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EXTREMAL PROPERTIES OF EULER—MACLAURIN AND
GREGORY QUADRATURE FORMULAS

It is known that the modified Euler—Maolaurin quadrature formula is the best quadrature
formula in the sense of A. Sard of certain form for the set W rL q [ r“ 3 ]. We show
that this formula is still optimal if variable nodes are allowed, and trapezoidal rule
is the optimal formula for certain subset of WrL q. As a result, we obtain that the
Gregory quadrature formula is asymptotically optimal for the set W TL q.

Introduction

Let us denote by WrL q the set of all functions f{x) with absolutely con-
tinuous derivatives f(~r~r>{x) and satisfying condition Ц/(г) (л:) ||ьд 1;

([a] is the greatest integer
The quadrature formula

(1)

with nodes x* and coefficients A* (k—\, .. ~ n) is said to be the optimal
[4] quadrature formula (1) for the set Hof functions f{x) if exact bound
for the remainder of this formula

is minimized by these nodes and coefficients. We denote by En [H] the
exact bound for the remainder of the optimal formula (1) for the set H.
We call formula (1) asymptotically optimal formula for the set H if exact
bound for the remainder of this formula satisfies condition

following [s ].
We denote by Tn {f) the quadrature sum of trapezoidal rule
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W'Lq ={f{x):f{x)<=W'L„ f(i)(0)=/®(l ) (i=o r-l));
W'L,= {f{x):f(x)t=W'Lt, /WHi)(o)=/W-«(l) (/ =l, ..... 2])}

I f {x) dx= 2J Ähf ( xk ) 4-Rn (f)
0 k=i

R n [H] = sup \Rn{f) IfeH

EnlH]
,„™Д„[Я] '

Tnm=i{ii(o)+ si{±)+±m ).
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The classical Euler—Maclaurin quadrature -formula js

where Bj's are Bernoulli numbers. We consider modified Euler—Maclau-
rin formula

where Bj—Bj (j=2, ...,
r— 1), B r—B r cr,v , and quantity cr ,p is un-

iquely determined by condition

where Br {x) is Bernoulli polynomial, p-\~\-q-l =\. The formulas (3)
were considered earlier in papers [ li3]. Note that cr ,p =O, when p=2 or
r is odd, so that in these cases formulas (2) and (3) coincide.

The Gregory formulas are principally constructed by substitution for
the integrand’s derivatives at the ends of the interval of integration by
values in these points of derivatives of polynomials interpolating the
integrand in certain integration nodes [6> 7 ]. We call the Gregory formula
the quadrature formula

obtained in the same way from (3), where P (x) and Q(x) are polyno-
mials of degree m interpolating function f{x) in points 0, 1 Jn,

..., m/n
and (n m)Jn, {n ..., 1, respectively. Of course, for practical
use it requires to substitute the values Q(j) (l) and by differences
V ft/( 1) and Ahf{ o), as it is done in [6 > 7 ], but we need not do it for our
purpose.

Subsequently we use the following result of V. P, Motorny [B ] and
A. A. Zhensykbayev [9].

Theorem 1. The rectangular formula

is the optimal quadrature formula of the form
(5)

with fixed node vo =o for the set WrL q . This formula has the remainder

where
(6)

1

Jf(x) dx= Tn if) - 2 V-,- (/«) (1) -P(0) )+R({), (2)
0 j— 1 ‘

1

ff(x) dx= Tn (/)-(P(1) - P (0)) +RIH(f), (3)
0 j=l '

~7 \\Br (x) cr
,v || bp min \\Br (x) c\\ Lp{oA) =BrtP ,

T\ T\ c

1

ff(x)dx=Tn(f)- ( QW (1) _PU)(0) )+Rin(f), (4)

1 1 та-1 I k \Sf(x)dx=—Sf[—)+R(f)
О к=o

/ / (x) dx— £ A k f (x k ) +Rn(f)
0 h= o

Rnif)=hr4t)K{t)dt,
о
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and B*{x) is 1-periodic Bernoulli polynomial’s extension. The exact bound
for the remainder of this formula is

Remark 1. This theorem is stated for q— 1 and even r,q— oo and
arbitrary rin [B ], and for 1 and arbitrary rin [9 ]. The case q=\,r
odd follows clearly from [9] by q l.

