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Abstract. In an arbitrary complete metric space a theorem on the simplification ofa discrete

dynamical system generated by a homeomorphism is proved. It is assumed that the given
homeomorphism admits an invariant set.
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1. INTRODUCTION

The theme of this paper is the conjugacy of a discrete dynamical system
generated by a homeomorphism to a system which is simpler than the given
one in terms of decoupling. We consider the homeomorphism 7' defined by

(z,y,A) = (f(z,y,A), 9(z,y, A), p(A))

in a complete metric space. It is assumed that there exists a Lipschitzian
mapping v, the graph of which is an invariant set. Using this circumstance,
we will prove that the homeomorphism 7 is topologically conjugated to the

homeomorphism N defined by

(z,y,A) = (f(z,o(z,y, ), ), g(v(y, ),y, X), p(2))

The conjugacy problem between homeomorphisms comes from the theory
of ordinary differential equations ['~7]. There are numerous works
on decoupling and linearization for homeomorphisms and mappings
[2, 3, 8-—l6]_
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2. PRELIMINARIES

Let X and Y be complete metric spaces with metrics p, and p,,

respectively, and let Abe a topological space. Consider a homeomorphism
T:X x Y x A - X x Y x A, defined by T'(z,y,\) =

(f(z,4,A), 9(z,y, A), p(A)).
We will make the following hypotheses:

(Hl) ‚01(-’13, xl) < apl(f(xa Y, )‘)7 f(xlv Y, )‘))’ a > 0.

(B2 pi(f(z, y,A), f(z,y', A)) < Bp2(y, Y')-

(H3 P 2 (g(a:, Y, )‘)7 g(xla yla /\)) < YA (.’L', *'LJ) + 5:02(3/7 y,),where O!(õ +

2v/B7) < L.

(H4 Mapping f(-,y,A): X—X is surjective.

(HS) Mapping p: A — Ais a homeomorphism.

Denote

k =

20y

1 — axö + /(1 — a«ö)? — 40287

and

-
200

I—ad+4/(1—ad)? -4026 y
It should be noted that Bk = I, a(y + 6k)(1 — aßk)™ = k, al(yl + 6) +

af =1 afk =ayl <l/2,and kl < 1.

Definition. Two mappings T, N: X X Y X A —+ X XY x A are

topologically conjugate, if there exists ahomeomorphism H: X XY x A —

X x Y x A such that

HoT = NoH.

It is easily verified that two discrete dynamical systems 7™ and N”,
generated byhomeomorphisms 7" and [V, are dynamically equivalent if and

only if homeomorphisms 7" and NV are topologically conjugate.

3. INVARIANT SETS

Let us give a necessary and sufficient condition for the existence of a

mapping v: Y x A — X, whose graph is an invariant set.

Theorem 1 ['7]. Let the hypotheses (H1)-(HS) hold and let o:(1++1) < 1.

For the existence ofa mapping v:'Y x A — X that satisfies thefunctional
equation

f(v(y, ),y,) = v(g(v(y,DA (1)



218

and the Lipschitz condition

pı (v(y, A), v(y', A)) < Tp2(y, y') (2)

it is necessary and sufficient that there exists a mapping vo: Y x A > X

such that

pı (vo(y, A), vo(y',A)) < lpa(y,v')

and

SU}) pl('UO(g('UO(ya /\)7 Y, A)Lp()\)), f(UO(ya )‘)7Y, A)) < +OO.
Y

Lemma 1 [!°]. Let T be a homeomorphism and let there be a continuous

mapping v: Y X A — X x A satisfying (1) and (2). Then the mapping
Y'Y x A — Y x A, defined by (y, A) = (g(v(y,A),y,A), p(A)), is a

homeomorphism.

Lemma 2 [!&!7]. Let aßk < 1 and let there be a continuous mapping
0: X x Y x A — Y satisfying the estimate

p2(o(z,y,),o(z',y, ) < koi(z, 2).

Then the mapping N: X XY x A = X xY xA, definedby N(zx,y, ) =

(f (=, 60(z,y, ), A), 9(v(y, M)y, A), p(X)), is @ homeomorphism.

Remark. It is easy to verify the following estimate

p(v(y, A),z) < ap(f(v(y, A),y, A), f(z,5, )
= apı (v(g(v(y, A), y, A), p(A)); f(2; y ))

< apı (f(z, y, A), v(g(x, y, A), D(A))) + aylpı (v(y, A), 2).

