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Abstract. Using different methods ofproof, some Tauberian remainder theorems are proved
for the Zygmund method ofsummability. The results obtained are compared. Two Tauberian

remainder theorems for the Woronoi—-Norlund method ofsummability are presented.
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The Tauberian remainder theorems in form and content depend on the
methods of proof. In this paper Wiener’s method and the method which

uses the summability with the given rapidity are discussed. In several cases

there are found the conditions under which both methods are applicable,
thus we have a possibility to compare the assertions.

The first step in this direction was made in [*]. The main difficulties

arising during solving such problems are:

-~ (1) by using the summability with the given rapidity, the variation of the

Tauberian conditions is a complicated problem, not solved even in the case

of the simplest summability methods;

(2) though Ganelius [2] claimed that “almost all kernels in the classical

Tauberian theorems are rapidly decreasing” and gave a set of different

examples, we cannot present even several triangular summability methods

of our specific interest in a simple convolutional form;
(3) it is difficult to estimate effectively the Fourier transforms of the

kernels offering us interest. ;
Beurling (see [*], p. 219) and Ganelius [?] proved Tauberian remainder

theorems using Wiener’s method. Their results are presented here as

Lemmas 1 and 2.
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Lemma 1. Let K(t) € L(R),p > 0.5, a > s > 0, ¢ > 0 and suppose

that there is afunction g(z), analytic in the strip 0 < Sz < a, and

alim g(2)K(Rz) = 1,

\A < al + (0 < Sz <a). (1)

Let f(t) € L° satisfy the left-handed Tauberian condition

f(u) — f(t) = Og(exp(—st/(p+1))) (t = +o0) (2)

for all

to<t<u<t+exp(-st/(p+ 1)).

Then

(K * f)(t) = O(exp(—st)) (t = +00) (3)

implies

f(t) =O(exp(—st/(p+1))) ( — +060). (4)

Lemma 2. Let K(t) € L(R) and assume that there is a function g(z)
analytic in a strip D around the real axis such that

K(2)g(z) =1 (2 €R), (5)

and

19(2)| < Aexp(alz]) . GED) (6)

Let f(t) € L™ and assume that

exp(w(t))(K * f)(t) =O(1) ‘ (t —> +0oo) (7)

with a positive increasing subadditive function w(t) such that

3 lim w(t)/t. (8)
t—+oo

If f(t) satisfies the right-handed Tauberian condition |

w)5Pe Z )

then

wt)f(t) =0(1) (t = +o0). (10)
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In 1972 Kangro [*] proved the Tauberian remainder theorem for the

Riesz method of weighted means P = (R, p,) using the results of the

theory of summability with the given rapidity. We present this result as

Lemma 3.

Lemma 3. If the regular method P withp, > 0, P, = O(FP,-1)
(n — +00) preserves A-boundedness, and

1< /7t At (n— +400) (11)

and

DV O (n— +00) (12)

arefulfilled, then from the P*-boundedness ofthe sequence x = {E,} and

from the left-handed Tauberian condition

TPA&, = Or(pn) (n — +00) (13)

orfrom the right-handed Tauberian condition

PE D (n — +00) (14)

follows the u-boundedness ofx, where un = (Apnta)!?.

Let us examine Lemmas 1-3 in the case of the Zygmund method

Z = (Z,p) withp > 0. The Riesz method of weighted means is a triangular
method defined by the sequence of the complex numbers {p,} in the

sequence to the sequence form

Ank =pl{:/Pn

with P, = ZZZOpk- The special case with p, = (n+ 1)P — n? is called the

Zygmund method and is denoted by Z = (Z, p). In the case p = 1 we get
(Z,l) = C*, the method of arithmetical means. Let us denote

Mm = n+ 1)—pž:((k + 1)? — kP)Ek.

