚ п та -

was determined in the formulation of the theorem. Q.E.D.-
Remark 3. Let the kernel K and the function | be bounded and 2o—

measurable. Then one can approximate the equation (1) by a more simple
linear system as compared to the system (7):

n

xin:EK(Sin,tjn)xjnmjn"}‘f(sin), l=l, .. Й,
j=l ‚

where discretization points s;а, бт, i,j=l, ..., n, are taken from the
quadrature formula (6). j
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Riho LEPP

INTEGRAALVORRANDITE DISKREETNE APROKSIMATSIOON OLULISELT

TÕKESTATUD FUNKTSIOONIDE RUUMIS

Teist liiki lineaarne Fredholmi integraalvorrand oluliselt tokestatud funktsioonide
ruumis on asendatud lineaarse vorrandisiisteemiga 16plikumddtmelises ruumis. Kasu-
tades diskreetse aproksimatsiooni meetodit, on tdestatud sellise ligikaudse lahendamise
meetod: koonduvus jahinnatud viimase kiirust.

Рихо ЛЕПП

ДИСКРЕТНАЯ АППРОКСИМАЦИЯ ИНТЕГРАЛЬНЫХ УРАВНЕНИЙ
В ПРОСТРАНСТВЕ СУЩЕСТВЕННО ОГРАНИЧЕННЫХ ФУНКЦИЙ

Линейное интегральное уравнение Фредгольма второго рода заменено системой
линейных алгебраических уравнений в конечномерном пространстве. Используя метод
дискретной аппроксимации, показана сходимость такого метода аппроксимации и оце-
нена скорость сходимости.
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