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ON A CLASS OF LEVENBERG-MARQUARDT- TYPE METHODS

(Presented by N. Alumäe)

We consider iterative methods for minimizing Ц/ Г (х)|| 2 or finding a solu-
tion to F{x) =O, where F (x) is a Frechet differentiable operator which
maps one Hilbert space, Hu into another, H 2, and its derivative F'(x)
has a closed range R{F'{x)). Under these assumptions we can use the
notion of the orthogonal projector and there exists the bounded pseudo-
inverse [F'(x)]+.

Let
В (x) = [F'{x) YF'(x), B h=B(xh ), M [x, a) =B{x) +«/, (1)

L{x,a) [M{x,a)]- l [F'{x)Y, Mh =M{xk,ah), (2)
where I is the identity operator in H x and №->o+

Observing that finding the stationary points of ||F(x)|| 2 is equivalent
to finding the zeros of its gradient, we obtain

[F'(a)]*F(a)=o. (3)
For solving the equation (3) we consider a class of iterative methods

xk+l=xh AhF{x h ), Ah =Dh[F'{xh )Y, (4)

D h+l=Dh 2{l-Mh+lDk ), 2, £=0,1,..'., (5)
2=o

avoiding the need for inverting linear operator or for solving of linear
operator equation at every step.

Further we shall use the following notations R{x) =R[F' (x)), PR{X )=

= Pr(f'(x)), Рк=Рщр'(х н)), and for a closed subspace Lof a Hilbert space
H we shall denote by PL the orthogonal projector of H onto L. Before
giving the basic theorems we shall state some auxiliary results. Let here
and further C, LO , Li, L, N O,

N, and G denote some positive constants.
Lemma 1. Let F'(x) be Lipschitz continuous and [F'(x)]+ be uni-
formly bounded in some set S, i. e.,

\\F'{x) F'{y)\\^Ll\\x y\\ for all (6)

for all x ee S, (7)
then

Н-Рдф) Рщу)\\ Lo\\x y\\. (8)
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Lemma 1 is not hard to prove using the results of [*] (pp. 195—197).
Lemma 2. If in some set S the projector Pr(X) satisfies (8) and

II {Рн(у)Рц(х)Рщу) PR(y)P R(x)) P {x) II 2 ||x y\\ 2 , (9)
then

II {Ph+i Ph+iPh)F(Xk) ||^G\\PkF(Xk) II 2
. (10)

For commutative Ph and Pk+i Lemma 2is proved in [ 2 ], In this particu-
lar case, obviously, the relation (9) is satisfied with A2 =o. Note that in
[2>3 ] using the inequality (10) we assumed that Pk and P h+i are commuta-
tive without especially mentioning it.
Lemma 3. Let A and B=A-\-T be linear operators with closed range,
11-f^A)—'Рл(в)11<1, — < 1 and ||Л+Г(|<;l, then

II A+\\ o{\\B — ЛЦ).
Lemma 3is an immediate consequence of Theorem 4.1 from [4 ] (see also
Note 7.2 [4 ]).

If, in addition to (6) and (7), the relation II [F/ (x) ]+[.P(x) —

— у |l <1 holds, then it follows fairly directly from Lemma 3 that
[F / (v)]+ satisfies a Lipschitz condition in 5 with some constant L, i. e.

II [F'{x) ]+ [F'(y) ]+ ll — y\\. (11)
Conversely, the operator [F'(x)]+ is uniformly bounded in 5 if it satis-
fies (11).
1. Let us define the quantities N, K,hk, m,yk, [ik, and an, that will be used
in Theorems 1 and 2 as follows:

\\{Ph+l -Pk+lPk )F{xh )\\^N\\PkF{xk )\\, И*|КЬк,
(£)h=[lk/ak, (12)

11-Pft F'{Xk)Ak\\ Ц/ Mk+iDk \\

{k =O, 1,2, ...). (13)
In Theorem 1 we shall put

(io=max{||/ MqDoII, Г] 9}, max{q 0, a o} (14)
Г]г= (l-j-CTi-)- • • • -f-CTi3-1 ) Шах{бг, £} t,i, (15)
Q =max{jio/ao, hvjnl}, L=U=C-\-aoC 3A-QK, (16)

A= {2KLiX\\PqF {Xq) ||-fm) \\Do \\, /I=тах{т],3, ~1--|-Л, (io-}-A}. (17)
Theorem 1. Let x 0 e Hi, S= {x eHi :\\x x 0 , and let the follow-
ing conditions be valid in S.