Corollary 1. The inequality

is valid.

Modified Eufer—Maclaurin Formula and Trapezoidal Rule
In this section we ascertain the optimality of modified Euler—Maclaurin
quadrature formula (3) and trapezoidal rule. The proofs are based on
theorem 1 and results of paper [ lo ] (see also theorem 2in [и ]).

Theorem 2. The modified Euler—Maclaurin formula (3) is the
optimal formula among all formulas of the form

(9)

with fixed nodes х o=o, xn =\ for the set WrLq The exact
bound for the remainder of this formula is equal to quantity (7).

Proof. It follows from paper [lo] that the nodes Xk, coefficients
B h {k =O, n —l) and exact bound for the remainder of the optimal
formula o,f the form

(10)

with fixed node xo =o for the set WrL q coincide with those of optimal
for the set WrL q iformula (5) obtained in theorem 1. The evaluation of
coefficients (3j is also founded on paper [ lo ] and relation (7),

but we omit the computational details. Formulas (10) and (9) differ
only in designations, therefore the theorem is established.

Remark 2. The result of this theorem was conjectured by I. J. Schoen-
berg [2 ] for q—2 and C. A. Micchelli [ 3 ] for l^^s^oo.

Theorem 3. The trapezoidal rule with exact bound for the remainder
equal quantity (7) is the optimal formula among all formulas of the form

(И)

with fixed nodes xo=o, xn = 1 for the set WrL q
Proof. We obtain from equality

Rn [ W'Lq]=—r ( 7+7’~ 1 ) • ' (7)

En[W'L q ]^En [W'Lq (8)

ff (x)dx= 2Ak f (хк ) +2щ ( 1) - (0)) +Rn+,
0 fe=o j=l

jf (X) dx= SBkf (*») +Jspj (P (1) - P (0) )+«»+! if)
0 A=o j=o

P; = (-l)igH-il(| )= . (
Bi+i (0) (/= O, .... r-1)

/ f (x) dx— JZAkf ( Xk ) +Rn+l {f)
0 fe=o

Вш= o (/=2, 4, ..., 2[(г 1)/2])
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and theorem 2 that the modified Euler—Maclaurin formula (3) with
exact bound for the remainder (7) is the optimal formula among all
formulas

with fixed nodes xo=o, xn =l for the set WrL r/ . The result of the theorem
follows clearly from the above-said and paper [ lo ].

Remark 3. This theorem was established in paper [и ] for q=2 and
even r.

Gregory Formulas

In this section we estimate the exact bound for the remainder of Gregory
quadrature formula (4) and show that this formula is asymptotically
optimal for the set WTLq , if m^r —1. Our considerations are founded
on the result of theorem 2 and inequality (8).

Theorem 4. The exact bound for the remainder of Gregory formula
(4) satisfies inequality

where quantity A does not depend on n when m^r — 1.
Proof. Let us estimate the difference

(12)
of remainder functionals of formulas (3) and (4), where

(13)

The representation

is fulfilled for functions f{x)<=WrLq, where rt r-i(x) is polynomial of
degree —l, u+i=id if m+ j'=0 if u<. o, therefore polynomial
interpolating /(x) in nodes 0, l/n, ..., mjn is

(15)

We obtain equality

1 n [rj 2]
J i(x)dx— 2Akf{xu)+ 2Уз(P™ ( 1 ) - (0)) )
0 Ä=o j=l

(p-+9-=i).

