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Lower-order conserved quantities, the «currents», for two-dimensional Lorentz-invariant
Born—Infeld equation are considered. The currents are divided into pairs, which contain
a class (basic currents) leading to the family of equations. The basic currents determine
the transformations between the solutions of the Born—lnfeld equation family. The
equations belonging to the family are fully hodograph-invariant, partly hodograph-
invariant, and effectively linear, i. e. non-linear equations with linear image of hodograph
transformation.

Two-dimensional non-linear equations with soliton solutions possess an
infinite series of s. c. topological conservation laws. This system can be
understood in terms of completely integrable Hamilton systems ['].

The conservation laws represent a kind of generalization on energy-
momentum conservation and are free-field properties that still hold in
non-linear region. It is easy to see that for linear equation Dcp=o,
(□ = 02 — d 2) with the law of energy conservation (the conservation of
«lowest current») F t Gx; F°=qi 2, +'Ф, > G°= there is an infinite
system on «higher currents» that are also conserved: Pk=^\h+i)xr\-4i 2‘ kxt -,

Gh =2cp{ (where <p hx is the k-ih derivative).
There are well-known systems of higher currents for Korteweg de

Vries, Sine-Gordon and for all «classical» soliton equations.
On the other hand, for the same linear equation □cp =0 the lowest

currents may be taken in an infinite number of ways. In general the
lowest currents for Dcp = 0 have the form

F=f (qv+''фх) +£ (<P* Ф*) .

(A)
G=f (<pH-4>*) g [4>t фх) ,

where f and g are arbitrary functions. We get the energy conservation if
we take f (x) —g (x) =x2 . As far as Fi=G x , we may take ty x= F and
\Jn. = G and it is easy to see that for ij) □ ф ■= 0 too. Therefore the equation
(A) can be considered as a transformation from the solution of Dtp =0
to another.

In non-linear relativistic cases we can see that the arbitrariness of
choosing lower currents reduces drastically. For Sine-Gordon equation
□ф = sin ф, we see that F° and G° may be chosen «only» in the forms
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фх+фt=A (фг+фх) 2+2£ cos ф,
(В)

фх—ф* =-8 (фг—фх ) 2-Е2Л cos ф,

where the function ф generally does not satisfy the Sine-Gordon equa-
tion, it even cannot be determined as a solution of a certain differential
equation. The transformations analogous to (A), which transform one
of the solutions of an equation to another (Bäcklund transformation for
Sine-Gordon equation), are, as it is well known, ф-dependent i. e. фх
cannot be put into a form Е(ф, ф х, ф t) but into F{ ф, ф х, ф г , ф). Therefore,
for «classical» soliton equations the system of lowest currents is of little
interest.

For the case of the two-dimensional «relativistic» Born—Inf el d equation
on the contrary, the «spectrum» of lowest currents is very rich and leads
to several interesting conclusions. Henceforth we shall call the «lowest
currents» simply «currents».

The main subject and the starting point of this investigation is the
well-known two-dimensional Born lnfeld scalar equation [ 2 ]

(1 фs)фхх+2фхфгфхг (l+ф£ )ф« =O. (1)

In Euclide metric this hyperbolic equation transforms into elliptic (mini-
mal surface) equation t^iy)

( 1+Ф2 ) Фхх 2Ф х Фу Ф ху+ (1 + Ф2 ) Фуу=O. (2)

Equation (2) has a remarkable property of being «hodograph invari-
ant», i. e. it does not change its form by the hodograph transformations
Ф(х, y)-+x{y, Ф) and Ф(х, г/)->г/(Ф, x). Equation (1) has the same pro-
perty under the hodograph transformation ф(х, t)-+x{ф, /), but for
ф(х, /)->- t(cp, x) there is a change of signature

(1 -F ) txx+ 2МЛхЧ- (14 F ) гфф= o.
We can say that equation (2) is hodograph invariant with respect to
both arguments. Up to signature, the same is valid for equation (1).
(Equation (1) can be called «hodograph invariant up to signature».)

Equation (1) has three pairs of conserved quantities {F, G) («cur-
rents» Ft =G x), which further will be called the «basic». To see this, it
is convenient to write (1) as a system of exterior forms a*.

Let г—ц)х, p=tst and let
ai —zdxf\dt <АрД dt,
a2—pdx/\dt dx Д dtp,
a3= (1 p2) dz/\dt-\-zpdx/\dz-\-zpdp/\dt —(1 -\-z 2) dx/\dp,
a4=dpД Дdx,

where dx, dt, dcp, dz, dp are 5 independent 1-forms. The manifold of
equation (1) solutions is obtained as a submanifold with independent
forms dx and dt, which annihilates the system of щ-s.