1° operator F(x) has Frechet-derivative F'(x);
2° derivative F'(x) satisfies Lipschitz condition

IIF' (x) F'(y) I] y\\ ;

3° q and r),A, |<l;
4° nlk^.ak^mlh

, o<m,n<oo;
5° 6=6o= mKC3 +QK2+W+(1 /2) L^2 || P OF (x 0) Ц< 1.

1) If there exists a constant C such that ll[F/ and n
= C||PoF(xo ) ||/(1 — then the sequence {xÄ } generated by the meth-
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od (4) (5) has a limit x* which appears to be a solution of the equa-
tion (3) with \\x* — vOIK>T und

\\Xk x*\\^ri8k .

2) If the operator F(x) satisfies the condition (10), then the sequence
{Xk} converges superlinearly with \\x* Xoll«, und

k—i
) \\Xh X*\\^n]j6i,

i—o

where öi=mKC3l i g-QK2‘{ ,r\ q/^) i~i
- lr{G-\-{\l2)Lil2‘)\\PiF{xi as 00.

Proof. Let L {x, a) = {B(v) +а.l}~*[Р'{х) ]* and B k B{Xh). It is known
[ 5 - 6 ] that

III. (**, ал) li <ll ]+||, II {Bk+ak l)-l (18)

Taking into account (5), (12), (13), and (18) we have
II [Fr

{xh ) ]+ L {xk, ал) II =
= ||<tt(s ftW)-1[i7, (^)]*[^(^)]*+ [^(^)]+ ll<a ft6». (19)

IИлll =II IF' (xk ) ]+ — L {Xh, ak) +L {xh , ah ) Ak —[F' {xk ) ]+|| <

<^C-'r ahC 3+mK, (20)
\\Ph - F'{Xh)A k \\ = ||F' {Xh) ( IF' {xk ) ]+-Ak )-|K акКСз+шК2

. (21 )

In view of (12), (13) (see also [7 ]) from the recurrence formula (5),
we obtain

||/ —Af*D*U<ll/ — ||Ок||<||o«|lЯ(Ц-Л+-.-+оГ‘). (22)
i=o

From the definition of Bk and Mh we conclude that
|| (M h-i - Mh ) D h-i II <H {{Ff (*fc ) ]

* {F' (xk-i) -F'(xk )) +

+ {[F'{xh- l )r-[F'{xh )r)F'{xh)+ah-i}Dk- 1 Ц <
:< {2K.Fi \\xh Xh—i\\-\-a.k—i)F)h—i.

Now, by the use of (12) (17) and (29), we get
Ц/ - MhDh-i || <Ц/ Mh-iDh-ill -Lll {Mh-i - Mh ) D ft-i|| <

<g/i—i-f- {2KFgkh—\ 11-Pft—iF (Vft_i) H+Oft-i) \\Dh—ill< (23)

{2KFihk-i\\PoF {xo )\\-Fm)\\Do\\ IJ (l+cr»+...+cS *)£«
I=o

Ag h~l .

On the basis of Taylor expansion we obtain
Pk+iF {Xk+i) = {Pk+l Ph+iPk) F {xh) : +Ph+l {{Ph —F' ( xk )Ah)PhF {xh) +

+ I [F'{Xk) F'{Xk-'r t{Xh+i Xh))]A h F{Xk)dt}. (24)

For the uniformly bounded operator [F'(x)]+, it follows from Lemma 1that



\\Ph+i Ph+lPh\\ HPft+l Ph\\ Xh\\.
It is plain that in this case there exist constants NO , and N such that
II {Pk+i Pk+iPk)F(Xk) || \\Xh+i Xk\\ or II {Pk+i Ph+iPk)F{Xk) II

\\PkF {xh)\\ (cf. p’3 ]), and according to (24) we achieve
|| Ph+lF ( xk+l ) |K ( Ya+W+ (1/2) L&\ ||PhF (xh ) ||) |1 PhF (xk) |K

<öft WPkF(Xh) 11, (25)
where

ö h =mKC%b+üKHr[ q/l) h- i+N+{\/2)LlXl\\PkF{x h )\\. (26)

Since бо<l, then \\PiF{xi) |KöO ||PoA(x o ) |K||P O/7 (x 0) ||. (27)
Setting

Xh—C-\-UhC3Jr(j)kK, уь =акКС3 -\-тК2
,

= (28)

and making use of (14), (16) and (17), we have
(i I =a|KM' 0, coi= pi/ai^/ig/n^^Q.

