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T. VIIK

METHOD OF REGIONAL AVERAGING IN THE
RADIATIVE TRANSFER

In paper [’] we used the method of regional averaging to solve ana-
lytically the equation of radiative transfer in the case of spherical and
scattering stellar atmosphere. It was assumed that the opacity of the
atmosphere varies inversely as the n-th power of the geometrical radius r
of the layer. Unlike Y. S. Chou and C. L. Tien [ 2>3 ] who considered homo-
geneous medium we could not ignore the members expressing curvature
in the higher-order (than the first) moment equations because in the
inhomogeneous case when opacity equals to 3 /гг all angular moments
diverge.

In the case of real stellar atmosphere the dependence of the opacity
on the geometrical radius of the layer is very complicated, and therefore
the solution of the problem can be found only numerically, e. g. using
difference methods.

However, these methods require powerful computers with a large
storage. In the present paper we show how this problem can be solved
in a quite simple way.

In a spherical atmosphere the monochromatic angular moments of the
intensity /, H, К and L satisfy the following equations;

—■ = 2fH + W-B),

-t = }{3K-J)+ H,

(1)

3K / = 4L 2H,
where

f— E (*v Ov) Qf ]~h P= -y
'

, CO =l p,
-j- Ov

and В is the monochromatic Planck function.
The last equation of system (1) is obtained following the approxi-

mations of Y. S. Chou and C. L. Tien [3 ].
The boundary conditions are given as [3 ]

/(ti) + 2//(ti) = Вi,
3/C(ti)= 0, (2)

/(0) 2Я(O)= 0.

https://doi.org/10.3176/phys.math.1971.3.06
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where x\ is the monochromatic optical thickness of the atmosphere, and
B x = B(Ti).

Now we change the functions as follows:
x = J -j- 2H,
У= J 3/C, (3)
z = / —2Я,

and after substituting relations (3) into (1) we have
= G nx + Gl2y + Gi3z -j- Fu x{xi)=Bu

y' = G2lx + G22У Jr G23Z +F 2, у (ti) =O, (4)
z' =■ GsiX -J- Gszy -j- G33Z -)- f3, z(0) —O,

where
G3i = --(8o) + l), G 32 =--(3/ + 4), G33 = -2(8(o-17),
Gsi = (3f + 3(5-2 -I- 2to), Ga= -i- (12f+ 4),

(5)
G23 G2I 2f, Gи =2f -j- 2(3 G3l,
Gi2 = G32, Gl3 = —2f -j- 2(3 -(-

and

= —Л, (6)

Now we reduce the boundary value problem (4) to a common Cauchy
problem, following the ideas of G. B. Rybicki and P. D. Usher [4 ],

Let us define a function if by the relation
z 'Ф +Tx + Ry, (7)

where T and R are certain functions which will be defined in the following
way:

R r G32 -j- (G33 G22)R G I2 T — GI3TR G^R2
, R(0) =O,

Г = Ö3i + {G33 - Gu) T - G2IR - G23TR - Gi3T2
, 7(0) =O.

Function IJ3 can now be found from the equation
■ф' = (Сзз — Gi3T— — FiT FoR +F 3, i|? (0) =O, (9)

and the functions v and у can be found from equations
x ' {Gu + GisT)x -j- (Gl2 -j- Gisß)y -f- Gi3ij) + Ft, v(ti) = jsi,
У === (G2l -{- G23T)x -f- (G22 T- G23R) у -f- - F2, у[xl) =O,

respectively.
As it can be seen from equations (8) through (10)’, the generalized

Riccati transformation (7) has converted the linear third-order two-point
boundary problem into an equivalent one-point system.

The problem can be solved in the following way. System (8) may be
integrated from x=o, storing at each step both R and T. Next, equation
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(9) may be integrated from x= 0, storing since R and T are now
known functions. Then equations (10) are integrated from t = ti, since

R and T are known.
At last, we can find function z from the formula (7), and angular

moments /, H, К and L from formulae (3).

This approximate method can be
used when we are not interested in
an angular distribution of outward
or inward intensity. The solution ol
the equation of radiative transfer in
a spherical atmosphere by the method
of regional averaging can also be
used as a first approximation in the
high-accuracy iteration schemes.

The program has been written in
algorithmic language MALGOL [s ]

for solving the problem on the
computer Minsk-22 at the Institute
of Cybernetics of the Estonian
Academy of Sciences. Some examples
of solutions with prefixed para-
meters are given in Figs I—3,1 —3,
representing the monochromatic
angular moments /, H, К and L as functions of optical depth. It is
assumed that the ratio of opacity coefficients (3 and Planck function
are constants throughout the atmosphere. The opacity q(&v + Ov) is
assumed to be varying inversely as the n-th power of the geometrical
radius of the layer. In the figures о means the ratio of outer and inner
radii of the atmosphere.



288 T. Viik

REFERENCES

!. Viik T., Tartu Astron. Observ. Publ. (in press).
2. Ch о u Y. S., Report No. 6—77—87—6, Lockheed Missiles & Space Company, Palo

Alto, Calif. (1967).
3. Chou Y. S., Tien C. L. JQSRT, 8, 919 (1960).
4. Rybicki. G. 8., Usher P. D., Astroph. J., 146, 871 (1966).
5. Кот ли M., Ханко П., В сб.: Программы для aD -UM «Минск-22», вып. 4, Тал-

лин, 1966.

Academy of Sciences of the Estonian SSR ,
Received

Institute of Physics and Astronomy Sept. 3, 1970

Т. VIIK

KIIRGUSE LEVIKU VÕRRANDI LAHENDAMISEST REGIONAALSE
KESKMESTAMISE MEETODIL

Kiirguse leviku võrrand sfäärilise täheatmosfääri juhul lahendatakse regionaalse kesk-
mestamise meetodil, kusjuures kahes punktis antud ääretingimustega kolmest diferent-
siaalvõrrandist koosneva süsteemi lahendamine taandatakse üldistatud Riccati teisenduse
abil tavalise Cauchy probleemi lahendamiseks.

т. впяк
МЕТОД РЕГИОНАЛЬНОГО УСРЕДНЕНИЯ ДЛЯ ПЕРЕНОСА ИЗЛУЧЕНИЯ
Уравнение переноса излучения в случае сферической звездной атмосферы решается

методом регионального усреднения. При этом решение получаемой системы из трех
дифференциальных уравнений с граничными условиями в двух точках сводится к
решению обычной проблемы Коши при помощи обобщенного преобразования Риккати.
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