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The numerical formula (defined with proper values of certain parameters)
with remainder R{f) is called the optimal formula ifor the set H of func-
tions f if its parameters are picked out of the condition of minimum of the
quantity

We denote the minimal value of (1) by R oVt[H]-
The formula with remainder R{f) is called asymptotically optimal*

on the set H if

where N is the number of parameters defining the formula.
Let M, P, Q, r, s, m, nbe given numbers, p-%-\-q~l= 1,

Wr’ s L q the set of functions f{x,y) on square with piecewise
continuous derivatives

and satisfying conditions

We shall construct an asymptotically optimal cubature formula

* According to [*]•
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with nodes Xh=kjm, coefficients Ak=A rk m (k=O , ..., m) is asymptotical-
ly optimal among all formulas (5) for the set WrL q = {f{x): f( r~V{x) is
absolutely continuous on [o,l], ||/ (r)( •) llb 4

1} {Kq^oo) and has
the estimation

11 m n

1 1f{x, У) dx dy= 2J 2JAki[(xk> t/i)+Rmn(f) (2)
0 ü h= 0 I=o

for the set W r’ s ’Lq .
Неге {Аы}, {Xh}, {t/i} are parameters chosen arbitrarily.
Let Jav= {O, 1, ..., a—l}U {v a+l, v a+2, ..., v}, Bi{x), B {

Bernoulli polynomials and numbers, Bia =Bi {i=£a),
Ba Ba Cap, l|sa (x) cap |l =minl|sa (x) c|| —a\Bap,bp(0,1) c bp(0,1)

COvaO') =X i-) .. . ■■-) ,

л а 0 a Bj+ 1 [ ](J) |

(/г=o, 1, .. ~ a— 1),

fi. .
> K =. J av>

V

Akv= < v};
zv

■ k EE!av\{o, v} .
I V '

Theorem. The cubature formula (2) with coefficients and nodes

Ahi=AlmAin , xh =—, #=•—- (As=o. m; /=O, ..., n) (3)

is asymptotically optimal on the set Wr’sL q and has the bound for the
remainder

in I PBrv QB sp / 1 ,1 \
sup lßmn{f){= + +0^+

f(=W’sLq

Pr оо f. As it follows from [2 ] and
W^Lq ={f{x,y): f e Wr ’sL q , fW{l t y)=fWio,y), р>Цх, l)s

=РЩх, 0) (t =O, .... r— 1; /= O, 5 1)} cr Wr’ sL q

the estimation
I n / I PB rp QB S p MBrpB Sp (sup 1Rmn (/) I +(4)

ff=Wr ’ sLq

is true for arbitrary formula (2).
It is shown in [3 ] that the quadrature formula

1 m

Jf(x)dx= j£Ahf{xk )+Rm{f) (5)
0 A=o
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Since this formula is exact for polynomials of degree' —l, it is
easy to see [4 ’5] that the quantity (6) can be written in the form

where Krm{x) is a certain monospline.
Consider now the formula (2) with coefficients and nodes (3). It is

a particular formula of common formulas considered in paper [6 ] and
can be obtained from the formula (20) of [ 6], where K{x,y) must be
taken in the form

The functions Кц{х) are defined in (7). Therefore by paper [6 ] (see
the formula (29) there) and taking into account (6), (7) we have the
estimation

for the formula (2) with values (3),
Hence (as the inequality (4) for every other formula is true) the

theorem is proved.
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