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1. Introduction. The inverse system of a bilinear system (BLS) is, in gene-
ral, a highly nonlinear system [lu~3 ]. In [4 ] the design of inverse system
for a special class of single input-single output bilinear systems (BLS)
has been examined- It has been shown that if the rank of the input matrix
В is uni'ty, then the inverse system off a BLS is a linear time-invariant
system and the complete controllability of the original system implies the
complete controllability of the inverse system. The purpose of this paper
is to generalize these results to multi input-multi output (MIMO) BLS.
Unlike [ 4 ], the discrete time systems are considered.
2. Problem statement. Consider the MIMO BLS described by the equations

m
*(/+1) =Äx{t)-\- BiX{t)Ui{t), (1)

i=l

y{t) =Cx{t), (2)
where x{t) is the n-dimensional state vector, Ui{t), i= 1, ..., m are the
scalar controls, and y{t ) is the m-dimensional measurement vector. The
matrices А, В г (t=l, ..., m), C are real constant matrices of appropriate
dimensions and

rankTL=l, i—l, ..., m. (3)
Consider another system in the form

x{t+\)=Äx{t)+Eü{t). (4)
y{t)=H{x{t),u{t)),

where x{t) is the /г-dimensional state vector, u{t) is the m-dimensional
control vector and у ( t ) is the m-dimensional output vector. The matrices
Ä, S are constant matrices of appropriate dimensions and Я is a non-
linear map.
Definition. The system (4) is called inverse for the BLS (1) (3) if,
when driven by the output of the original system y[t-f-1), it produces the
input u{t) of the original system as an output.

The purpose of this paper is to construct an inverse system for the BLS
(1) (3), i.e. to find the matrices Ä, S and the form of the map H:
3. Construction of inverse system. We shall now derive the equations
for the inverse system. If to equations (2) unit shift operator is applied
and equation (1) is substituted into it, the result is
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m
У l)=) =САх (t) -f- CBiX (t)u^[t). (5)

i=l

Equations (1) and (5) taken together give a pair of algebraic equations
relating x(t-1-1), x(t), y{t-\-l) and и(t) —[щ (t) .. j um (t) ]T

Г I n —Bix{t) Ax{t) j
l 0 CBiX(t) ...

CB mx{t) Jl u{t) *\-y{t-\-\)—CAx{t) J"
The desired inverse system is a pair of equations for x{t-\- 1) and u{t) in
terms of x{t) and It is known that the equations (6) can be
solved for x(/-fl), u{t) uniquely if and only if the matrix

_

Гln —Bix{t) ... -Bmx{t)-\
lq CBix{t) CB\m xft)

has an inverse. Now consider the following fact in matrix theory.
Lemma 1 [4 ]. Any «-dimensional square matrix of rank one can be
uniquely (within a scalar factor) expressed as a product of a column and
a row /г-vector.

Consequently, the matrices B[ can be expressed as
Bi=g ihT

i ,
i=\, -.j, m.

Let us introduce notations
K\x{t)=yi{x), Г(я) = diag(Yi fx) ..:ym {x)},

G=[gi ... gim ].

In these notations

=
f/n-GrW]K L 0 CGL(x) -I ’

The matrix R has an inverse if and only if the matrix CG has a full rank
arid

yi{x)=hT.x{t\=£ o, i= 1, m, /=O, 1, ...
.

If the matrix R is invertible, then applying the well-known matrix inver-
sion lemma, we get

r/„ G(CG)- 1 1
1 0 r-‘(*) (CG)-iJ

and the solution of equations (6) is

x{t+\)= [I-G{CG)-iC]Ax{t)+G{Cby'y{t+l),
U {t)=—r-l {x) {CG)~lCAx{t)+r~l {x) {GG)~iy{t-\-l).

m
Now, denote Яг= {x\hT.x=o}, X=Rn —\j H { . For any x{to intro-

i=i
duce a set containing the sequences
that yield x(i)el, t=t0, ..., U.
We have proved the following theorem.
Theorem 1. The MIMO BLS (1) (3) has the inverse on the time
interval [to, ti] at x{to with respect to {u[to), ..., u{tT)}
if and only if the matrix CG has a full rank. If the BLS (1) (3) has the
inverse, then the inverse system is a linear system with nonlinear output
defined by
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x (/-j-1) —Äx ( t ) -\-Sy (f-j-1),
и {t) = Cx {t) -\-Dy (/+ 1),

where
Ä=[l — G {CG)r~IC]A,

ö=—T-*{x) ( CG)-ICA, lCA
,

D=r~l {x) (CG)-L

4. Controllability of inverse system. A theorem will be presented that
gives sufficient conditions for the complete controllability of the inverse
system.
Theorem 2. If the MIMO BLS (1) (3) is completely controllable,
then the inverse system (7) is completely controllable.
Proof. The proof of this theorem is based, on Lemma 2 given by
P. Hollis and D.N. P.Murthy [s ].
Lemma 2. If the BLS (1) (3) is completely controllable, then rank
[G AG 4.. An~l G]—n.
The inverse system of (1) (3), which is a time-invariant linear system
by Theorem 1, is completely controllable if and only if rank [B ÄB •:.

... TP1-1 B] =n. Using the relationship between Ä, В and A, G, C given
by Theorem 1, the matrix [B ÄB ... Än~x B] can be expressed as

[B ÄB ... An~l B] =[G AG ... Л"-1 G]T,
where T is nm\nm upper triangular block Toeplitz matrix with the mat-
rices (CG)-* on the main diagonal. It follows, therefore, that the matrix
T has full rank and

rank [B ÄB ... Ä7l - 1 B] rank'[G AG .■ . G] .•

Applying Lemma 2, Theorem 2 follows.
5. Example. Consider the bilinear system

x{t+l) =Ax{t) +Bix(t) Ui(t) A~B 2x(t)a2 (t )
i ' (o)

У {t) —Cx{t),
where

'1 0 0] ГOOOl 0 —1 0"
A— 00 1 , Bi= 0 10, в 2= о 00,

_oooJ LoooJ lo 10.

г Г lOO lc=lo 1 oJ^
We have

' 0 I[o 10] Г 11[0—1 0]
B x =gih\= l

,
B z=g2h\= 0

_
o J L—i -

The matrix CG= has full rank. To construct the inverse system
for (8) using Theorem 1, we evaluate
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■ 0 0 0"
Ä=[l-G{CG)-'C]A= 00 0 .

.10 0,
' 10“

B=G{CG)~ i= 0 1 ,

.—1 0.

c=-^W (c G) -.Ci=[;j-^],
л=г-. м (CO-‘= [JL T] ■

The system (8) is invertible at v(0)=[o 1 0] T with respect to |«(0) =

=(2 )
» wJ l )=(j) > u(2)-(J). и(3) = ( *)} on the time interval

[o,3], but it is not invertible at the same x(0) with respect to |и(0) =

= (2)’ w ( 1 )=(i)> “( 2)=(J)» because then

-/фс(4)|=/фс(4);=o-
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