Without loss of generality we can suppose that then, obviously,
and by (18), (23) and (26) we have

Aa C-]-mC C-j- ao-f йК =Ко=7,
6 1 =m7CC3^+(o 1/C 2 (1/2) LiX\ \\PiF{Xi) IK6o,

|]7 Af 2Z>iIKoJ + (27CL 17i-|-I|Po7’(xo ) ||+m) llT^ollrio^rp+ArKMi^ai.

Suppose for definiteness that аКао. Otherwise we can put oo=h. Then
it is evident that

P2=ov {hqJnl) (г]в/|)

Äa=C+mC«6*+©2#C<Xl<X, 62^6i,
\\P2F{x 2) IK6i ||.

Because of {hq Jr\) <. 1, we obtain /г 9т]в_2+Л^т] 9 and, clearly,
||7 MAIKos (/iTi) 3 i-fAr)2^/ir]2=a2^o'i.

Supposing now that

7 7 (Xo) ||6 ft .
I=o

We can easily verify by induction that 7,a+i^la,
й (rp/|) h

, (TA+i<CTA, || Pk+lF (ХГд+i) ||

,< II PoF {Xo) II Я bt < II PoF (Vo) Il õ ft+h (29)
i=o

It is not difficult to see that
11*а+1 ||PaP(*a)ll<MlPoP(*o) ||6 ft

,

žäб Õ. Vaarrhanti
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\\xm xh\\^ri{ök õm ), (m^k),
Wxk XoW^ri^Q.

On the basis of the above relations we conclude that
fi= lim \\PhF[xh ) Ц= 0, ||x* xh \\ sSfriõU

h-yoo h—*oo

Under the assumptions of Theorem 1, the operator PR (X)F{x) is con-
tinuous and hence

\\Pr^F{x*)\[=o.
Since and [F'{x)]*=[F'{x)yPß(x) , one gets

И [F'{x*) YF(xT) || lIPW 11 =0,

and therefore [P ]*P(r*) =O.
Note 1. We proved Theorem 1 without assuming the uniformly
boundedness of the norms ||TUH {k =O, 1, ...). If where a is a
positive constant independent of k, then the requirements for the con-
vergence of the methods (4) (5) to a solution of the equation (3) can
be weakened because (1 + po)/oc. But in this case only linear rate
of convergence is guaranteed.
2. Let now

bk =max{iih,\\PhF{xh ) ||}, (po(aobo) -1 , я-1^-4}, (30)

So=mKC*+QK2+G+{\l2)L№, l=Xo=o+mOb o-\-QKbo, (31)
s = {2KWk+m)D, D=\\D o \\ (1 —6- 1

. (32)
Theorem 2. Let s={л:еЯl;||х — and let in S the
conditions I°—2° of Theorem 1 be fulfilled.
If the condition (10) holds, t={q — 1) (l+s)rf-1 <;l,

'OO

o=db o<\, qfpzA, r2=lHo {6) where ЯА (б) = 2', then the
v=k

sequence {Xh} generated by the method (4) (5) has a limit x* which
appears to be the solution of the equation (3) with \\xu an<^

\\\xh f||<№it(6)M
where £/=max{s o, (l+s) 3}.

Proof. We shall introduce a sequence {bh} defined by

i

and shall show that under the assumptions of Theorem 2 the norms
||Dfe|] (& =O, 1,...) are uniformly bounded.

In virtue of the recurrence formula (5), we have
k— 1 OO

llöklKllOoll П (1-K+. • .+о?-‘)<l|Ооll Я [1 + 0- I)<Т(].
i~O i=o

Since bh=dbh-i^id-lö 2K
, cth-i= (1+ s)bh-i (cf. (33)) and t<g\, then

{q—
Making use of Euler’s identity, we get
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oo

HOft-ill <IIDoII П (l+ö 2') =IIAili (1 - 6)-‘,
i=o

and further we shall put D,= ||Do |l (1 õ) _1 .

On the basis of (13), (22), (23), and (30) (32), we obtain
\\l MhDk-, i + {2KL ll+m)D]bk- l ={l+s)bk_l. (33)

According to (12), (13) and (22), we have

o> v—(l-}-s) bk-i, p,fe=(l4" s ) {l-\~ s ) qbk— (34)

Supposing that the equality bh=dbu-1 holds, we shall verify that the
equality b h+i=db2

h
is also true.

From (20), (21), (30), and (31) it follows that

{nb^^dbk-i^n-^k-i

Xh=C+mOb k b^ZlK <lh-i< ...