Using the kernel

K(t) = pexp(-pt)1(t), (15)

where 1(%) is the Heaviside function, we get from Lemmas 1 and 2 the

corresponding Theorems 1 and 2.
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Theorem 1. Letp > 0,0 < s < p/2m, A\, = (n+l)%, and pn, = v/ Ap. Let

z = {&,} be a bounded sequence satisfying the Tauberian condition

pn(€m — &) = Or(1) (n— +oo,mp <n <m < nexp(l/pn)).
(16)

Then

x € ((Z,p),m*) & =0(1) (n— +00) (17)

implies

z E m. (18)

Let us apply Lemma 1 with the kernel (15). We get

K(z) = /+oopexp(——pt)l(t) exp(—2mizt)dt

o

=p/ exp(—2mizt — pt)dt

= p/(;) + 2miz) Al_iär_loo(l — exp((27sz —p)A)exp((—-2Arißz))

= p/(p + 2miz)

in the half plane Sz < p/27, and g(z) = (p + 27iz)/p, ¢'(z) = 27i/p,
|g'(2)| = 27/p and the condition (1) of Lemma 1 is satisfied when we use

the selection p = 1 and a = p/27. Choosing f(t) = F(exp(t)), while

Ft)=¢& (n<t<n+l), (19)

and considering p = 1, we may write the condition (2) in the form (16):

F(u)—f(t) = Or (exp(—st/(p + 1)))
(t — +OO, t <t <u <t+exp(—st/(p+ 1)))

<— Fl(exp(u)) — F(exp(?)) = Or (exp(—st/2))

(t — +OO, exp(to) < exp(t) < exp(u) < exp(t + exp(-st/2))
— Em - En = OL(n Yla = +ooo, ng <n <m < nexp(l/))
> tn(ém — &) = Or(1)(n = +oo, ng <n <m < nexp(l/u,)).

Using the selection (15) and the connection (19), the condition (3) may be

represented in the form (17):
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(K * f)(t) = O(exp(—st)) (t — +00)

— exp(st) /_ pexp(—p(t — 7))1(t — 7)F(exp(r))dr = O(1)

(t — +00)

— pexp((s-p))) | exp((p— 1)r)P(exp(r))exp(r)dr = O(1)

(1 — +00)

— pexpf t);/expt PP (u)du = O(1)(t > +00)pexp(s
oD ,

U u)du = 00

;
1

n—l k+l
- »— p —ngšgk/k Wy = 0(1) (n >+0)

— pnsšš>» ž((k +1)? A (n— +00)

— 7 € ((Z,p)m') &n, =0(1) _ (n

As the requirements of Lemma 1 are satisfied, the assertion (4) of

Lemma 1 is true and we can represent it in the form (18):

f(t)= Olexpl-st/(p+1)) (¢ = +00)
<= exp(st/2)F(exp(t)) = O(1) (1 — +00)

—n, = O(1) (n — +00)
—> z € mh.

Remark 1. The condition

nA&, = Or(1) (n — +00) (20)

implies (16).

Theorem 2. /fp > 0 and w(t) is a positive increasing subadditivefunction
satisfying the condition

3 lim w(t)/t, (21)
t—-+OO

and a bounded sequence x satisfies the right-handed Tauberian condition

sup (Em — &) = Or(1/w(Inn)) (n — +00), (22)
n<m<nexp l/w(lnn)
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and

z € ((Z,p), m{exp“’(ln”)}) & 1, = 0(1) (n — +00), (23)

then

x € m{w(ln n)} } (24)

Let us apply Lemma 2. Selecting, as at the proof of Theorem 1, the

kernel (15), we get K(z) = p/(p+2riz) in the half plane Sz < p/27. The

analytic function g(z) = (p+2miz)/p satisfies the condition (6) in the strip
D = {z : |Sz| < p/27+. Analogously, as at the proof of Theorem 1, we

can show that the Tauberian condition (9) may be represented in the form

(22), the condition (7) in the form (23), and the statement (10) in the form

(24).

Remark 2. The condition

nAE, = Okr(1) (n—& +00) (25)

implies (22).