It follows that

pl(’U(y, /\)7 CL‘) S a(l - a‚)’l)_lpl (’U(g(il‚', Y, Ä)vp()*))a f(.'II, Y, /\))

4. MAIN RESULT

Theorem 2. Let the hypotheses (H1)-(H5) hold and let there be a mapping
v:Y x A — X that satisfies (1) and (2). IFT is a homeomorphism, then

there exists a continuous mapping 0: XxY x A — Y, which isLipschitzian
with respect to thefirst variable, such thatT is topologically conjugate to

the homeomorphism N, where

N(z,y,A) = (f(z,o(z,y,A), A), g(v(y, A),y, A),p(})).
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Proof. In four steps, we will show that there exists a homeomorphism H

that establishes topological conjugacy of T' and N.

Step 1. Mapping T: Consider the complete metric space

Mi =dfr|7:X x Y x A — Y is continuous and

sup
(A - +00)

zyX P ('U(ya /\)1 :B)

eguipped with the metric

/ A
dI(7T, 71,/) = sup

pg(Tf(iE, Y, )‘)7 T (SE, Y, )) :
T,YA P 1 (U (ya )‘)7 CE)

Let us consider the mapping 7 — L£Tt, 7 € M} defined by the equality

ErnA,,M A

Since T' is a homeomorphism, £7 must be continuous. We have

P 2 (EW(T(x) Y, )‘))7 Lfl',(T(CE, Y, )‘)))

S (7l + õ)dl (7!', 7!',),01 (’U(’y, )‘)7 .’L')

S .u'dl (7T, 7rl)pl (’U(Q(CE, Y, /\)7p()‘))7 f(.'l?, Y, )‘))7

where

I+oa6 — 4/(1 — aö)? — 40?B17y
=a ——— < 1,

14+ ad++/(1 — ad)? —4a2oy

Let us note that

p2(9(v(y,A),9,A), 9(2,9,A)) < vor(v(y, A),z) —

< ay(l1 — ayl) *p (v(g(x, yı A), p(A)), £ (2,9, 2).

It follows that d,(Lid,,idy) < ay(l — ayl)”'. Since dI(L7, L7) <

udi(7,7') and d 1 (Lr, idy) < ud,; (1, idy) +a7y(l— ayl)”", it follows that
the functional eguation

m(T(z,y,A)) = g(v(r(z,y,A), ), 1(z,3, ), A)

has a unique solution 7 € M;.

Step 2. Mapping 0: Consider the closed subset

Ml(k) = {9 | 0 € Ml,dl(ä, Zdy) <k

and

p2(B(z,y, ),2y, )) < koi(z, 2))
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of the complete metric space M;.
Let us consider the mapping 0 — LO, § € M;(k) defined by the

equality
LO(N(z,y,\)) = g(z,o(x,y, ), ),

where

N(z,y,X) = (f(z,o(z,y,), A), 9(v(y, A),9,A), p(})).
Using Lemma 2, we obtain that £6 is well defined and continuous. We now

have

p2(LO(N (2,9, 7)), 9(v(y,A),9,A)) < (v + 8k)p1(v(y, A), 2).
Since

pl(v(y, A),z) < api(f(v(y, A),4, A), f(z,o(z,y,A), ))

+afdy(B,ld,)pl (v(y, A), ),

and, consequently,
P 1 ('U(y, )‘)7 .’B)

< a(1 — aßk)”'m(v(g(v(y, ), y, A),p(N), f(z, %z, y, ), ),

it follows that d, (£O, idy) < a(y + ök)(1 — aßk)7! = k. Letus note that

P 1(.'B, .'B,) S ap (f(.’E, 0(27, Y, A)) A)7 f(.'L", o(.’l‚', Y, )‘)a )‘))

< 0!p1(f(33, 9(.’l‚', Y, )‘)7 )‘)a f(ml’ 0(1'") Y, ’\)7 )‘)) + a/Bk‚ol (iB, xl)'

Hence, we have

p 1 (iL', .’L‘I)

< a(1 — aßk)”*'m(f(z,(z,3y, ), A), F(2',o(z', 9, N) ).

Therefore

p2(LO(N(z,y, A)), LO(N(2',y, A)))

S kpl (f(SU, Ö(IE, Y, )‘)a Ä), f(xla Ü(xlv Y, )‘), )‘))

It follows that LO € M (k). We obtain

p(LO(N(z, y‚ A)), LO’(N(z, y, N) —

< pdi(6,6o)pl(v(g(v(y, A),¥, A), p(N), f(2,B(z,y, A), A)).

It follows that d;(LB, £o') < udy(6,6'), and therefore there is a unique
solution § € M,(k) of the functional equation

O(N(z,y, ) = g(z,o(z,y, A),2).

Step 3. Mapping I 1: Let us consider the functional equation

lI(N(z,y,A)) = g(v(ll(z,y,A), ), H(z,y, A),A).
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It is easily verified that the functional equation has a solution II(z, y, A) =

y. Let us prove the uniqueness of the solution in M;. Otherwise, there

exists (z,y, A) and y £ II(z, y, A). We get

p(IN(z, y, A)), g(v(y, A), y, A))

< pdi(lL,idy) pl(v(g(v(y, A), y, A), P(A)), f(z, 0(z, ¥, A), A)).