By definition l, therefore Observing that q^4 and
making use of (24), we get

\\Ph+iF(Xk+i) || (Xh) || + (G-F (1/2) Lihi) \\PhF(Xk) ||2^

{mKC3-\-n-lbk-iK 2-{-G{\/2)Lil2 )bl^sobt (35)

Similarly to the above (cf. (23), (33) and (34)), we have
11/ Affe+iDfeU pfe-F {2KLiXk\\PhF ( Xu ) 11-f-ccfe) H-DaII (1 -F s) bh,

Pfe+l =a^(l+s)^ 2
h k

which combined with (35) yields

b h+i=dbl.
Further

bh+l =dbi=d-i{dbk ) ...

l {db o)2*"=d-WK"

and, in analogy to Theorem 1, we obtain

\\xk+l xk \\^X\\PkF (,xk ) |1 s^Xd-W,
\\xn Xk\КЫ- I [Я /г (0) Я71 (0) ],

x*=\imxh, [F'{x*)]*F {x*) =O.
A-voo

Note 2. If B{x) is an invertible operator, then it is sufficient to take
2 in order to achieve the quadratic rate of convergence for the

sequence (vqj.

Note 3. Putting D h =Mh , the method (4) coincides with Levenberg-
Marquardt method.

In this case Ah L {xh , ak) with p/ t = 0 and
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Il Ph F'{Xh)Ah\\— \\F'(Xh) {[F'(Xh) ]+ L{Xk, ak)) Ц^а/iKC3 .

Let nlh^ak^rnlh -, then on the basis of Part 1 of Theorem 1 we have
\\Pk+iF{xh+l )\\^\\PoF{xo)\\ö\ .

where 6 =тКС3-{-М-\-(1/2)LiC2\\P oF{xo )\\ and according to Part 2

ll Ph+iF ( xh+ i ) || ||POF (xo) || TJ 6i,
i= o

where б { =mKC3¥+ (G+ (1/2) U&) \\PiF (x t ) ||.

Setting now bk— \\PkF{xu) Ц and ak=tn\\Pk F (Xh) ||, then, as a corollary
of Theorem 2, it follows that

\\Pk+lF{xh+l ) \\^d\\PkF{xk ) \\^d-Wk",

with 6 =d\\PoF{xo ) II and d=mKC3-\-G-\- (l/2)LiC2
.

3. Conclusion, A class of numerically stable iterative methods with
a successive approximation of the inverse (pseudoinverse) operator for
solving ä non-linear operator equation in the least square sense, is
considered not to require the linear operator equation to be solved or
the linear operator to be inverted at every single step. The main advan-
tage of the methods is that they are not sensitive to small perturbations
in the operator M{x, a) to be inverted [6 ], Moreover, the methods (4)
(5) are applicable to a broad class of problems, they possess a sufficiently
large rate of convergence, and the computational rules for performing an
iteration are straightforward, which makes it possible to design efficient
computer programs. No substantial numerical experience is yet available,
the recurrences merely having been verified on two small problems.
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0. VAARMANN

ÜHEST LEVENBERG-MARQUARDU TÜÜPI MEETODITE KLASSIST

Mittelineaarse vähimruutude ülesande lahendamiseks Hilberti ruumis on konstrueeritud
üks täisarvulisest parameetrist p ja reaalarvulisest parameetrist a sõltuv iteratsiqoni-
meetodite klass. On tõestatud valemite (4) (5) järgi arvutatud lähislahendite jada
koonduvus mittelineaarse normaalvõrrandi (3) lahendiks ja toodud piisavad tingimu-
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sed, et see lähislahendite jada koonduks kas geomeetrilise progressiooni kiirusega, super-
lineaarse või ruutkiirusega. Meetodite (4) (5) põhilised eelised on nende mittetundlik-
kus arvutusvigade suhtes ja asjaolu, et nad ei nõua lineaarse operaatorvõrrandi lahen-
damist ega täpse pöördoperaatori arvutamist igal iteratsioonisammul, vaid baseeruvad
pöördoperaatori järkjärgulisel aproksimeerimisel.

О. ВААРМАНH

ОБ ОДНОМ КЛАССЕ МЕТОДОВ ТИПА ЛЕВЕНБЕРГА—МАРКВАРДТА

Для решения нелинейной задачи наименьших квадратов построен один класс итера-
ционных методов (4) (5), который не требует решения линейного уравнения или
точного обращения линейного оператора на каждом шаге итерации, а использует
рекуррентно вычисляемую аппроксимацию для обратного оператора. Установлены усло-
вия, при которых последовательности приближений сходятся к решению нелинейного
нормального уравнения (3) либо со скоростью геометрической прогрессии, либо со
сверхлинейной скоростью, либо с квадратичной.
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