Now consider the 1-forms wh ~Fk dxJr Gk dt [F h—Fh (ф, p, z); Gh =
Gh {y, p, z)), for which:

dwh=fbai, (3)
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where fk.-s are arbitrary functions of tp, p and г. In the submanifold of
solutions (аг!=o)

dwh = {Fk
t Gh

x )dt/\dx= 0.
Putting wh=Fh dx-\-Gh dt and a;-s in (3) and eliminating fh - s, we obtain
for F h and Gh

(1+2 2 ) Fk
zz +2pzFk

pz +{p2 1) -^pp+4p(1+22 ) ~Wh
v =0,

G‘ = (l--2)P2 )

The basic currents satisfying (4) are

F*= (1 +z2 ) /(1 - p2 ), G2= 2гр/ (1 - p 2);

P= ( 1 —(_z2) /у J _|_ z2 p25 Q 3 Zpfyl -j-22 p2;

F^p/yi-f-z2 p2, .ö-^z/yii+z2 p2, (sa)
F2 =2zpj G2= (p2 l)/(l+z2), (sb)

F3
= zp/yi+г2 p 2, G3 ={p2 —l)/yi+z2 p 2. (sc)

Another, nonbasic pair is

A4=p(l+22)/(l —p2), G4=z ( l +p2 ) / ( 1 p 2);
=P (Z2_ l )/( 1+Z2) ) 2 (p2 1)/(1_|_Z2).

Before going into details, let us note the following: the quantity A 3 is the
Hamiltonian of equation (1) and represents the conservation law for
energy JFs dx, JFl dx= const expresses the conservation of canonical
momentum. The pair of currents (F 2 , G 2), {F2 , G2) determines isothermic
coordinates [ 3 ] on a minimal surface

(7)
gcc{s = 0,

where gap—Фс*Фрl+ЯаЯр — tatp is the metric tensor of surface
ds2=gaa da2+gafidadfi+gwd$2

,

where (a, (3) are the parameters of surface {u°=a, ul =s). Conditions
(7) are equivalent to

— (1-ф])У(s=o,
(l+ф 2 ) (x2 +*2 ) +2фхф г {xJa+xM-(1 -ф? ) (£+* 2p)= 0

L =
J*_ )
dtfi ’

from which we get
F2= (1+22 )/(1 —P2 ) = (^p — t^)J(x2 X2) =A(a, p) f

G2=2zp/ (1p— 2) =2{xata Xfitfi)J{x2
a
— x2 )==G{a, (3).

As G2
x —F2 , we may put and /72=”ф зс. Then
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фа =Ф<Ах+Фх*а=[2 {Xja Хрtp)ta+ (/2 /2 ) Ха ]/(х X2 ) ,

фр =гМр-ИМР== [2 (ха *а *р] / Л:2 )

and on the surface ф satisfies the equation
'фаа ll?pp=0, I (8)

i. e. the same equation as in the case of surface coordinates x'x=y,x,t
in isothermic parametrization.

Now investigate our basic pairs of currents in some detail.
Take pairs (sa)

Fi=(px=z, F^=piy\~\-z 2 p 2,

Gl=q>t=p, Gl~z/y\-\-z2 p 2
As F t= G x, we may put F=ux and G Ut. The integrability condition
uxt = Utx takes the form

(/?/]/! +22 p 2 f = (z/yi+z 2 p 2
and gives equation (1). The pairs щ= (фх, фг) , ={ux,u t ) transform
into one another:

Фk=R{ux),

1+и2 —м2=l /(1 +ф2 —'CpJ), (9a)

Ф*=Мх/У Irfи* “t ’ t/y\-\-u2
x
— u 2, R2= 1. (9b)

The integrability condition for <p {yxt—ytx) gives the Born Infeld
equation for и and the transformation щ=Я{и\), therefore, changes one
minimal surface into another. For pairs (sb) it can be taken similarly

фх= (1+32) /(1 p2 ), ty t = 2zpf (1 p 2), (10a)

Xx =2Z/V ( 1 ~\-Z 2)
, X< =(p2 -1)/(1+Z2). (10b )

There exists a simple interrelation between the pairs:

Х*т=Ф*/Ф*> 7к =—Щх or ф*=—l Jxu фг = Ixllt- (11)
It means that \[> and у satisfy the equations

(фЛеЬ== (—!Apx)x and (l/x<)t= {т. х/ь)х, (12)
ф*х-ЬФ*фх* фхф«=o, (13a)
Xtt~%x%xi ,+%t'%xx= o. (13b)