Theorem3. If the sequence \ = {X„} satisfies the assumption of the

Aljancic theorem, that means, there exists a number a such thato < a < p
and n®/ )\, 1, the conditions (11) and (12) arefulfilled, and

z € ((Z,p),m"),

and the Tauberian condition (13) or (14) is satisfied, then

x € m¥,

where i, Sm
Let us apply Lemma 3. As the sequence A satisfies the assumption of

the Aljanci¢ theorem, the method (Z, p) preserves the A-boundedness [°].
Since (Z,p) (p > 0) is regular, p, = (n + 1)? — n? > 0, and

Po=(n+1P=0(") =0(F1) (n— +o0),

the statement of Theorem 3 follows from Lemma 3.

Proposition 1. On the conditions (17), &, =0O(1), A\, =(n +l)*
(0 < s <min(2,p/27)) and on the additional condition (20) the

statements ofTheorems 1 and 3 are equivalent: © € m{V>»},

Proposition 2. On the conditions (23), &, = O(1), An = (n + 1)P
(0 < 8 < min(2,p)), w(t) = Bt and on the additional condition (25) the

statements of Theorems 2 and 3 are comparable: Theorem 2 states that

x € mn} and Theorem 3 states that x € m{}



240

Using the kernel “related to Cesäro and Riesz summation” according to

Ganelius [?],

K(t) = (1 — exp(—t))”* exp(—4)1(0),

we get from Lemmas 1 and 2 the corresponding Theorems 4 and 5 for

the Woronoi-Nörlund triangular matrix method of summability (WN, pn)
with pp = (n+1)? —nP. The method (WN, p,,) is defined by the sequence
{p,} in the sequence to the sequence form

S
Pn-k

nk —

Pn
’

while

Pda OE
k=o

In the case p, = A%~! the method (WN, p,,) is the Cesaro method C®. Let

G =(n+l)P((n+l-kP —(n—kP).
k=o

Theorem4. Letp € N, 0 < s < 1/27, An = (n + 1)*, and p, =

(n + 1)¥®+1), Let x be a bounded sequence satisfying the left-handed
Tauberian condition (16). Then

€ (WN,(n+l)? —nP),m*) & ¢, = o(1)(n = +00)

implies (18).

Theorem 5. Let p € N. If w(t) is a positive increasing subadditive

function satisfying the condition (21) and a bounded sequence x satisfies
the right-handed Tauberian condition (22), then the condition

z € (WN, (n+ 1)P —n?),mi))) & ¢ — o(1) (n — +00)

implies (24).
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JÄÄKLIIKMEGA TAUBERI TEOREEMIDE VÕRDLEMINE

Ivar TAMMERAID

On töestatud möningad jääkliikmega Tauberi teoreemid Zygmundi
menetluse korral, lähtudes Wieneri meetodil saadud üldistest Tauberi teo-

reemidest ja G. Kangro jääkliikmega Tauberi teoreemist Rieszi menetluse

jaoks. On vörreldud saadud tulemusi jaesitatud kaks jääkliikmega Tauberi

teoreemi Woronoi-Nörlundi menetluse tarvis.


	b10720984-1996-2-3 no. 2-3 01.04.1996
	Chapter
	FÜÜSIKA MATEMAATIKA PHYSICS MATHEMATICS
	EDITORIAL
	LIST OF PRESENTATIONS
	COMPARABILITY GRAPHS AND THE STRUCTURE OF FINITE GRAPHS
	Fig. 1. Graph and its transitive orientation.
	Untitled
	Untitled
	Untitled
	Untitled
	VÕRRELDAVUSGRAAFID JA LÕPLIKE GRAAFIDE STRUKTUUR