Hence, d;(11, id,) < pdy(ll,d,). It follows that ll(z,y, ) = y.

The mapping I, where IT'(z,y, A) = n(z, B(z,y, A), A), also satisfies

this functional equation.

IT (N(z,y, A)) = n(f(z,o(z,y,A), A), 6(N (2,9, A)), p(}))
= 7(f(2,0(z,9,\), ), 9(x, 6(, 9, ), )P))

= g(v(m(z,o(z,y, A), A), ), 7(z,o(z,y, ), A), A)

— g(’U(H’(.’E, Y, )‘)7 A)7 H’(.’E, Y, )‘)7 Ä)

Let us prove that ll' € M;. Indeed,

pa(IT'(N(z, y, A)), g(v(y, A), y, A))

< pa(7(f(,o(z,9,), A), 0(N(z,5, A)),D(A)),(N(2,9, 1))

- +p2(o(N(z, 9,1)), 9(v(y, A), 9,A))

< di(m,idy)p 1(v(O(N(z, 3, A)), p(A)), £ (7,0(z,, A), M)

+d1(8, idy)p 1 (v(9(v(y, A), ¥, A), p(A)), f(2, 0(, 5,A), A))-

Let us note that

pr(v(B(N(z,y, 7)),p(N)), f(2,o(z, 9, A), M)

< pr(v(g(v(y, A), 9, A), p(A), f(2, 0(2, 9, ), ))

+Jp2(O(N(z, y,A)), g(v(y, A), y, A))

< (1 + !d; (8, idy))pl (v(g(v(y, A), y, A), p(A)), F(zx, 0(2, yı A); A))-

Hence,

dl(H„ ’Ldy) S d 1 (9, Zdy) + d 1 (7T, ’Ldy) + ldl (9, ’Ldy)dl (71', ’Ldy)

Consequently, we have IT'(xz, y, A) = 7(x7,(z,y, ), ) = y.

Step 4. Mapping ©: Let us consider the complete metric space

My={o|o:X xY x A xX —Y continuous,

pZ(B(x, Y, /\7 Z), y)
SUPD mW ——ma < +OO,a:,y,š),z max (pl ('U(y, A)7 .’L‘), ‚01($, Z))
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and

p(O(z,y,A, z), O(x,y, A, z')) < kpi(z,2')};

equipped with the metric

/ p2(®(s,y,)\,Z),®'(w,y, Ä,Z))
d(9,9) = sup ALLX0 =SR max p (oly, ), 2), p 3 2)

and the closed subset of this space

M2(]€) = —[9 e M, l dg(@,’idy) < k}

Letus consider the mapping © — LO defined by the functional

equation

LO(T(z,y,A), f(z,o(z,y, A, 2),A) = 9(2,0(z,y, A, 2), 2).

Analogous to Step 2, LO is well-defined, continuous and Lipschitzian with

respect to its fourth variable. Letus note that

pılz,z) < apı(f(z, O(z,y,A, 2), A); f(2,O(z,9,A, 2), )

S apl (f(x7 y’ A)7 f(z7 e(x’ y? A 7 z)’ Ä))

+aßßd,(O, idy) max (p 1 (v(y, A), z), pl(z, 2))

and

p(v(y,A),z) < apl(f(v(y, A),y, A), f(z,5, A))

< api(v(g(z,y,A),p(AN), f(z,9,A) + avlpi(v(y, ), 7).

We obtain

max (pl (U(y7 A)) .'L'), pl(xa Z))

S amax (pl (f(x, y’ A)) f(z7 e(x, y’ Ä7 Z)? A))7

pı (v(g(z, y, A), D(A)), f (2, y, A)))

+aß max (d,(O, idy),k) max (pl(v(y, A), x), pl(z, 2)).

Hence,

max (p,(v(y, A), z), pı(z, z)) < a(l — aßmax (d,(©, idy), k))7*

x max (pl(v(g(z, y, A), p(N)), f(z,9,A)),

P 1 (.f(xa Y, )‘)7 f(Z, @(IL‘, Y, /\7 Z), /\)))

Therefore,

p2(LO(T(z,y, A), f(2,o(z, 9, A, 2), A)), 9(z, 9,2))

< vpl(z, 2) + Bdy(©, idy) max (p 1 (v(y, A), z), pl(z, 2))

< a(y+4dx(o,l4d,))(l — af max (do(©, id,),k))"
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x max (pl(v(g(z,y, A),p(A)), f(2,9, ))

m(f(z,y, ), f(2,o(z, 9, A, 2), ).