Equations (13a) and (13b) are semi-invariant under the hodograph trans-
formation, i. e. (13a) is invariant under the transformation ф(х, t)->
->х(ф, t) and (13b) under the transformation у (x, t)-+ t{x, y). Consider
now the pairs (sc), which can be taken in the form

ixx ={\+z2 )/p+z2 -p2 , nt =zp/y\+z2 p 2, (14a)
Vx—^p/yi+2 2 p 2, vt= (p2 1)/У1+г2 p 2. (14b)
We have relations between v*, vt and р*,
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Vx=iM, vt= (|xj (ii = vx , [i x— (v 2 1)M,

from which one can get for p and v the equations
Ptt == [ (py 1)/ Px] x and Vxx == [ (v 2 1)/vt] t

or
(1 ~p2 p 2 )p«= 0 (15a)

and
(0 v 2) vxx+2vx\tVxt-jr ?.( l v2 )vtt= o. (15b)

We call the set of differential equations (1), (13a), (13b), (15a), (15b)
the family of Born—Infeld equations.

Equations (15a) and (15b) are effectively linear. The hodograph
transformations p(x, /)->-л:(р, t) and v(x, t)~+t(x, v) give

xtt =O,
/vv txx== 0.

Transformation (9) changes neither equation (1) nor the basic currents
(sa) and (sb):

F 2 {ux, ut \={\+u\ )/(l u\\= (1+г2 )/(1 p2 )r=F2 (z, p),

F 2 (ux, ut )=2uxut /{\ +u2
x ) = 2zp/{\-\-z2 )=F2 {z,p),

F 3 {ux , tit) = uxu t/yl+u 2
x u

2 =zp/yl+z2 p2 =F3 {z, p),

F3 {ux, ut )= {\+u2
x )/y\ :\-u2

x u\= (I|+г2 )/Уll+г2 p 2=F3 {z, p).

The same holds for G-s.
From currents (6), however, by means of R we get new conserved quan-
tities ( F5 , G 5) and (F 5 , G 5)

E 4 (Mx, ut ) =ut (\+u 2
x )/{\ -ti2 )=z{\-\-z2)/{\ р 2 )Уl+г2 — p 2

= Е s (г,р),

F4(Mx, ut )=iit {u2
x 1)/(1+m2 )=z{2p2 1 г2 )/(1-(-г2 )Уl+г2 p 2

=

=Fs {z, p) . (17)

Gs (z, p)=p(l+22 2 p 2 )/(l p2 )yi+z2 p 2,
Gs (z, p)=—p(l p 2 )/(l+z2 )yi+z2 p 2.
All the equations of the family generate new conserved quantities. For
example, equations (13a), (13b) can be written as

(гМ>*Ь; (it —)t= (~Mx)x

and by means of (10a), (10b) new currents can be obtained for the ori-
ginal Born Infeld equation (1):

F 6 {z, p) =2гр {\-\-z2 )/(1 p 2 ) 2
,

G* (z, P) =[ (1 +z2 ) (1 - P 2) +4z2p 2 ]/(1 - p 2) 2;

(2, P) = [ (P2 -1) (1 ■+г2 ) - 4z2p 2 ]/ (1 +z 2) 2
,

G 6 (г, p) = —2гр (p2 -1)/ (1 +z2 ) 2
.
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At last let us introduce an infinite set of currents for (1). For equations
(15a) and (15b) the quantities (F , G) and {F, G) must satisfy, res-
pectively, the equations

G b F a =2bFb/a, Ga =(1 b 2) F b /a 2

and
GdFc= —2cGjd, Fd =(\—c2 ) Gjd\

where cl=\nx, Ь= щ, c=vx, d—vt.
Eliminating F and G we get

a 2Faa+2abFab+ (b2 \)Fbb =O,
d2 Gdd~\~2cdGcd~\~ {c2 —I)GCC =O. (18)

Introducing new variables

l=b/a= zp/ (1+г2) , т] = l/a=]/l+z2 p2/(l-f-z2 ) (19)
and

l=c/d=zp/{p2 — 1), r\ = \/d=y\-\-z2 p 2/(p2 —1), (20)
we get, respectively,

F& Fw = 2FJr], (21)

G--r G—=2G-fn.I I n 1

The general solution of these equations is
= [ф(l+л)+Т(£ Л)]/л.

where ф and ф are the arbitrary functions.
So, finding G and F we can write

P= [ф (s+л) -РФ (I ц ) ]Ат
o=[(| тI)фСН-гl)'Н- (I+ лЖЕ—л)] Ат
F =[(I ■— Л )■ Ф ( I+Л ).+ (E+'П ) t(l Л ) ]/'П.

g= [ф (|+л ) Н-Ф (I — л) ]At

where ф, ф, ф, ф are the arbitrary functions.
Now consider F in the form

P=fil)g{л)

(similarly G=h(I) j(r\)).
Then f and g {h and j) are the eigenfunctions of the operators

d2Jdl2, у]{д2/дц 2 )-\-2 (д/дц)

{d2]di2
, q(d2/ö^)+2(ö/ö^)).