Rn%i if) - Rn+l (/) =M* (/) - Mo (/)

M* U)= 2 I(РШ (0) ~p (0) > ■

Miil) = (Q»> (i) - P(i)) ■
for functions /(x)<= WrL q . We denote

<o(x) =x{x — 1).. .(л: —m),

lh{x)=~ (Ä=o, m)
(x xh ) 0' (xk )

1

/ (x) = Яг-1 (*) /(* t) r~7(r > (/) dt (14)

Р(х)=яг- 1(х)-1 i—!“-/(•-
h=О v 1' ■

0
n
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using (13) (15). From this equality we obtain by Holder’s inequality
the inequality

(16)

is obtained by substitution of variable for the right side of (16), and
quantity Hi does not depend on n. Analogous remains valid for p 00,
too. From here and (16) follows inequality

The inequality

is established in the same way.
Then, from these inequalities and (12), it is easy to check that inequality

is fulfilled for functions f{x)^WrL q, where quantity A does not depend
on n. From here and theorem 2 we obtain inequality

Corollary 2. The exact bound for the remainder of the best formula
(11) with fixed equidistant nodes Xu=k]n (& =O, ..., n) for the set
W rL q [ 12~ls ] satisfies inequality

Theorem 5. The Gregory formula (4) is the asymptotically optimal
formula (1) for the set WrL q if m^r — 1.

Proof. The relation

Mo(f)=2 iü' B’-' lk
- ■/( —t) lm(t)dt

r~ 1 m Bi+d^i o) / k V-1

v0... •

If equality

!X‘ g, BjUh (0) / k y- 1 f

(/-il)Kr— !)!«' « ' + b'<o,l)

i,U
-

(j)

V /" I V T- (0) (
~ (Ж)!(г-1)|Л nI

2= 1 г—l J=i k=l w 1 7 x 7

П

-sf\s s л^'(o)
(J - i+ri

f "
=iL

\M o {f)\^ÄJn*-V*{f{x)€EWrL q ).

1 Miif) I *šAJrrMHf{x)E=WrL q )

I Rn+i (f ) - Rn+i(f) I sS IMo (f ) I+ l Ml (f) Iss Ajn*v*

1 Rn+i (f)| < | /&, (/) |+l R°

+l (f) —äJh ф |

Q.E.D.

B r v A
Rn+l lW'Lq]<^+—-

R G [WrLq\ <^.-
Br ’p

. ] -==JB:ip_(nL ql {n—\) r ' {n— \) г+ир nr { {
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is followed from theorem 4. From here and inequality (8) we obtain the
statement of the theorem.

Corollary 3. The relation

is valid.
Corollary 4. The best formula (9) with fixed equidistant nodes

Xk=kjn {k =O, n) ,for the set WrL q is asymptotically optimal formula
(1) for this set if \<.q^oo.
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EULER—MACLAURINI JA GREGORY TÜÜPI KVADRATUURVALEMITE
EKSTREMAALSED OMADUSED

Artiklis on tõestatud, et modifitseeritud Euler—Maclaurini kvadratuurvalem (3) on parim
valem (9) hulgal W TL q ning Gregory tüüpi kvadratuurvalem (4) on asümp-
tootiliselt parim valem (I) hulgal Wr Lq (1 Cq^oo),

En [V'L,]=-%-(! +0(1))
nr
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Ю. ГИРШОВИЧ

ЭКСТРЕМАЛЬНЫЕ СВОЙСТВА КВАДРАТУРНЫХ ФОРМУЛ
ТИПА ЭЙЛЕРА—МАКЛОРЕНА И ГРЕЕОРИ

Основные результаты работы;

Теорема 2. Наилучшей на множестве W rL q (1 q оо) квадратурной фор-
мулой (9) с фиксированными крайними узлами х 0 =O, х п = 1 является модифици-
рованная формула Эйлера—Маклорена (3) с точной оценкой ошибки (7).

Теорема 3. Наилучшей на множестве W rL q (1 q оо) формулой (11)
с фиксированными крайними узлами х0 —O, хп \ является формула трапеций с
точной оценкой ошибки (7).

Теорема 5. Формула типа Грегори (4) является асимптотически наилучшей на
множестве W rL q (1 < q оо) формулой (1) при m г — 1.

Р {х) и Q(x) в (4) суть многочлены степени т. интерполирующие интегрируемую
функцию в точках 0, 1Jn, ... , mln и {п т)/л, (л —т+l)/л, ...

,
1 соот-

ветственно.
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