If © € My(k), then dy(L£O,id,) < aly + ök)(1 — aßk)7! = k.

Consequently, LO € M,(k).
Let © € My(k) and &’ € M,. We have

pg(ß@(T(.’E,Y, )‘)7 f(Z, @(IE, Y, )‘1 Z), )‘))7

LG‚(T(x7 y’ Ä)7 f(z7 el(x, y’ A? z)? )\)))

< (5+ Bk)p(O(z, y, A, 2), Y(x,y A, z2))

< a(6+Bk)(1 — aßk)”*d(9, O°)
x max (pi (v(9(z, y, ), P(X)), Fz, y ),

P 1 (f(il‚', Y, )‘)7 f(Z, @(fl?, Y, )‘7 Z), )‘)))

Hence, d»(£LO,LO7) < ud(9,9%. It follows that there is a unique
solution © € M,(k) of the functional equation

@(T(fl'}, Y, A): f(Z, @(117, Y, /\7 Z)) )‘)) — g(Z, @(JJ, Y, A: Z), )‘)

In addition, this solution is unique also in M.
The mapping ©', where ©'(z,y,\,2) = 6(z,7(z,y,A),]), also

satisfies the functional equation.

O'(T(z,y, A), f(2,o'(z,y, A, 2), ))
= 0(f(z, H(Za 71'(27, Y, )‘)7 A); A); 7T(T(.’L‘, Y, Ä)),p(Ä))

ON AA g(2,0(z,7(z,y,A), A), A)
— g(z7 @,(x7 y) A 7 Z)’ A)

and the Lipschitz condition

,02(@,(-'l7, Y, )‘a Z), @,(LL', Y, )‘) Z‚)) S kpl (Z, Zl)‘
In addition,

p(O’(x, y, A, z), y) = p2(o(z, 7(x, y‚ A), A), y)

<AL (D 16yP Z VE U, AAa OAI (V(Y, A, Z)

S dl (0, Zdy)(pl(377 Z) T A (,U(ya )‘)7 33)

+ldi(m, idy) pl(v(y, A), ) + du(m, idy)p 1(v(y, A), 2).

Therefore,

d,(©',idy) < 2d;(0, id,) + 1d,(9, idy)d, (T, idy) + d 1 (7, idy).
It follows that ©’ € M, and therefore O(x, y, A, z) = o(z,7(z,y,A),A):
It is obvious that ©(z, y, A, ) = y. Therefore, 0(z, 7(z,y, ), ) = y.

We obtain that the mappings H, I XxY x A —XxV x A defined

by

H(z,y,X)O E, = (z, (x,y, ), X)
are mutually inverse and that H is a homeomorphism which establishes

conjugacy of the mappings T' and N. The theorem is proven.
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5. EXAMPLE

Let us consider a nonautonomous system of difference equations on Z

of the form

z(n+l) = A(n)z(n)+ F(z(n),y(n),n),

y(n+l) = B(n)y(n)+G(z(n),y(n),n),

where z € X,y € Y, X and Y Banach spaces, A(n) and B(n) are

bounded linear mappings, A(n) is invertible, ||B(n)|| < ||[A~!(n)||~! and

the mappings F: X XY XZ — X,G: X X Y x Z — Y satisfy Lipschitz
conditions

|F(z,y,n) — F(z',y',n)| <ele — 2| + |y —¢/]),
|G(.’l3, Y, n) - G(CE’, yla n)l < E(ICE — xll + ly — y,l)

It is easy to verify that this mapping satisfies the hypotheses (HI)—(HS),
where a = ((sup, ||[A™'(n)[)™" =€) 7", 8 = v =¢,B = sup, |B(n)| +¢

and p(n) = n+l. The condition (d+2+/F7) < Ireduces to the inequality

- -
(supn A 7 (m)])~" — sup, |B(n)]

1 .

The mapping given by formulaz; = A(n)z + F(z,y, n) for fixed n and y
is surjective, if € sup,, ||A~'(n)|| < 1. Let us note that £ sup,, || A~ (n)|| <

1/4.
Further assume that all conditions of Theorem 2 are satisfied. Then the

given nonautonomous systemof difference equations is globally conjugate
to

z(n+l) = A(n)z(n) + F(z(n),8(z(n), y(n),n),n),
y(n+l) = B(n)y(n)+ G(v(y(n),n),y(n),n).
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INVARIANTSED HULGAD JA DÜNAAMILINE
EKVIVALENTSUS

Andrejs REINFELDS

On töestatud teoreem homeomorfismi tekitatud diskreetse dünaamilise

süsteemi lihtsustamise kohta suvalises täielikus meetrilises ruumis. See-

juures on eeldatud, et homeomorfism rahuldab teatud loomulikke vörratusi

ja omab invariantset hulka.
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