	GEODESIC LOOPS AND BRST-LIKE COHOMOLOGY
	GEODEETILISED LUUBID JA BRST-SARNANE KOHOMOLOOGIA

	A CHARACTERIZATION OF THE SEMIDIRECT PRODUCT OF CYCLIC GROUPS BY ITS ENDOMORPHISM SEMIGROUP
	TSÜKLILISTE RÜHMADE POOLOTSEKORRUTISE MÄÄRATAVUS TEMA ENDOMORFISMIDE POOLRÜHMAGA

	NORMALIZED PERMUTATION POLYNOMIALS OF DEGREE 6 OVER FINITE FIELDS
	NORMALISEERITUD KUUENDA ASTME PERMUTATSIOONIPOLÜNOOMID ÜLE LÕPLIKE KORPUSTE

	TERNARY GENERALIZATIONS OF GRASSMANN ALGEBRA
	GRASSMANNI ALGEBRA TERNAARSED ÜLDISTUSED

	SEMIPARALLEL SUBMANIFOLDS OF CYLINDRICAL OR TOROIDAL SEGRE TYPE
	SILINDRILIST VOI TOROIDAALSET TÜÜPI SEMIPARALLEELSED ALAMMUUTKONNAD

	ON A METHOD OF SOLVING A SMOOTHING PROBLEM
	ÜHEST LÄHTEANDMETE SILUMISE ÜLESANDE LAHENDUSMEETODIST

	MATRIX MAPS INTO THE SPACE OF STATISTICALLY CONVERGENT BOUNDED SEQUENCES
	MAATRIKSTEISENDUSED STATISTILISELT KOONDUVATE TÕKESTATUD JADADE RUUMI

	ON APPROXIMATION OF OPTIMAL CONTROLS WITH DISCONTINUOUS STRATEGIES
	KATKEVATE STRATEEGIATEGA OPTIMAALJUHTIMISE ÜLESANNETE APROKSIMATSIOONIST

	EINIGE VERALLGEMEINERTE MATRIXVERFAHREN
	MÕNED ÜLDISTATUD MAATRIKSMENETLUSED

	STRICT CONVEXITY OF A SMOOTHLY RENORMED l1
	RUUMI l1 ÜHE SILEDA ÜMBERNORMEERINGU RANGE KUMERUS
	INVARIANT SETS AND DYNAMICAL EQUIVALENCE
	INVARIANTSED HULGAD JA DÜNAAMILINE EKVIVALENTSUS

	ON NON-NUCLEAR OPERATORS WITH NUCLEAR ADJOINTS
	MITTETUUMAOPERAATORITEST, MILLE KAASOPERAATORID ON TUUMAOPERAATORID

	ON THE COMPARISON OF TAUBERIAN REMAINDER THEOREMS
	JÄÄKLIIKMEGA TAUBERI TEOREEMIDE VÕRDLEMINE

	ON THE EXISTENCE OF A-TYPE RANDOM POLYGONAL MODELS
	A-TÜÜPI JUHUSLIKE POLÜGONAALVÄLJADE OLEMASOLUST

	ON THE RESTORATION OF DISTRIBUTION FUNCTIONS
	Untitled
	JAOTUSFUNKTSIOONIDE RESTAUREERIMISEST

	THE ASYMPTOTIC DISTRIBUTION OF THE SAMPLE CORRELATION COEFFICIENT
	Fig. 1. Dependence of the asymptotic variance II on the correlation coefficient of the general population.
	VALIMI KORRELATSIOONIKORDAJA ASÜMPTOOTILINE JAOTUS
	KROONIKAT CHRONICLE
	Karl Rebane 70
	Contribution



	INSTRUCTIONS TO AUTHORS
	Untitled

	AUTORIJUHEND
	Untitled
	Lisakommentaare autorijuhendi juurde
	Untitled




	Illustrations
	Fig. 1. Graph and its transitive orientation.
	Untitled
	Fig. 1. Dependence of the asymptotic variance II on the correlation coefficient of the general population.
	Untitled

	Tables
	Untitled
	Untitled
	Untitled
	Untitled
	Untitled
	Untitled