Hence f and g must be taken in a form

g{X, ii) =[C(h)
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Then we have
F'=f(l)g{4)
G=lf{l)g{r\) y]f{l)g{r\)

(analogous expressions we have for {G, F)), where
f{K l)=A (A,) (I) e-*6; / (A, I) =—A (А) (A) e^;

g{K л) = [С(А,)е^+В(Я)е- Ятl]/г]; g(X, rj) == [-C(A) (X) er-^]/r\

and A(A), B{X), C(A), Z)(A) are the arbitrary functions of the eigen-
value A.

We are grateful to A. Ainsaar and I. Piir for fruitful discussions.
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KAHEMÕÕTMELISTE BORN— INFELDI VÕRRANDITE PERE JA
JÄÄVUSSEADUSTE SÜSTEEM

Artikkel käsitleb kahemõõtmelise relativistlikult invariantse Born—lnfeldi võrrandi jää-
vaid suurusi, nn. voole. Viimased jagunevad paarideks, paaride hulgas leidub klass
(baasvoolud), mille kaudu genereeritakse Born—lnfeldi võrrandite pere. Baasvoolud
määravad teisendused pere lahendite vahel. Peresse kuuluvate võrrandite hulgas on
täielikult ja osaliselt hodograafinvariantseid, samuti võrrandeid, mis lineariseeruvad
hodograafteisenduse korral.

М. КЫИВ, В. РОЗЕНРАУЗ

СЕМЕЙСТВО ДВУХМЕРНЫХ УРАВНЕНИЙ БОРНА—ИНФЕЛЬДА И
СИСТЕМА ЗАКОНОВ СОХРАНЕНИЯ

Рассматриваются сохраняющиеся величины низшего порядка т. н. токи двух-
мерного лоренц-инвариантного уравнения Борна —Инфельда. Токи распадаются на
пары, которые содержат определенный класс (базисные токи), с помощью которого
и находится семейство уравнений Борна —Инфельда. Базисные токи определяют пре-
образования между решениями его уравнений. Уравнения из данного семейства пол-
ностью и частично годограф-инвариантны, а также эффективно линейны (т. е. такие
нелинейные уравнения, годограф-преобразованные уравнения которых линейны).
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	Fig. 1. Calculated distortions of photon autocorrelation function produced by finite dead time (/i) of the photon detector, the dead time supposed to be of rectangular form. The different curves correspond to different mean counting rates (unit being a count per dead time). In calculations, nearly constant light intensity autocorrelation function was supposed, being the case in FC experiment.
	Fig. 2. Block-scheme of the clip-correlator. For simplification, the read-out interface and the control block are not shown.
	Fig. 3. The possible circuits of enable gate of the asynchronous clip-correlator. A, the modified Buhler scheme [,6j; B, enable gate of our correlator; C, a scheme with onebit memory (the «zero dead time» scheme).
	Рис. 1. Спектры линейного дихроизма кристаллов Csßr—02~ (!) и Rbßr—02“ (2). Вверху выделена структурная часть спектра Csßr02~.
	Рис. 2. Спектры линейного дихроизма кристаллов Kl—N02~ (а) и Csl—N02" (б). Нумерация вибронных групп идет по двум полносимметричным колебаниям vi и v 2 N02--nona.
	Рис. 3. Температурные зависимости времени релаксации линейного дихроизма кристаллов Csßr02~ и Rbßr—o‘>~ после сбрасывания давления. Неоднородный разброс по барьерам составляет для них 0,2 и 4% соответственно. Обозначения: X значения т на начальном участке кинетики, О на конечном участке кинетики, усредненное значение т.
	Рис. 4. Зависимость скорости релаксации линейного дихроизма от температуры в кристаллах Csl—No2" (о) и К4—N 02~ (б). Обозначения те же, что и на рис. 3. Прямые, проведенные по усредненным точкам, (имеют параметры; для Csl—Мo2~ ДЕ =3O см~1, to = 10-3 сек-, для KI—NO 2“ АЕ= 90 см~\ то'=3-10-9 сек.
	Рис. 1. Зависимость среднего низкосимметричного искажения решетки от температуры для различныл времен t =lo°74vo.
	Рис. 2. Зависимость среднего низкосимметричного искажения решетки от всестороннего давления для различных времен t = (10*4№0) -i.
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	Fig. 1. The coordinate system and measuring points for the tongue contour. Fig. 2. A vector composed of 25 normalized variables which describe the tongue profile (shown in Fig. 1).
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	Fig. 3. The relation between the mean-squared error and the number of parameters in the analysis: I factor model, 2 Fourier model, 3 regression model. Fig. 4. The relation between the tongue contour reproduction time and the number of parameters (designations as in Fig. 3).
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